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Section 2.1
Theorem 2.1.1 If p is continuous on (a,b), then the general solution of the homogeneous
equation
y +px)y=0 (2.1.12)
on (a,b) is
y =ce W,

where

P(x) = / p(x)dx (2.1.13)

is any antiderivative of p on (a, b); that is,
P'(x)=p(x), a<x<b. (2.1.14)

Theorem 2.1.2 Suppose p and f are continuous on an open interval (a, b), and let y| be any
nontrivial solution of the complementary equation

Yy +px)y=0
on (a,b). Then:



(a) The general solution of the nonhomogeneous equation
Y +p@)y=f(x) (2.1.31)

on (a,b) is

y =y1(x) (C+/f(X)/y1(X)dX)~ (2.1.32)

(b) If xq is an arbitrary point in (a, b) and v is an arbitrary real number, then the initial
value problem
Y +p@)y=fx), yxo)=yo

has the unique solution

Yo xf(t)dt)

y =0 (y1<xo> o

on (a,b).

Section 2.2

Theorem 2.2.1 Suppose g = g(x) is continuous on (a, b) and h = h(y) is continuous on (c, d).
Let G be an antiderivative of g on (a, b) and let H be an antiderivative of h on (c,d). Let x( be
an arbitrary point in (a, b), let yo be a point in (c, d) such that h(yg) # 0, and define

¢ = H(yo) — G(xp). (2.2.10)

Then there’s a function y = y(x) defined on some open interval (ay,b;), where a < a; < xo <
by < b, such that y(xo) = yo and

H(y)=Gx)+c (2.2.11)
Jor ay < x < by. Therefore y is a solution of the initial value problem
h(y)y' =g(x), y(x0) = yo. (2.2.12)
Section 2.3
Theorem 2.3.1

(a) If f is continuous on an open rectangle
R:{a<x<b,c<y<d}
that contains (xo, yo) then the initial value problem
Y= f(xy),  y(xo) =yo (2.3.1)
has at least one solution on some open subinterval of (a, b) that contains x.

(b) If both f and f, are continuous on R then (2.3.1) has a unique solution on some open
subinterval of (a, b) that contains xy.



Section 2.5
Theorem 2.5.1 If F = F(x,y) has continuous partial derivatives F, and F,, then

F(x,y)=c (c=constant), (2.5.6)
is an implicit solution of the differential equation

Fy(x,y)dx + Fy(x,y)dy = 0. (2.5.7)

Theorem 2.5.2 [The Exactness Condition] Suppose M and N are continuous and have con-
tinuous partial derivatives M, and N, on an open rectangle R. Then

M(x,y)dx+ N(x,y)dy =0

is exact on R if and only if

My(x’ y) = Nx(-x’ y) (2512)
forall (x,y) in R.

Section 2.6

Theorem 2.6.1 Let M, N, M, and N, be continuous on an open rectangle R. Then:

(a) If (My — N;)/N is independent of y on R and we define

M, — N,
px) = 2
then
u(x) = xef PO (2.6.10)
is an integrating factor for
M(x,y)dx + N(x,y)dy =0 (2.6.11)

on R.
(b) If (Ny — M,)/M is independent of x on R and we define

()_Nx—My
qy— M ’

then
u(y) = +el 40y (2.6.12)

is an integrating factor for (2.6.11) on R.



Section 5.1

Theorem 5.1.1 Suppose p and q are continuous on an open interval (a, b), let xo be any point
in (a,b), and let ky and k| be arbitrary real numbers. Then the initial value problem

Y'+p(x)y +q(x)y =0, y(xo) = ko, ¥'(x0) = ki1
has a unique solution on (a, b).

Theorem 5.1.2 If y| and y, are solutions of the homogeneous equation

Y +px)y +q(x)y=0 (5.1.18)

on (a, b), then any linear combination
y=ciy1rt+cey2 (5.1.19)
of y1 and y» is also a solution of (5.1.18) on (a, b).

Theorem 5.1.3 Suppose p and q are continuous on (a, b). Then a set {y1, y2} of solutions of
Y '+ p(x)y +qx)y=0 (5.1.20)
on (a, b) is a fundamental set if and only if {y1, y2} is linearly independent on (a, b).
Theorem 5.1.4 Suppose p and g are continuous on (a, b), let y| and y, be solutions of
Y+ p(x)y +q(x)y=0 (5.1.27)

on (a, b), and define
W = yivh = ¥iya. (5.1.28)

Let xqy be any point in (a, b). Then
W(x) = Wixg)e fo? P4 4 <x<b. (5.1.29)
Therefore either W has no zeros in (a,b) or W = 0 on (a, b).

Theorem 5.1.5 Suppose p and q are continuous on an open interval (a, b), let y; and y, be
solutions of

Y +p(x)y +qx)y=0 (5.1.32)

on (a,b), and let W = y1y}, — ¥\ y2. Then y\ and y, are linearly independent on (a, b) if and
only if W has no zeros on (a, b).

Theorem 5.1.6 Suppose p and q are continuous on an open interval (a, b) and let y; and y,
be solutions of

Y+ px)y +q(x)y=0 (5.1.34)

on (a,b). Then the following statements are equivalent, that is, they are either all true or all
false.

(a) The general solution of (5.1.34) on (a,b) isy = c1y| + ca2y2.

(b) {y1,y2} is a fundamental set of solutions of (5.1.34) on (a, b).



(¢) {y1,y2} is linearly independent on (a, b).
(d) The Wronskian of {y1, y2} is nonzero at some point in (a, b).
(e) The Wronskian of {y1, y2} is nonzero at all points in (a, b).

Theorem 5.1.7 Suppose c is in (a, b) and a and B are real numbers, not both zero. Under the
assumptions of Theorem 5.1.6, suppose y| and y, are solutions of (5.1.34) such that

ayi(c) +Byi(c) =0 and ay)(c) + By,(c) =0. (5.1.35)

Then {y1, y2} isn’t linearly independent on (a, b).

