Chapter 12

Fourier Solutions of Partial Differential
Equations

IN THIS CHAPTER we use the series discussed in Chapter 11 to solve partial differential
equations that arise in problems of mathematical physics.

SECTION 12.1 deals with the partial differential equation

2
Uy = A Uyy,

which arises in problems of conduction of heat.

SECTION 12.2 deals with the partial differential equation
Uy = azuxx’

which arises in the problem of the vibrating string.

SECTION 12.3 deals with the partial differential equation
Uxy + Uty =0,

which arises in steady state problems of heat conduction and potential theory.

SECTION 12.4 deals with the partial differential equation

1 1
Upp + —Up + —Ugy = 0,
r r2

which is equivalent to the equation studied in Section 12.3 when the independent variables are
polar coordinates.

632
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12.1 The Heat Equation

We begin the study of partial differential equations with the problem of heat flow in a uniform
bar of length L, situated on the x axis with one end at the origin and the other at x = L
(Figure 12.1.1).

We assume that the bar is perfectly insulated except possibly at its endpoints, and that the
temperature is constant on each cross section and therefore depends only on x and . We also
assume that the thermal properties of the bar are independent of x and 7. In this case, it can be
shown that the temperature u = u(x,t) at time ¢ at a point x units from the origin satisfies the
partial differential equation

utzazuxx, O<x<L, t>0,

where a is a positive constant determined by the thermal properties. This is the heat equation.

|
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Figure 12.1.1 A uniform bar of length L

To determine u, we must specify the temperature at every point in the bar when ¢ = 0, say
u(x,0) = f(x), 0<x<L.

We call this the initial condition. We must also specify boundary conditions that u must satisfy
at the ends of the bar for all # > 0. We’ll call this problem an initial-boundary value problem.
We begin with the boundary conditions u(0,¢) = u(L,t) = 0, and write the initial-boundary
value problem as
u, = a’uy, O0<x<L, t>0,
u(0,1) =0, wu(L,t)=0, >0, (12.1.1)
u(x,0)=f(x), 0<x<L.

Our method of solving this problem is called separation of variables (not to be confused with
method of separation of variables used in Section 2.2 for solving ordinary differential equations).
We begin by looking for functions of the form

vix, 1) = X(x)T (1)
that are not identically zero and satisfy

vy = azvxx, v(0,1) =0, v(L,t)=0
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for all (x, ). Since
vi=XT'" and v, =X"T,

v; = a’vy, if and only if

XT' = a*X'"T,
which we rewrite as
TI 3 XI/
a’T X'

Since the expression on the left is independent of x while the one on the right is independent of
t, this equation can hold for all (x,7) only if the two sides equal the same constant, which we
call a separation constant, and write it as —A; thus,

Xll 3 Tl
X  aT
This is equivalent to
X"+1X =0
and
T’ = —a’AT. (12.1.2)

Since v(0,1) = X(0)T(¢) =0and v(L,t) = X(L)T(¢) = 0 and we don’t want T to be identically
zero, X(0) = 0and X(L) = 0. Therefore A must be an eigenvalue of the boundary value problem

X"+AX =0, X(0)=0, X(L)=0, (12.1.3)

and X must be a A-eigenfunction. From Theorem 11.1.2, the eigenvalues of (12.1.3) are
A, = n27r2/ L2, with associated eigenfunctions

X, =sin 2% n=1,2.3.....
L

Substituting A = n?x?/L? into (12.1.2) yields
T = —(n’7*a®/LA)T,

which has the solution
T. = e—nznzazz‘/L2
= .

NOW let 2.2 2 2 nmwx
V(1) = X, ()T, () = e =1L sin——, n=123,...
Since -
vn(x, O) = sin T,
v, satisfies (12.1.1) with f(x) = sinnzx/L. More generally, if a1, ..., @, are constants and

m

2.2 2 2 . nmx

U (x,1) :Zane nrat/L sin ——,
n=1

then u,, satisfies (12.1.1) with
f(x) = ; a, sin ?

This motivates the next definition.
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Definition 12.1.1 The formal solution of the initial-boundary value problem

u, =a*uy,,, O0<x<L, t>0,
u(0,t) =0, wu(L,t)=0, t>0, (12.1.4)
u(x,0)=f(x), 0<x<L

is

u(x,r) =y aye™ " sin % (12.1.5)
n=1

where .
S(x) = ; @y, sin %

is the Fourier sine series of f on [0, L]; that is,

2 L
a, = — / f(x) sin nrx dx.
L J L

We use the term “formal solution” in this definition because it’s not in general true that the
infinite series in (12.1.5) actually satisfies all the requirements of the initial-boundary value
problem (12.1.4); when it does, we say that it’s an actual solution of (12.1.4).