Section 5.2

Theorem 5.2.1 Let a # 0 and let p(r) = ar? + br + ¢ be the characteristic polynomial of
ay” + by +cy=0. (5.2.20)
Then:

(a) If p(r) = 0 has distinct real roots ry and ry, then the general solution of (5.2.20) is

rix

y=cie’ + cre™.

(b) If p(r) = 0 has a repeated root ry, then the general solution of (5.2.20) is
y =e"(c + cax).

(c) If p(r) = 0 has complex conjugate roots ri = A +iw and ry = A — iw (where w > 0), then
the general solution of (5.2.20) is

y = e (¢ cos wx + ¢ sin wx).

Section 5.3

Theorem 5.3.1 Suppose p, q, and f are continuous on an open interval (a, b), let xo be any
point in (a, b), and let ky and k| be arbitrary real numbers. Then the initial value problem

Y+ p(x)y +q(x)y=f(x), y(xo)=ko, Y'(x0)=ki
has a unique solution on (a, b).

Theorem 5.3.2 Suppose p, q, and f are continuous on (a, b). Let 'y, be a particular solution

of
Y+ p(x)y +q(x)y = f(x) (5.3.3)
on (a, b), and let {yy, y2} be a fundamental set of solutions of the complementary equation
Y+ p(x)y +q(x)y=0 (5.3.4)

on (a,b). Then y is a solution of (5.3.3) on (a, b) if and only if
y=Yyptciyr+cays, (5.3.5)

where ¢ and cy are constants.



Theorem 5.3.3 [The Principle of Superposition] Suppose y,, is a particular solution of

Y+ px)y +q(x)y = fi(x)

on (a,b) and y,, is a particular solution of

Y+ p)y +q(x)y = f2(x)
on (a,b). Then
Yp = Vpi + Yp2
is a particular solution of
Y+ p(x)y +q(x)y = fi(x) + f2(x)

on (a,b).

Section 5.5

Theorem 5.5.1 Suppose a # 0, w is a positive number, and P and Q are polynomials, at least
one nonzero. Let k be the larger of the degrees of P and Q. Then the equation

ay” + by + cy = P(x) cos wx + Q(x) sin wx

has a particular solution
yp = A(x) cos wx + B(x) sin wx, (5.5.3)

where
A(x) :A0+A1x+...+Akxk and B(x) =Bo+le+---+kak,

provided that cos wx and sin wx are not solutions of the complementary equation. The equation
a(y” + w*y) = P(x) cos wx + Q(x) sin wx

(for which cos wx and sin wx are solutions of the complementary equation) has a particular
solution of the form (5.5.3), where

A(x) = Apx + A2+ -+ Al and B(x) = Box + Bix? + -+ + Bpx*tL,

Theorem 5.5.2 If

yp = A(x) cos wx + B(x) sin wx,
where A(x) and B(x) are polynomials with coefficients Aq ..., Ar and By, ..., By, then the
polynomials multiplying sin wx in

Yoo Yy @y, +by,+cy, and yj+ wzyp

can be obtained by replacing Ao, ..., Ax by By, ..., By and By, ..., By by —Ao, ..., Ay in
the corresponding polynomials multiplying cos wx.



Section 6.2

Theorem 6.2.1 Suppose m, k,c, Fy > 0 and w > 0. Consider the amplitude R of the steady
state component of the solution of

my” +cy’ + ky = Fycos wt

as a function of w.

(a) If ¢ = V2mk, the maximum amplitude is Ry.x = Fo/k and it’s attained when w = wmax =
0.

(b) If ¢ < V2mk, the maximum amplitude is

2mF,
Ry = ——120 (6.2.20)

eVamk — 2

and it’s attained when

k c?
W = Wmax = E (1 - %) (6221)

Section 6.4

Theorem 6.4.1 The position vector of an object moving under a central force sweeps out equal
areas in equal times. More precisely, if t| < t, the signed area swept from 6(t1) to 0(t;)
(Figure 6.4.3) is given by

_h(ta—1)

==

where h = r*@’, which we have shown to be constant.

A

Section 7.1

Theorem 7.1.2 For any power series

(o)

D an(x—x0)",

n=0
exactly one of these statements is true:
(i) The power series converges only for x = x.
(i) The power series converges for all values of x.

(iii) There’s a positive number R such that the power series converges if |x — xo| < R and
diverges if |x — xo| > R.

Theorem 7.1.3 Suppose there’s an integer N such that a,, # 0 if n > N and

an+1
an

lim

n—oo

=L,

where 0 < L < co. Then the radius of convergence of 3. an,(x — x9)" is R = 1/L, which
should be interpreted to mean that R = 0 if L = o0, or R = o0 if L = 0.



Theorem 7.1.4 A power series

(o)

Fx) =D an(x - xo)"

n=0

with positive radius of convergence R has derivatives of all orders in its open interval of
convergence, and successive derivatives can be obtained by repeatedly differentiating term by
term; that is,

(o)

F) = ) nag(x—xp)", (7.1.6)

n=1

(o)

Fr@) = > nm= Dayx - x0)" 2, (7.1.7)

n=2

(o]

Oy = Z n(n—1)- (n-k+ Da(x — x0)" . (7.1.8)

n=k

Moreover, all of these series have the same radius of convergence R.

Theorem 7.1.5 If the power series

Fx) =D an(x = xo)"
n=0
has a positive radius of convergence, then
(n)
,= L0, (7.1.9)

n!

that is, 3, an(x — x0)" is the Taylor series of f about xy.

Theorem 7.1.6

(a) If

[ee]

Z an(x —xp)" = i bn(x —xp)"
n=0

n=0

for all x in an open interval that contains xq, then a, = b, forn =0, 1,2, ....

() If

(o)

Z an(-x - xO)n =

n=0

)

for all x in an open interval that contains xo, then a, = 0forn=0,1, 2, ....



Section 7.2

Theorem 7.2.1 Suppose Py, Py, and P, are polynomials with no common factor and Py isn’t
identically zero. Let xo be a point such that Py(xo) # 0, and let p be the distance from x to the
nearest zero of Py in the complex plane. (If Py is constant, then p = oo.) Then every solution of

Po(x)y”" + P1(x)y’ + P2(x)y =0 (7.2.5)

can be represented by a power series
y = Z an(x —xp)" (7.2.6)
n=0

that converges at least on the open interval (xg — p,xo + p). (If Py is nonconstant, so that
p is necessarily finite, then the open interval of convergence of (7.2.6) may be larger than
(xo — p,x0 + p). If Py is constant then p = oo and (xg — p, X + p) = (=00, 0).)

Theorem 7.2.2 The coefficients {a,} in any solution'y = 37> 4 a,(x —xo)" of

(1 +a(x — xo)z) Y+ B(x—x0)y +yy=0 (7.2.23)
satisfy the recurrence relation
p(n)
n+2 = —T———————dp, >0, 7.2.24
B P TP D R (7.2.24)
where
p(n)=an(n—1)+ Bn+7y. (7.2.25)
Moreover, the coefficients of the even and odd powers of x — xo can be computed separately as
p(2m)
m - mos 2 O 7.2.26
@2m+2 Cm+2)2m+n2m ™ (7.2.26)
and
p(2m+1)
m - m+1» > 0, 7.2.27
a3 Qm +3)2m +2) 2 " (72:27)
where ag and a are arbitrary.
Section 7.4
Theorem 7.4.3 Suppose the roots of the indicial equation
ar(r=1)+br+c=0 (7.4.11)
are ry and ry. Then the general solution of the Euler equation
ax?y” +bxy +cy =0 (7.4.12)
on (0, 00) is
y = c1x"' + cx" if ry and ry are distinct real numbers ;
y = x""(cy+cpInx)ifry =r;
y = x*[cicos(wlnx) + cosin(wlnx)] if ri,ry = A +iw with w > 0.
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Section 7.5

Theorem 7.5.1 Let

Ly = x*(ag + a1x + apx?)y” + x(Bo + Bix + Box?)y’ + (yo + y1x + y2x%)y,

and define

po(r) = aor(r—1) + Bor + o,
pi(r) = air(r=1)+pir +n7,
pa(r) = aor(r—1)+ por +ys.
Suppose the series
y= ) ap™ (7.5.3)
n=0
converges on (0, p). Then
Ly= Z bux™* (7.5.4)
n=0
on (0, p), where
by = po(r)ao,
by = po(r+1a;+ pi(r)ao, (7.5.5)
b, = po(n+rya,+pi(n+r—-N0a,_1+pr(n+r—-2)a,—», n>2.

Theorem 7.5.2 Let

Ly = x*(ap + a1x + a2x?)y” + x(Bo + B1x + Box?)y + (yo + y1x + y2x?)y,

where ay # 0, and define

po(r) = aor(r —1) + Bor + yo,
pi(r) = air(r=1)+pir +yi,
p2(r) = aor(r—1) + Bor +vs.

Suppose r is a real number such that po(n + r) is nonzero for all positive integers n. Define

ao(r) = 1,
ar(r) __pi(n)
po(r + 1)’ (7.5.12)
~ pin+r=1au1(r) + p2(n+r—=2)a,(r)
a,(ry = - , n>2.
po(n+r)
Then the Frobenius series .
y(x,r) =x" Z a,(r)x" (7.5.13)
n=0
converges and satisfies
Ly(x,r) = po(r)x’ (7.5.14)

on the interval (0, p), where p is the distance from the origin to the nearest zero of A(x) =
@ + a1x + arx? in the complex plane. (If A is constant, then p = co.)
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Theorem 7.5.3 Let L and {a,(r)} be as in Theorem 7.5.2, and suppose the indicial equation
po(r) =0of Ly = 0 has real roots r| and ry, where r\ > ro. Then

o0

yi(x) =y(x,ry) =x"! Zan(rl)xn

n=0
is a Frobenius solution of Ly = 0. Moreover, if r| — ry isn’t an integer then

(o)

2(x) = y(x,72) =27 > @y (ra)x”

n=0

is also a Frobenius solution of Ly = 0, and {y1, y»2} is a fundamental set of solutions.

Section 7.6
Theorem 7.6.1 Let
Ly = x*(ap + a1x + a2x?)y” + x(Bo + B1x + Box?)y + (o + y1x + y2x7)y, (7.6.2)

where ag # 0 and define

po(r) = aor(r—1) + Bor + yo,
pi(r) = air(r—=1)+pBir +y1,
p2(r) = aor(r—1)+ Bor +vs.

Suppose r is a real number such that po(n + r) is nonzero for all positive integers n, and define

ap(r) = 1,
pi(r)
a(r) = ———,
W= D
) = P DA () $ pantr = D)
po(n+r)
Then the Frobenius series -
) =x" ) an(r)x" (7.6.3)
n=0
satisfies
Ly(x,r) = po(r)x". (7.6.4)
Moreover,
dy _ PO
E(X’ r)=y(x,r)Inx +x ; a,(r)x", (7.6.5)
and

L (%(x, r)) = po(r)x" + x"po(r) Inx. (7.6.6)
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Theorem 7.6.2 Let L be as in Theorem 7.6.1 and suppose the indicial equation po(r) = 0 has
a repeated real root ry. Then

(o)

i) = y0em) =x" ) an(r)x"

n=0

and

(o)

0
y2(x) = 8—i(x, r1) = yi(x)Inx + x" Za;(rl)x" (7.6.8)

n=1

form a fundamental set of solutions of Ly = 0.