Because of the negative exponentials in (12.1.5), u converges for all (x,¢) with ¢t > 0 (Exer-
cise 54). Since each term in (12.1.5) satisfies the heat equation and the boundary conditions in
(12.1.4), u also has these properties if u; and u,, can be obtained by differentiating the series in
(12.1.5) term by term once with respect to ¢ and twice with respect to x, for ¢+ > 0. However,
it’s not always legitimate to differentiate an infinite series term by term. The next theorem gives
a useful sufficient condition for legitimacy of term by term differentiation of an infinite series.
We omit the proof.

Theorem 12.1.2 A convergent infinite series
W(z) = > wal2)
n=1
can be differentiated term by term on a closed interval [z1, 23] to obtain
W) = ) wi()
n=1

(where the derivatives at z = 71 and z = zp are one-sided) provided that w), is continuous on
[21,22] and
W.(2)| <M, z1<z<z0, n=12.3,...,

where My, M», ..., M, ..., are constants such that the series Z;’;l M,, converges.

Theorem 12.1.2, applied twice with z = x and once with z = ¢, shows that u,, and u; can
be obtained by differentiating u term by term if # > O (Exercise 54). Therefore u satisfies the
heat equation and the boundary conditions in (12.1.4) for ¢ > 0. Therefore, since u(x,0) = S(x)
for 0 < x < L, u is an actual solution of (12.1.4) if and only if S(x) = f(x) for0 < x < L.

From Theorem 11.3.2, this is true if f is continuous and piecewise smooth on [0, L], and
f(0) =f(L) =0.

In this chapter we’ll define formal solutions of several kinds of problems. When we ask you
to solve such problems, we always mean that you should find a formal solution.
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Example 12.1.1 Solve (12.1.4) with f(x) = x(x*> = 3Lx + 2L?).

Solution From Example 11.3.6, the Fourier sine series of f on [0, L] is

(o)

1213 I . nnx
S(X) = ?;ESIHT.

Therefore

12131 _222,,,2 . nax

3 Z—ff””“tﬂ sin ——. m
m An L

u(x,t) =

If both ends of the bar are insulated so that no heat can pass through them, then the boundary
conditions are
uy(0,t) =0, wu(L,t)=0, t>0.

We leave it to you (Exercise 1) to use the method of separation of variables and Theorem 11.1.3
to motivate the next definition.

Definition 12.1.3 The formal solution of the initial-boundary value problem

u, =a*uy,, O0<x<L, t>0,
uy(0,¢) =0, u(L,t)=0, >0, (12.1.6)
u(x,0) = f(x), 0<x<L
is
u(x,t) = ag + Z ape "L ¢ ?,
n=1
where
nmIx

C(x)=ay+ Za/n cosT
n=1

is the Fourier cosine series of f on [0, L]; that is,

1 [t 2t
_Z./o f(x)dx and “”:Z/o f(x)cos?dx, n=1,2,3,....

Example 12.1.2 Solve (12.1.6) with f(x) = x.

Solution From Example 11.3.1, the Fourier cosine series of f on [0, L] is

L 4L (2n—1)7rx
€)= ___Z(zn—l)Z L

Therefore

L 4L _ 2 2 (2n - 1)nx
§ (2n D2x%a%t/L
(2n _ 1)2 CoOS — . |

u(x,t) = — - — 7

We leave it to you (Exercise 2) to use the method of separation of variables and Theorem 11.1.4
to motivate the next definition.



CHAPTER 12. FOURIER SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS 637

Definition 12.1.4 The formal solution of the initial-boundary value problem

utzazuxx, O<x<L, t>0,
u(0,t) =0, u,(L,t)=0, >0, (12.1.7)
u(x,0) = f(x), 0<x<L
is
- 2n -1
u(x,t) = ; e~ DI AL Gy @n - Drx 5L )nx,

where
(2n - 1)nx

Sy (x) = Z @, sin
— 2L

is the mixed Fourier sine series of f on [0, L]; that is,

L
= % ./0 f(x) sin —(2n ;Ll)ﬂx dx

Example 12.1.3 Solve (12.1.7) with f(x) = x.