Section 7.7

Theorem 7.7.1 Let

Ly = x*(ap + a1x)y” + x(Bo + B1x)y’ + (yo + y1x)y,

where ay # 0, and define

po(r) aor(r — 1) + Bor + yo,

air(r—=1)+ Bir+v,.

p1(r)

Suppose r is a real number such that po(n + r) is nonzero for all positive integers n, and define

ao(r) = 1,

pi(n+r—-1)
po(n+r)

an_1(r), n=>1. (7.7.2)

an(r)
Let ry and ry be the roots of the indicial equation po(r) = 0, and suppose r\ = ry + k, where k
is a positive integer. Then

o0

yp =x"! Z an(ri)x"

n=0
is a Frobenius solution of Ly = 0. Moreover, if we define

ap(r2) = 1,
+r—-1
a,(r2) = _Man—l(rZ), l<n<k-1, (7.1.3)
po(n+r3)
and .
C = —%akq (r), (7.7.4)
o
then
k-1 0
yo = x2 Z a,(r))x" + Cly;Inx + x"! Z a,(rp)x" (7.7.5)
n=0 n=1

is also a solution of Ly = 0, and {y1, y2} is a fundamental set of solutions.
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Theorem 7.7.2 Let
Ly = x*(ap + a2x?)y” + x(Bo + B2xD)y + (yo + y2x?)y,

where ag # 0, and define

po(r) aor(r — 1) + Bor + o,

pa(r) arr(r —1) + Bor +v2.

Suppose r is a real number such that po(2m + r) is nonzero for all positive integers m, and
define
aop(r) = 1,
p22m+r—2)
po(2m +r)

(7.7.22)

aZm—Z(r)a m 2 1'

aZm(r)

Let ry and ry be the roots of the indicial equation po(r) = 0, and suppose ri = ro + 2k, where k
is a positive integer. Then

(o)

yi =" Z Ao (r1)x*"

m=0

is a Frobenius solution of Ly = 0. Moreover, if we define

ap(r2) = 1,
2m+ry =2
am(ry) = PRFMANZD) ) L<m<k-1
po(2m +ry)
and 5
c=_P2n=2 . (7.7.23)
2kay
then
k-1 )
yy = x"2 Z Ao (r2)x>™ + C [ y1 Inx + x" Z a’Zm(rl)xm (7.7.24)
m=0 m=1

is also a solution of Ly = 0, and {y1, y2} is a fundamental set of solutions.

Section 8.1

Theorem 8.1.2 [Linearity Property] Suppose L(f;) is defined for s > s;, 1 <i < n. Let so be
the largest of the numbers sy, s, . . .,Sy, and let ¢y, c3,. .., c, be constants. Then

Lcifi+crfo+ - +enfn) =1 L(fi) + 2 L(f2) +- -+ L(fp) for s > so.

Theorem 8.1.3 [First Shifting Theorem] If

F(s) :/Oooe_”f(t) dt (8.1.10)

is the Laplace transform of f(t) for s > so, then F(s — a) is the Laplace transform of e*' f(t)
for s > 50 + a.

Theorem 8.1.6 If f is piecewise continuous on [0, 00) and of exponential order s, then L(f)
is defined for s > s.
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Section 8.2

Theorem 8.2.1 [Linearity Property| If F, F», ..., F, are Laplace transforms and cy, c3, . . .,
¢, are constants, then

LY Fi+coFa+ -+ cyFy) =1 LY F) + 2L (F2) + - + c, L7F,.

Theorem 8.2.2 Suppose

P(s)

F(s) = , (8.2.6)
(s =s1)(s —52) - (s — 5p)
where sy, s2, ..., S, are distinct and P is a polynomial of degree less than n. Then
A A A,
F(s) = Loy 22 4y ,
§—S1 S—8 s — Sp

where A; can be computed from (8.2.6) by ignoring the factor s — s; and setting s = s; elsewhere.

Section 8.3

Theorem 8.3.1 Suppose f is continuous on [0,0) and of exponential order so, and [’ is
piecewise continuous on [0, ). Then f and f’ have Laplace transforms for s > s, and

L(f) =sL(f) - f(0). (8.3.1)

Theorem 8.3.2 Suppose f and f’ are continuous on [0, 00) and of exponential order s¢, and
that " is piecewise continuous on [0,00). Then f, f’, and f” have Laplace transforms for
s > S0,

L(f) =sL(f) - f(0), (8.3.4)

and

L(f") = s>L(f) = ['(0) = s£(0). (8.3.5)

Section 8.4

Theorem 8.4.1 Let g be defined on [0, ). Suppose T > 0 and L (g(t + 7)) exists for s > so.
Then L (u(t — 7)g(t)) exists for s > so, and

Lu(t-71)g(1) =" L(g(1+7)).

Theorem 8.4.2 [Second Shifting Theorem] If t > 0 and L(g) exists fors > sothen L (u(t — 1)g(t — 7))
exists for s > so and

Lu(t-71)g(t —71)) =7 L(g(1)),

or, equivalently,
ifg(t) & G(s), thenu(t —1)g(t—71) & e °"G(s). (8.4.12)
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Section 8.5

Theorem 8.5.1 Suppose a, b, and c are constants (a # 0), and f is piecewise continuous on
[0, ) except for jump discontinuities at ty, . . ., t,, where

O0<tp <---<ty.

Let ko and ki be arbitrary real numbers. Then there is a unique function y defined on [0, )
with these properties:

(@) y(0) = ko and y'(0) = k.
(b) y and y' are continuous on [0, ).

(c) y" is defined on every open subinterval of [0, ©) that does not contain any of the points
t, ..., t,, and
ay” + by +cy = f(r)

on every such subinterval.

(d) y” has limits from the right and left at ty, . .., t,.

Section 8.6

Theorem 8.6.2 [The Convolution Theorem] Suppose f and g are piecewise continuous on
[0, 00) and their Laplace transforms converge absolutely at s. If L(f) = F and L(g) = G, then

L(fxg)=FG.

Theorem 8.6.3 Suppose f is continuous on [0, ) and has a Laplace transform. Then the
solution of the initial value problem

ay” + by +cy = f(1), y(0)=ko, ¥'(0)=ki, (8.6.13)
is t
y(1) = koyi(1) + k1y2(2) +/O w(t)f(t - 7)dr, (8.6.14)
where y1 and y, satisfy
ay| + by +cy1 =0, y1(0)=1, y(0)=0, (8.6.15)
and
ayy + by, +cy2 =0, y2(0) =0, y5(0) =1, (8.6.16)
and

1
w(t) = ;yz(t)- (8.6.17)
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Section 8.7

Theorem 8.7.1 Suppose to > 0. For each positive number h, let yj, be the solution of the initial
value problem

ayj, + by, +cyn = fu(t), ya(0) =0, y,(0)=0, (8.7.1)

where
0, 0<tr<1y,

fa(t) =3 1/h, to<t<ty+h, (8.7.2)
0, t>ty+h,

so f has unit total impulse equal to the area of the shaded rectangle in Figure 8.7.1. Then

llirg yu(t) = u(t —to)w(t — ty), (8.7.3)
n—0+
where .
_ -l
w=4L (as2+bs+c)'
Section 9.1

Theorem 9.1.1 Suppose Ly = F is normal on (a, b), let xo be a point in (a, b), and let ko, ki,
.., kn—1 be arbitrary real numbers. Then the initial value problem

Ly=F, y(xo)=ko, Yx0)=ki..., y" Dixg)=kn
has a unique solution on (a, b).

Theorem 9.1.2 If Ly = 0 is normal on (a,b), then a set {y1,y2,...,yn} of n solutions of
Ly = 0on (a, b) is a fundamental set if and only if it’s linearly independent on (a, b).

Theorem 9.1.3 Suppose the homogeneous linear nth order equation
Po(x)y™ + Pi(x)y" V4 4 Pu(x)y =0 (9.1.14)

is normal on (a, b), let y1, y, ..., yn be solutions of (9.1.14) on (a, b), and let x( be in (a, b).
Then the Wronskian of {y1,y2,...,Yn} is given by

W(x) = W(xo) exp {— /x i;gg dt}, a<x<b. (9.1.15)

Therefore, either W has no zeros in (a,b) or W = 0 on (a, b).

Theorem 9.1.4 Suppose Ly = 0 is normal on (a, b) and let yy, y», ..., y, be n solutions of
Ly = 0on (a,b). Then the following statements are equivalent; that is, they are either all true
or all false:

(a) The general solution of Ly = 0on (a,b)isy =ciyy +cay2+ -+ Cpyn-
(b) {¥1,Y2,...,Yn} is a fundamental set of solutions of Ly = 0 on (a, b).

(¢c) {yi,y2,...,yYn} is linearly independent on (a, b).
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(d) The Wronskian of {y1,y2,...,Yn} is nonzero at some point in (a, b).

(e) The Wronskian of {y1, y2,...,Yn} is nonzero at all points in (a, b).

Theorem 9.1.5 Suppose Ly = 0 is normal on (a, b), c is in (a,b), and a1, ay, . .., a, are real
numbers, not all zero. If y1, y2, ..., yn are solutions of Ly = 0 such that
a1yi(c) + axyi(c) + - + anyfn_l)(c) =0, 1<i<n, (9.1.16)

Then {y1, y2,...yn} isn’t linearly independent on (a, b).

Theorem 9.1.6 Suppose Ly = F is normal on (a, b). Lety, be a particular solution of Ly = F
on (a,b), and let {y1,y2,...,yn} be a fundamental set of solutions of the complementary
equation Ly = 0 on (a, b). Then y is a solution of Ly = F on (a, b) if and only if

y=yptciyrtcayz+- -+ cpyn,
where ¢y, c3, . .., C, are constants.

Theorem 9.1.7 [The Principle of Superposition] Suppose for eachi =1, 2, ..., r, the function
Yp: Is a particular solution of Ly = F; on (a, b). Then

Yp=Vp ¥ Vpp Tt Yp,
is a particular solution of
Ly =Fi(x)+ Fy(x)+- -+ Fr(x)

on (a,b).

Section 9.2

Theorem 9.2.1 If m is a positive integer, then
{e% xe®, ..., x"" ™) (9.2.15)
is a fundamental set of solutions of
(D-a)"y =0. (9.2.16)
Theorem 9.2.2 If w # 0 and m is a positive integer, then

{e™ cos wx, xe™ coswx, ..., x" e coswx,

e sinwx, xe® sinwx, ..., x" e sinwx}
is a fundamental set of solutions of

[(D-2)?%+w?]™y =0.
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Section 10.2

Theorem 10.2.1 Suppose the coefficient matrix A and the forcing function £ are continuous on
(a,b), let tg be in (a,b), and let k be an arbitrary constant n-vector. Then the initial value
problem

y =A@y+£(1), y(o) =k

has a unique solution on (a, b).

Section 10.3

Theorem 10.3.1 Suppose the n X n matrix A = A(t) is continuous on (a,b). Then a set
{Y1,¥2,...,¥Yn} of n solutions of y = A(t)y on (a, b) is a fundamental set if and only if it’s
linearly independent on (a, b).

Theorem 10.3.2 [Abel’s Formula] Suppose the n X n matrix A = A(t) is continuous on (a, b),
letyy, y2, ..., Yn besolutions of y = A(t)y on (a, b), and let to be in (a, b). Then the Wronskian

of {y1,¥2,...,Yu} is given by
t
W(r) = W(to) exp (/ [aii(s) + an(s) + - +am(s)lds|, a<t<b.  (10.3.6)
to

Therefore, either W has no zeros in (a,b) or W = 0 on (a, b).

Theorem 10.3.3 Suppose the n X n matrix A = A(t) is continuous on (a,b) and let y,, y»,
..,Yn be solutions of y' = A(t)y on (a, b). Then the following statements are equivalent; that
is, they are either all true or all false:

(a) The general solution of y = A(t)y on (a,b) isy = c1y| + c2y2 + - - - + c,¥n, Where ¢y, ¢,
..., Cp are arbitrary constants.

(b) {y1,Y2,...,Yu} is a fundamental set of solutions of y’ = A(t)y on (a, b).
(¢) {y1,Y2,...,Yn} is linearly independent on (a, b).
(d) The Wronskian of {y1,y2,...,Yn} is nonzero at some point in (a, b).