Solution From Example 11.3.4, the mixed Fourier sine series of f on [0, L] is

Su(x) = Z (( l)n i (2n ;Ll)ﬂx.

Therefore

1 2n-1
u(x,t) = —— Z 2 N ) _(2"_1)2”2“2”“2 sin 1= Dmx 57 ., n

Figure 12.1.2 shows a graph of u = u(x, t) plotted with respect to x for various values of z.
The line y = x corresponds to ¢t = (. The other curves correspond to positive values of 7. As ¢
increases, the graphs approach the line u = 0.

We leave it to you (Exercise 3) to use the method of separation of variables and Theorem 11.1.5
to motivate the next definition.

Definition 12.1.5 The formal solution of the initial-boundary value problem

u, =a*uy,, O0<x<L, t>0,
u,(0,1) =0, u(L,t)=0, >0, (12.1.8)
u(x,0) = f(x), 0<x<L

is

. 2n—1
u(x,t) = Z ape” =D att/4L% o @n = Dzx 5T )m,

n=1
where
(2n — 1)mx

Cyx) = Z ay COS
p 2L

is the mixed Fourier cosine series of f on [0, L]; that is,

/ f(x) cos 1)7rx dx.
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Figure 12.1.2
Example 12.1.4 Solve (12.1.8) with f(x) = x — L.
Solution From Example 11.3.3, the mixed Fourier cosine series of f on [0, L] is
8L — 1 (2n - 1)nx
C =—-—— cos .
m(x) n? HZ:; (2n—-1)2 2L
Therefore
8L — 1 O 122 a2 JAL2 (2n - 1)mx
_ (2n-1)*n=a“t/4L
H=—-— ) ——— _
ux ) = =23 ; (2n-1)2° Y7
Nonhomogeneous Problems
A problem of the form
Uy = a’ug + h(x), O<x<L, t>0,
u(0,t) =ug, u(L,t)=up, t>0, (12.1.9)
u(x,0) = f(x), 0<x<L
can be transformed to a problem that can be solved by separation of variables. We write
u(x,t) =v(x,t) + q(x), (12.1.10)

where ¢ is to be determined. Then
up=v, and Uy = Ve +q”
so u satisfies (12.1.9) if v satisfies

Vi =a*ve +a’q”(x) + h(x), O0<x<L, t>0,
v(0,7) =ug—q(0), v(L,1)=ur—-q(L), >0,
v(x,0) = f(x) —q(x), 0<x<L.
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This reduces to
Vi=a*vy, O0<x<L, t>0,

v(0,1) =0, v(L,t)=0, >0, (12.1.11)
v(x,0) = f(x) —gq(x), 0<x<L
if
a’q" +h(x) =0, q(0) =uo, q(L)=ur.
We can obtain ¢ by integrating ¢” = —h/a? twice and choosing the constants of integration so

that ¢(0) = ugp and g(L) = ur. Then we can solve (12.1.11) for v by separation of variables,
and (12.1.10) is the solution of (12.1.9).

Example 12.1.5 Solve

U=y —2, 0<x<l1, >0,
u(0,1) =-1, u(l,r)y=1, t>0,
u(x,0)=x>-2x*>+3x-1, 0<x<lI.

Solution We leave it to you to show that

gx) =x*+x-1

satisfies
q//_2:0’ C[(O):—l, q(]): 1.

Therefore

u(x,t) =v(x,r) +xr+x—1,
where

Vi =V, 0O0<x<l1, >0,

v(0,1) =0, v(1,1)=0, >0,

and

v(x,0) =x = 2x2 +3x -1 =x> —x+ 1 = x(x* = 3x + 2).

From Example 12.1.1 witha = 1 and L =1,

21 e,
v(x,t) = —32 —e " sinnnx.
n n
n=
Therefore
R 1 _oo .
u(x,t) =x’+x—-1+— Y —e "™ 'sinnnx. n
n3 n3
n=1

A similar procedure works if the boundary conditions in (12.1.9) are replaced by mixed
boundary conditions
uy(0,t) =ug, u(L,t)=ur, t>0

or
u(0,t) =ug, uy(L,t)=ur, t>0;

however, this isn’t true in general for the boundary conditions

uy(0,1) =ug, uy(L,t)=up, t>0.
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(See Exercise 47.)

| USING TECHNOLOGY |

Numerical experiments can enhance your understanding of the solutions of initial-boundary
value problems. To be specific, consider the formal solution

(o]
2.2 2 2 . nmx
u(x,t) = Yy aye " TN gin —=,
4 L
n=

of (12.1.4), where

- . nmx
Sx) = Z ay sin I
n=1

is the Fourier sine series of f on [0, L]. Consider the m-th partial sum

m
_ —2r2ai/12 .. NTX
m(x,1) = n —_— 12.1.12
U (x,1) ;a e sin 7 ( )

For several fixed values of ¢ (including ¢ = 0), graph u,, (x, ) versus x. In some cases it may be
useful to graph the curves corresponding to the various values of ¢ on the same axes; in other
cases you may want to graph the various curves successively (for increasing values of ¢), and
create a primitive motion picture on your monitor. Repeat this experiment for several values of
m, to compare how the results depend upon m for small and large values of . However, keep
in mind that the meanings of “small” and “large” in this case depend upon the constants a” and
L?. A good way to handle this is to rewrite (12.1.12) as

where
T=—, (12.1.13)

and graph u,, versus x for selected values of 7.
These comments also apply to the situations considered in Definitions 12.1.3-12.1.5, except

that (12.1.13) should be replaced by

n2a’t

T=—,
412

in Definitions 12.1.4 and 12.1.5.
In some of the exercises we say “perform numerical experiments.” This means that you should
perform the computations just described with the formal solution obtained in the exercise.

Exercises

1. Explain Definition 12.1.3.
2. Explain Definition 12.1.4.

3. Explain Definition 12.1.5.
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4. Perform numerical experiments with the formal solution obtained in Example 12.1.1.
S. Perform numerical experiments with the formal solution obtained in Example 12.1.2.
6. Perform numerical experiments with the formal solution obtained in Example 12.1.3.
7. Perform numerical experiments with the formal solution obtained in Example 12.1.4.

In Exercises 8-42 solve the initial-boundary value problem. Where indicated by , perform
numerical experiments. To simplify the computation of coefficients in some of these problems,
check first to see if u(x,0) is a polynomial that satisfies the boundary conditions. If it does,
apply Theorem 11.3.5; also, see Exercises 11.3.35(b), 11.3.42(b), and 11.3.50(b).

8. uy;=u,, O<x<l1, t>0,
u(0,t) =0, u(l,r)=0, >0,
u(x,0)=x(1-x), 0<x<l1

9. u;, =9%,,, O<x<4, >0,
u(0,1) =0, wu(4,t)=0, t>0,
ux,0)0=1, 0<x<4

10. u; =3u,,, O<x<m, t>0,
u(0,t) =0, wu(m,t)=0, t>0,
u(x,0) =xsinx, O0<x<n

1. [Clu, = 9uy, 0<x<2, >0,
u(0,t) =0, u(2,t)=0, >0,
u(x,00 =x>(2-x), 0<x<?2

12. u; = 4du,,, O0<x<3, t>0,
u(0,t) =0, u(3,1)=0, >0,
u(x,00=x(9-x%, 0<x<3

13. u;, =4u,,, O0<x<2, >0,
u(0,1) =0, u(2,t)=0, t>0,

X, 0<x<l1,
”(x’o):{z—x, l<x<2.

14. u; =7u,,, O<x<1, t>0,
u(0,t) =0, u(l,r)=0, >0,
u(x,0) =xBx*—10x2+7), 0<x<l1

15. u; =5u,,, O<x<1, t>0,
u(0,1) =0, wu(l,r)=0, t>0,
u(x,0) =x(x*=2x2+1), 0<x<l1

16. u; =2u,,, O<x<1, t>0,
u(0,1) =0, wu(l,r)=0, t>0,
u(x,0) =xBx* =523 +2), 0<x<l1

17.u,:9uxx, O0<x<4, t>0,
uy(0,¢) =0, u(4,t)=0, t>0,
u(x,00=x2, 0<x<4
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18. u; =4u,,, O0<x<2, t>0,
u(0,1) =0, u(2,1)=0, t>0,
u(x,0) =x(x-4), 0<x<2