(e) The Wronskian of {y1,y2, - ..,Yan} is nonzero at all points in (a, b).

Section 10.4

Theorem 10.4.1 Suppose the n X n constant matrix A has n real eigenvalues A1, A5, ..., 4,
(which need not be distinct) with associated linearly independent eigenvectors Xi,Xp, . . ., Xp,.
Then the functions

yi =x1e, yo = 00V, L., y, = Xpe™

form a fundamental set of solutions of y = Ay, that is, the general solution of this system is

y = c1x1eM + coxpe™ + -+ cpxpet.
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Section 10.5

Theorem 10.5.1 Suppose the n X n matrix A has an eigenvalue 1| of multiplicity > 2 and the
associated eigenspace has dimension 1; that is, all A1-eigenvectors of A are scalar multiples of
an eigenvector X. Then there are infinitely many vectors u such that

(A-A4Du=x. (10.5.2)
Moreover, if u is any such vector then
yi =xe'' and  y; = ue + xtel'’ (10.5.3)

are linearly independent solutions of y' = Ay.

Theorem 10.5.2 Suppose the n X n matrix A has an eigenvalue | of multiplicity > 3 and the
associated eigenspace is one—dimensional; that is, all eigenvectors associated with A are scalar
multiples of the eigenvector X. Then there are infinitely many vectors u such that

(A-A41DHua =x, (10.5.9)
and, if u is any such vector, there are infinitely many vectors v such that
(A-A4)v=u. (10.5.10)

If u satisfies (10.5.9) and v satisfies (10.5.10), then

At
yi = xe',
At At
y2 = ue'V +xte’t, and
2 it
tee”!
y3 = Ve/l‘t+ute’l”+xT

are linearly independent solutions of y’ = Ay.

Theorem 10.5.3 Suppose the n X n matrix A has an eigenvalue 1| of multiplicity > 3 and the
associated eigenspace is two—dimensional; that is, all eigenvectors of A associated with A,
are linear combinations of two linearly independent eigenvectors X, and X;. Then there are
constants a and [ (not both zero) such that if

X3 = aX| + Xy, (10.5.12)

then there are infinitely many vectors u such that

(A= ,Du = xs. (10.5.13)
If u satisfies (10.5.13), then
yi = xie',
y2 = x0eY and
y3 = ue +xste, (10.5.14)

are linearly independent solutions of y’ = Ay.
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Section 10.6

Theorem 10.6.1 Let A be an n X n matrix with real entries. Let 1 = a +if3 (8 # 0) be a
complex eigenvalue of A and let X = u + iv be an associated eigenvector, where u and v have
real components. Then w and v are both nonzero and

y1 = e (ucos Bt —vsinft) and Yy, = e (usinpt + vcospft),
which are the real and imaginary parts of
e (cos Bt + i sin Bt)(u + iv), (10.6.3)

are linearly independent solutions of y' = Ay.

Section 10.7

Theorem 10.7.1 Suppose the n X n matrix function A and the n-vector function f are continuous
on (a,b). Lety, be a particular solution of y’ = A(t)y +£(t) on (a, b), and let {y1,y2,...,¥n}
be a fundamental set of solutions of the complementary equation'y’ = A(t)y on (a, b). Then'y
is a solution of y' = A(t)y + £(t) on (a, b) if and only if

y:yp+cly1+czy2+~--+cnyn,

where cq, ca, ..., ¢, are constants.

Section 11.1

Theorem 11.1.1 Problems 1-5 have no negative eigenvalues. Moreover, A = 0 is an eigenvalue
of Problems 2 and 5, with associated eigenfunction yy = 1, but A = 0 isn’t an eigenvalue of
Problems 1, 3, or 4.

Theorem 11.1.2 The eigenvalue problem
y'+ay=0, y(0)=0, y(L)=0

has infinitely many positive eigenvalues A, = n>n*/L?, with associated eigenfunctions

. nmIx
Yy = smT, n=1,2,3,....
There are no other eigenvalues.
Theorem 11.1.3 The eigenvalue problem
Y'+ay=0, y(0)=0, y(L)=0

has the eigenvalue Ao = 0, with associated eigenfunction yo = 1, and infinitely many positive
eigenvalues A, = n>n*/L?, with associated eigenfunctions

niwx
yn:COST,n: 1,2,3

There are no other eigenvalues.
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Theorem 11.1.4 The eigenvalue problem
Y'+ay=0, y(0)=0, »(L)=0
has infinitely many positive eigenvalues A, = (2n — 1)>7%J4L?, with associated eigenfunctions

(2n - 1)mx

=1,2,3,....
2L n 2 =~

Y = sin
There are no other eigenvalues.
Theorem 11.1.5 The eigenvalue problem

Y'+ay=0, y(0)=0, y(L)=0
has infinitely many positive eigenvalues A, = (2n — 1)21% J4L?, with associated eigenfunctions

(2n - 1)nx
0§ ————,

= 1.2.3.....
2L "

Yn=¢
There are no other eigenvalues.
Theorem 11.1.6 The eigenvalue problem
Y'+Ay=0, y(=L)=y(L), y(-L)=y(L),

has the eigenvalue Ay = 0, with associated eigenfunction yo = 1 and infinitely many positive
eigenvalues A, = n>n*/L?, with associated eigenfunctions

nmx . nmx
yln:cosT and yzn:smT, n=1,2,3,....

There are no other eigenvalues.