19. [Clu, =9uy, O<x<1, >0,
uy(0,1) =0, uy(l,t)=0, >0,
u(x,0)=x(1-x), 0<x<l1

20. u; =3uy, O0<x<2, t>0,
u(0,¢) =0, u(2,1)=0, t>0,
u(x,0) =2x2(3-x), 0<x<?2

21. u; = Suy,, O0<x<V2, >0,
u(0,6) =0, u(V2,6)=0, >0,
u(x,0)=3x2(x2-4), 0<x<V2

22.u,:3uxx, O<x<l1, >0,
uy(0,1) =0, wu,(1,1)=0, >0,
u(x,0) =x33x-4), 0<x<l1

23, u; = Uy, O<x<1, >0,
uy(0,1) =0, wu,(1,1)=0, >0,
u(x,0) =x2(3x>-8x+6), 0<x<l1

24. u; =u,,, O<x<m >0,
uy(0,1) =0, wuy(m,t)=0, >0,
u(x,0)=x*(x-n)%, 0<x<n

25. u;=u,, O<x<l1, t>0,
u(0,t) =0, u(1,t1)=0, >0,
u(x,0) =sinmx, 0<x<1

26. [Cl]u, =3uy, O<x<nm, >0,
u(0,t) =0, u(mt)=0, t>0,
u(x,0) =x(r—-x), 0<x<n

27. u; =5u,,, O0<x<2, >0,
u(0,t) =0, u(2,t)=0, t>0,
u(x,0) =x(4-x), 0<x<2

28. u;=u,,, O<x<l1, t>0,
u(0,t) =0, u(l,t1)=0, >0,
u(x,0) =x>(3-2x), 0<x<l1

29. u;=u,,, O<x<l1, t>0,
u(0,t) =0, u(l,t1)=0, >0,
u(x,00=(x-17%+1, 0<x<l1

30.ut:uxx, O<x<l1, >0,
u(0,1) =0, u,(1,1) =0, >0,
u(x,0) =x(x>-3), 0<x<l
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31. u; = u,,, O<x<l1, t>0,
u(0,1) =0, uy(1,1) =0, >0,
u(x,00 =x>3x-4), 0<x<l

32. uy=u,,, O<x<l1, t>0,
u(0,t) =0, wu,(1,1)=0, >0,
u(x,0) =x(x>-2x>+2), 0<x<l1

33. u; =3uy, O<x<m >0,
uy(0,1) =0, u(m,t)=0, t>0,
u(x,0)=x*>(r-x), 0<x<n

34. u; = 16u,,, O0<x<2m, >0,
u(0,¢) =0, um,t)=0, t>0,
u(x,0)=4, 0<x<2nr

35. u; =%, O<x<4, t>0,
uy(0,1) =0, wu(4,t)=0, t>0,
u(x,00=x2, 0<x<4

36.u,:3uxx, O0<x<l1, >0,
u(0,1) =0, wu(l,t)=0, >0,
u(x,0)=1-x, 0<x<l1

37. uy=u,,, O<x<l1, >0,
uy(0,t) =0, wu(l,t)=0, t>0,
ulx,00=1-x3, 0<x<l1

38. u; =7uy, O<x<m t>0,
uy(0,1) =0, wu(mt)=0, t>0,
u(x,0)=n>-x%, 0<x<n

39. u;=u,,, O<x<l1, >0,
u,(0,t) =0, wu(l,t)=0, t>0,
u(x,0) =4x3+3x>-7, 0<x<l1

40. u; =u,,, O<x<l1, >0,
uy(0,t) =0, wu(l,t)=0, t>0,
u(x,0)=2x3+3x> -5, 0<x<l1

41.u,:uxx, O0<x<l1, t>0,
uy(0,t) =0, wu(l,t)=0, t>0,
ux,0) =x*—4x*+6x> -3, 0<x<l1

42. u;=u,,, O<x<l1, t>0,
uy(0,t) =0, wu(l,t)=0, >0,
u(x,00 =x*-2x3+1, 0<x<l1

In Exercises 43-46 solve the initial-boundary value problem. Perform numerical experiments
for specific values of L and a.
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43. u,:azuxx, O<x<L, t>0,
uy(0,¢) =0, u(L,t)=0, >0,

1, 0<x<£i
M(X’O)Z{O L<x<2L
s 2

44.u,:a2uxx, O<x<L, t>0,
u(0,t) =0, wu(L,t)=0, t>0,

1, 0<x<i
M(X,O):{O £< 2
> 2

x<L

45.u,:a2uxx, O<x<L, t>0,
uy(0,1) =0, u(L,t)=0, >0,

L
u(x’o):{ I, 0<x<3%,

0, L<x<L

46.u,:a2uxx, O<x<L, t>0,
u(0,1) =0, wuy(L,t) =0, >0,
<x<%L

w0 ={ o 95153

§<.X<L

47. Let h be continuous on [0, L] and let ug, u;, and a be constants, with a > 0. Show that
it’s always possible to find a function ¢ that satisfies (a), (b), or (¢), but that this isn’t so
for (d).