Section 11.2

Theorem 11.2.1 Suppose the functions ¢\, ¢2, @3, .. ., are orthogonal on [a, b] and
b
/ P2(x)dx 0, n=1273,.... (11.2.1)

Let ¢y, ¢y, c3,...be constants such that the partial sums fy(x) = ZZ:I Cm®m(x) satisfy the
inequalities
|[fn(x)| <M, a<x<b, N=1,2,3,...

for some constant M < oo. Suppose also that the series

(o)

F@) =) cnb(x) (1122)

m=1

converges and is integrable on [a, b]. Then

b
/ £ (x) d

/a b ¢ (x) dx

Cn , n=1,2,3,.... (11.2.3)
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Theorem 11.2.4 If f is piecewise smooth on [—L, L], then the Fourier series

F(x) =ag+ Z (an cos ? + b, sin %) (11.2.8)

n=1

of f on [—L, L] converges for all x in [—L, L]; moreover,

f(x) if -L < x < L and f is continuous at x
F(x) = ACa) ; flxt) if —-L < x < L and f is discontinuous at x
J(=L+) + f(L-)

5 ifx=Lorx=-L.

Theorem 11.2.5 Suppose u is even and v is odd on [—L, L]. Then:

L L L
(a) / u(x)dx = 2/ u(x)dx, (b) / v(ix)dx =0
—L 0 -L

L L
(c) / u(x) cos nrx dx = 2/ u(x) cos nrx dx,
_ L 0 L

L

L L
(d) / v(x) sin 07 gy = 2/ v(x) sin nrx dx,
_ L 0 L

L

L L
(e) / u(x) sin ? dx=0 and (f) / v(x) cos ? dx = 0.
- -L

L

Theorem 11.2.6 Suppose f is integrable on [—L, L].

(a) If f is even, the Fourier series of f on [—-L, L] is
F(x) = a0+Zancos@
where
ap = %‘/OLf(x)dx and a, = %‘/OLf(x)cos?dx, n>1.
(b) If f is odd, the Fourier series of f on [—L, L] is

F(x) = Z by, sin nzx

where

2 L
_Z/o £(x) sin?dx.
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Section 11.3

Theorem 11.3.1 If f is piecewise smooth on [0, L], then the Fourier cosine series

nmnx

C(x) =ap+ Zancos—
of f on [0, L], with

1 L 2 L
:Z/O f(x)dx and an:Z/O f(x)cos%dx, n=1,2,3,...,

converges for all x in [0, L]; moreover,

f(0+) ifx=0
f(x) if0 <x < L and f is continuous at x
Co=1 /6 ;f(x+) if 0 <x < L and f is discontinuous at x
f(L-) ifx =L

Theorem 11.3.2 If f is piecewise smooth on [0, L], then the Fourier sine series

S(x) = Z by sin — ey

of f on [0, L], with
2 L
= —/ f(x) sin@dx,
LJo L

converges for all x in [0, L]; moreover,

0 ifx=0
f(x) if0 <x < L and f is continuous at x
S(x) = )+ flx+
fx) 3 fxt) if 0 <x < L and f is discontinuous at x
0 ifx=1L

Theorem 11.3.3 If f is piecewise smooth on [0, L], then the mixed Fourier cosine series

(o)

Cux) = Z Cp, COS

n=1

/ f(x) cos l)nx dx,

converges for all x in [0, L]; moreover,

(2n - 1)nx
2L

of f on [0, L], with

f(0+) fx=0
f(x) if 0 < x < L and f is continuous at x
Cu(x) =9 fx=)+ f(x+)

> if 0 <x < L and f is discontinuous at x

0 ifx=1L



Theorem 11.3.4 If f is piecewise smooth on [0, L], then the mixed Fourier sine series

Su(x) = id” sin (
n=1

/ f(x) sm

of f on [0, L], with

converges for all x in [0, L]; moreover,

0
J(x)
Su) =3 f(x=) + f(x+)
2
f(L=)
Theorem 11.3.5
@) If f'(0) = f'(L)

f(x) =ap +Zancos =
n=1

with

1 L
aoz—/ f(x)dx and a,=
L Jo

=0, f” is continuous, and f

2n — 1)mx
2L

1
)JTX .

ifx=0

if0 <x < Land f is continuous at x

if 0 < x < L and f is discontinuous at x

ifx=1L

4

nmx
0<x<L,

2172
n3m3

L
/ f”’(x)sin%dx, n>1.
0

Now suppose f’ is continuous and " is piecewise continuous on [0, L].

(b) If f(0) = f(L) = O, then

f(x) = ;bnsm?, 0<x<L,
with
by __2_7T2/ f”()sm—dx
©) If f/(0) = f(L) =0, then
- 2n—1
fx) = ;crmm%, 0<x<L,
with .
_ 8L 17 (21’1 - 1)7TX
Cp = (Zn - 122 /0 f"(x) cos 3T dx.
(d) If f(0) = f'(L) =0, then
= . (2n—=1)mx
fx) = ;dnsm% 0<x<L,
with .
_ 8L " . 2n—-1)nx
d, = (2n - 122 ./0 f”(x) sin 57 dx.
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is piecewise continuous on [0, L], then

(11.3.3)

(11.3.4)

(11.3.5)

(11.3.6)

(11.3.7)
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Section 12.1

Theorem 12.1.2 A convergent infinite series
W(z) = > wal2)
n=1
can be differentiated term by term on a closed interval [z1, 22| to obtain
W) = ) wi()
n=1

(where the derivatives at z = z1 and z = zp are one-sided) provided that w), is continuous on
[z1,22] and
|W:'L(Z)|SMVH ZISZSZZ’ n:172’37-"$

where M1, M», ..., M, ..., are constants such that the series Z;’:’:l M,, converges.