(@) a*q” +h=0, q(0)=up, q(L)=ur

(b) a’¢” +h=0, ¢'(0)=up, q(L)=ug
() a*q” +h=0, q(0)=uy, ¢'(L)=ug
d) a*q”" +h=0, ¢'(0)=uo, ¢'(L)=ur

In Exercises 48-53 solve the nonhomogeneous initial-boundary value problem

48. u; =9u,, —54x, O<x<4, t>0,
u(0,t) =1, u(4,t) =61, t>0,
u(x,0)=2-x+x3, 0<x<4

49. u; =u,,—2, O<x<l1, >0,
u(0,t) =1, u(l,r)=3, >0,
ulx,00=2x2+1, 0<x<1

50. u; =3u,,, —18x, O<x<1, >0,
uy(0,t) = -1, wu(l,t)=-1, >0,
ulx,0)=x3-2x, 0<x<l1

51. u, =9u,, — 18, O<x<4, >0,
u(0,1) = =1, u(4,t) =10, >0,
u(x,0) =2x>-x-2, 0<x<4

52. u, =uy +wlsinax, O<x<1, >0,
u(0,t) =0, u(l,t)=-n, t>0,
u(x,0) =2sinmx, 0<x<1
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53. u; =u,, —6x, O<x<l1, t>0,
u(0,t) =3, uy(l,1)=2, >0,
u(x,00 =x>—x>+x+3, 0<x<l

54. In this exercise take it as given that the infinite series >, n”e™9"" converges for all p if
q > 0, and, where appropriate, use the comparison test for absolute convergence of an
infinite series.

Let

o
_222.72 . NAX
u(x,t):Zane woratt/L SIHT
n=1

where ;
2
ay = Z/O f(x)sin%dx
and f is piecewise smooth on [0, L].

(a) Show that u is defined for (x, t) such that ¢ > 0.
(b) For fixed ¢ > 0, use Theorem 12.1.2 with z = x to show that

)
nmwx

b 202, 12
ue(x,0) = = Y nape VT cos —=,  —o0 < x < 0.
L L

n=1

(c) Starting from the result of (b), use Theorem 12.1.2 with z = x to show that, for a
fixedt > 0,

2 (o]
b 222,72 . NAX

U (X, 1) = == Y n’aye wrat/Lgin 22 —o0 < x < 00,
L? L

n=1
(d) For fixed but arbitrary x, use Theorem 12.1.2 with z = ¢ to show that

2.2
na 22 2 . AAX
u(x,t) = — nra,e L gip ——
L

n=1

if t > ¢ty > 0, where ¢( is an arbitrary positive number. Then argue that since ¢ is
arbitrary, the conclusion holds for all # > 0.

(e) Conclude from (c) and (d) that

u,:azuxx, —o0o<x<oo, t>0.

By repeatedly applying the arguments in (a) and (c), it can be shown that u# can be
differentiated term by term any number of times with respect to x and/or ¢ if ¢ > 0.

12.2 The Wave Equation

In this section we consider initial-boundary value problems of the form

Uy =a*uy,, 0<x<L, t>0,
u(0,1) =0, wu(L,t)=0, >0, (12.2.1)
u(x,0) = f(x), u(x,0)=g(), 0<x<IL,
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Figure 12.2.1 A stretched string

where a > 0 is a constant and f and g are given functions of x.
The partial differential equation u,, = a?u,, is called the wave equation. It is necessary to
specify both f and g because the wave equation is a second order equation in ¢ for each fixed x.
This equation and its generalizations

Uy = az(uxx +uyy) and  uy = az(uxx +Uyy +Uz)

to two and three space dimensions have important applications to the propagation of electro-
magnetic, sonic, and water waves.

The Vibrating String

We motivate the study of the wave equation by considering its application to the vibrations of a
string — such as a violin string — tightly stretched in equilibrium along the x-axis in the xu-plane
and tied to the points (0, 0) and (L, 0) (Figure 12.2.1).

If the string is plucked in the vertical direction and released at time ¢ = 0, it will oscillate in
the xu-plane. Let u(x, t) denote the displacement of the point on the string above (or below) the
abscissa x at time 7.

We’ll show that it’s reasonable to assume that u satisfies the wave equation under the following
assumptions:

1. The mass density (mass per unit length) p of the string is constant throughout the string.

2. The tension T induced by tightly stretching the string along the x-axis is so great that all
other forces, such as gravity and air resistance, can be neglected.

3. The tension at any point on the string acts along the tangent to the string at that point, and
the magnitude of its horizontal component is always equal to 7', the tension in the string
in equilibrium.



CHAPTER 12. FOURIER SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS 647

»
|

v
=

Figure 12.2.2 A segment of the displaced string

4. The slope of the string at every point remains sufficiently small so that we can make the

approximation
VI+u? =1, (12.2.2)

Figure 12.2.2 shows a segment of the displaced string at a time ¢ > 0. (Don’t think that the
figure is necessarily inconsistent with Assumption 4; we exaggerated the slope for clarity.)

The vectors T and T, are the forces due to tension, acting along the tangents to the segment
at its endpoints. From Newton’s second law of motion, T| — T, is equal to the mass times the
acceleration of the center of mass of the segment. The horizontal and vertical components of
T; — T, are

|T2|cos @, — |Ty|cosf; and |T|siné, — |T;]|sinby,

respectively. Since
|T2| cosO = |Ti|cos@; =T (12.2.3)

by assumption, the net horizontal force is zero, so there’s no horizontal acceleration. Since the
initial horizontal velocity is zero, there’s no horizontal motion.
Applying Newton’s second law of motion in the vertical direction yields

|T>|sin 8 — |Ty|sin 01 = pAs uy (X, 1), (12.2.4)
where As is the length of the segment and X is the abscissa of the center of mass; hence,
X <X <x+Ax.

From calculus, we know that

x+Ax
As = / N1 +ui(o,t) do;
X
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however, because of (12.2.2), we make the approximation

x+Ax
Asz/ 1do = Ax,

so (12.2.4) becomes
|'T,|sin6 — |T|sin€; = pAx u”()_c, 1).
Therefore
|T2|sinf, — |Ty|sinf; 1)
Ax = puy (X, 1).
Recalling (12.2.3), we divide by T to obtain
tan f, — tan 6
AR AT _ P D). (12.2.5)

Ax T
Since tan 8 = u,(x,t) and tan 6, = u, (x + Ax, 1), (12.2.5) is equivalent to

ux(x"'Ax)_ux(xat) _p (— l_)
Ax = lettt X,1).

Letting Ax — 0 yields

e (X, 1) = §un(x, ),

which we rewrite as uy; = a’uy,, with a®> = T/ 0.

The Formal Solution

As in Section 12.1, we use separation of variables to obtain a suitable definition for the formal
solution of (12.2.1). We begin by looking for functions of the form v(x, ) = X (x)T(¢) that are
not identically zero and satisfy

Vi = A Vi, v(0,1) =0, v(L,t)=0

for all (x, ). Since
vy =XT" and v =X"T,

Vi = a®v,, if and only if

XT" = a*X"T,
which we rewrite as
T// 3 XI/
a’T X'
For this to hold for all (x, 7), the two sides must equal the same constant; thus,
X// T/I
_— — = —/l,
X a7
which is equivalent to
X"+AX =0

and
T” + a’AT = 0. (12.2.6)
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Since v(0,1) = X(0)T(¢r) =0and v(L,t) = X(L)T(¢t) = 0 and we don’t want T to be identically

zero, X(0) = 0 and X(L) = 0. Therefore A must be an eigenvalue of
X"+AX =0, X(0)=0, X(L)=0,

(12.2.7)

and X must be a A-eigenfunction. From Theorem 11.1.2, the eigenvalues of (12.2.7) are

A, = n*n? / L?, with associated eigenfunctions
. AmX
X, = smT, n=1,2,3,....
Substituting A = n>7%/L? into (12.2.6) yields
T" + (n’n%a®/LA)T = 0,

which has the general solution

nmat  B,L . nmat
T, = a, cos + sin )
L nma L

where a,, and (3, are constants. Now let

1mn

t L t
va(x,1) = X,,(x)T, () = (a/,, cos X4t | Bu sin 24 ) sin 22X

L nra L L’
Then
8vn( 9 ( nra . nmat VB mrat) . nmx
x,t) = |——a,, sin —— cos — | sin —,
ot L L " L L
SO 5
. nmx v . nmx
vu(x,0) = ay, sin I and 6: (x,0) = B, sin A

Therefore v, satisfies (12.2.1) with f(x) = a,sinnnx/L and g(x) = B, sinnxx/L.

generally, if o, @, ..., @, and By, Bo,. . ., B are constants and

m

nrat  B,L . nmat\ . nnx
up(x,t) = a;, COS + sin sin ,
L nna L L

n=1

then u,, satisfies (12.2.1) with
< nmrx ¢ nmx
f(x):;a'nSinT and g(x):;ﬁnsinT.