Section 12.2

Theorem 12.2.2 If f and g are piecewise smooth on [0, L], then the series in (12.2.8) converges
for all (x,t) and can be written as

u(x,t) = %[Sf(x +at) +Sp(x —at)] + % /_x ’ Se(7)dr. (12.2.9)

Theorem 12.2.3 Suppose h is differentiable on [0, L]; that is, h'(x) exists for 0 < x < L, and
the one-sided derivatives

h(x) = h(0 h(x) — h(L
I, (0) = lim hix) = h(0) and h' (L) = lim h(x) - KL
x—0+ X x—L—- x—L
both exist.
(a) Let p be the odd periodic extension of h to (—o0, 00); that is,

B h(x), 0<x<L,
p(x) = { —h(=x), -L<x<0,

Then p is differentiable on (—oo, o) if and only if
h(0) = h(L) = 0. (12.2.13)

and p(x + 2L) = p(x), —o00 <Xx < oo,

(b) Let q be the even periodic extension of h to (—oo0, 00); that is,

| h(x), 0<x<L,
q(x) = { h(-x), -L<x<0,

Then q is differentiable on (—o0, o) if and only if
h.(0)=h"(L) =0. (12.2.14)

Theorem 12.2.4 The formal solution of (12.2.1) is an actual solution if g is differentiable on
[0, L] and

and g(x +2L) = g(x), —o0o<x < o0,

g(0) =g(L) =0, (12.2.15)
while f is twice differentiable on [0, L] and
f0)=f(L)=0 (12.2.16)

and

”(0) = f”(L) = 0. (12.2.17)
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Section 13.1

Theorem 13.1.1 If z; and z» are solutions of Ly = 0 such that either Bi(z1) = B1(z2) = 0 or
B>(z1) = Ba(z2) = 0, then {z1, 22} is linearly dependent. Equivalently, if {z1,z2} is linearly
independent, then

B3(z1) + B3(z22) #0 and B3(z1) + B3(z2) # 0.

Theorem 13.1.2 The following statements are equivalent; that is, they are either all true or all
false.

(a) There’s a fundamental set {z1, z2} of solutions of Ly = 0 such that

B1(z1)B2(22) — B1(22)B2(z1) # 0. (13.1.8)

(b) If {y1,y2} is a fundamental set of solutions of Ly = 0O then

B1(y1)B2(y2) = B1(y2)B2(y1) # 0. (13.1.9)

(¢) For each continuous F and pair of constants (k1, k), the boundary value problem
Ly=F, Bi(y)=ki, Ba(y)=
has a unique solution.

(d) The homogeneous boundary value problem
Ly=0, Bi(y)=0, Ba(y)=0 (13.1.10)
has only the trivial solution y = 0.

(e) The homogeneous equation Ly = 0 has linearly independent solutions 7, and 7, such that
B1(z1) = 0and B>(z2) =0

Theorem 13.1.3 Suppose the homogeneous boundary value problem
Ly=0, Bi(y)=0, Ba(y)=0 (13.1.15)

has only the trivial solution. Let y| and y; be linearly independent solutions of Ly = 0 such
that B1(y1) = 0 and B»(y;) = 0, and let

W =y1y5 =y
Then the unique solution of

Ly=F, Bi(y)=0, By(y)=0 (13.1.16)

y(x)=y1(x)/ 5((?;;/((?) dt +y ()/ ;((tt)));/((tt)) : (13.1.17)

is
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Theorem 13.1.4 Suppose the homogeneous boundary value problem
Ly=0, Bi(y)=0, Bx(y)=0 (13.1.22)
has a nontrivial solution y1, and let y, be any solution of Ly = 0 that isn’t a constant multiple

of y1. Let W = y1y, = y\y2. If
P F(t)yi(1)
2P =, (13.1.23
l Po)W (1) )

then the nonhomogeneous boundary value problem
Ly=F, Bi(»)=0, By(y) =0 (13.1.24)

has infinitely many solutions, all of the form 'y =y, + c1y1, where

F()y2() F(Oyi (1)
””/'wam “/'mmwm

and c is a constant. If

P F(t)yi (1)
L Poyw(n I

then (13.1.24) has no solution.

Section 13.2

Theorem 13.2.1 If Py, Pi, P,, and R are continuous and Py and R are positive on a closed
interval [a, b], then the equation

Po(x)y” + P1(x)y" + Pr(x)y + AR(x)y =0 (13.2.5)

can be rewritten as
(p(x)y") +q(x)y + Ar(x)y =0, (13.2.6)

where p, p’, g and r are continuous and p and r are positive on |a, b].

Theorem 13.2.2 If
Ly = (p(x)y")" +q(x)y

and u and v are twice continuously differentiable functions on [a, b] that satisfy the boundary
conditions B1(y) = 0 and B,(y) = 0, then

b
/ [u(x)Lv(x) — v(x)Lu(x)] dx = 0. (13.2.21)
a
Theorem 13.2.3 If A = p + gi with q # O then the boundary value problem

Ly+Ar(x)y=0, Bi(y) =0, B(y)=0

has only the trivial solution.
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Theorem 13.2.4 If A and A, are distinct eigenvalues of the Sturm—Liouville problem
Ly+Aar(x)y=0, Bi(y)=0, B(y) =0 (13.2.25)

with associated eigenfunctions u and v respectively, then

b
/ r(x)u(x)v(x) dx = 0. (13.2.26)

Theorem 13.2.5 Ifu # 0 and v both satisfy
Ly +ar(x)y =0, Bi(y)=0, Ba(y) =0,
then v = cu for some constant c.
Theorem 13.2.6 The set of all eigenvalues of the Sturm—Liouville problem
Ly+ar(x)y =0, Bi(y)=0, By(y)=0

can be ordered as
A << <Ay <o,

and
lim A, = oo.

n—0oo

For each n, if y, is an arbitrary A,-eigenfunction, then every A,-eigenfunction is a constant
multiple of y,,. If m # n, y,, and y, are orthogonal on |a, b] with respect to r = r(x); that is,

b
/ r(x)ym (x)yn(x) dx = 0. (13.2.27)

Theorem 13.2.7 Let 11 < Ay < --- < A, < --- be the eigenvalues of the Sturm—Liouville

problem
Ly +ar(x)y =0, Bi(y)=0, Ba(y) =0,

with associated eigenfunctions yi, y2, ..., Yn, -... Suppose f is piecewise smooth (Defini-
tion 11.2.3) on |a, b]. For each n, let

b
/ F() £ () ya(x) d

Cp =

b
/ F@)y2(x) d

Then

16D S

n=1

for all x in the open interval (a, b).
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