This motivates the next definition.

Definition 12.2.1 If f and g are piecewise smooth of [0, L], then the formal solution of
is

oo

nrat  B,L . nmat\ . nnx
u(x,t) = @, COS + sin sin ,
L nra L L

n=1

where

Sr(x) = Za/n sin? and  S,(x) = Zﬁn sin%
n=1 n=1

are the Fourier sine series of f and g on [0, L]; that is,

2 [k 2 E
a":Z‘/O f(x)sin?dx and 'anz/o g(x)sin?dx.

More

(12.2.1)

(12.2.8)
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Since there are no convergence-producing factors in (12.2.8) like the negative exponentials
in ¢ that appear in formal solutions of initial-boundary value problems for the heat equation,
it isn’t obvious that (12.2.8) even converges for any values of x and ¢, let alone that it can be
differentiated term by term to show that u;; = a*u,... However, the next theorem guarantees that
the series converges not only for 0 < x < L and ¢ > 0, but for —oo < x < 0o and —o0 < f < oo.

Theorem 12.2.2 If f and g are piecewise smooth on [0, L], then the series in (12.2.8) converges
for all (x,t) and can be written as

u(x,t) = %[Sf(x+at) +Sr(x —at)] + %/_x ’ Se(7)drt. (12.2.9)

Proof Setting A = nnx/L and B = nrat/L in the identities

1
sin Acos B = E[sin(A + B) +sin(A — B)]
and 1
sinAsin B = —E[cos(A + B) —cos(A — B)]
yields
t 1 + at —at
cos T gin 17 _ L | g nmla b an) g nalx — at) (12.2.10)
L 2 L L
and
. nmat . nax 1 nm(x + at) nm(x — at)]
sin sin—— = —g|cos———— —cos————
x+at (12.2.11)
nmw nnt
= — sin — dt
2L Ji-ar L
From (12.2.10),
= nrat . nax 1 © . nn(x+at) . nn(x-—at)
Zancos 7 sin—— = EZQ” sin ———— +s1nf
n=1 1 n=1 (12.2.12)

= 5 Sr(x+at) +Sr(x —at)].
Since it can be shown that a Fourier sine series can be integrated term by term between any two
limits, (12.2.11) implies that

x+at

 B,L . nmat | nnx 1 . naAT
sin sin = — Z Bn sin — dt
i nra L L 2a = —at L

This and (12.2.12) imply (12.2.9), which completes the proof.

As we’ll see below, if S, is differentiable and S is twice differentiable on (—oo, c0), then
(12.2.9) satisfies u;; = a’uy, for all (x, ). We need the next theorem to formulate conditions on
f and g such that Sy and S, to have these properties.
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Theorem 12.2.3 Suppose h is differentiable on [0, L]; that is, h’(x) exists for 0 < x < L, and
the one-sided derivatives

K. (0) = lim R —hO) g W.(L) = lim h(x) = h(L)

x—0+ X x—L— x—L

both exist.
(a) Let p be the odd periodic extension of h to (—o0, 00); that is,

B h(x), 0<x<L,
px) = { —h(-x), -L<x<0,

and p(x + 2L) = p(x), —o00 <x < oo,
Then p is differentiable on (—co, ) if and only if
h(0) = h(L) = 0. (12.2.13)
(b) Let g be the even periodic extension of h to (—oo, 00); that is,

_[ ho. 0<x<L o
(](x)—{h(_x)’ _L<x<0, and g(x + 2L) = q(x), 00 < X < 00,

Then q is differentiable on (—oo, 00) if and only if
H,(0) = h (L) = 0. (12.2.14)

Proof Throughout this proof, £ denotes an integer. Since & is differentiable on the open
interval (0, L), both p and ¢ are differentiable on every open interval ((k — 1)L, kL). Thus, we
need only to determine whether p and ¢ are differentiable at x = kL for every k.

(a) From Figure 12.2.3, p is discontinuous at x = 2kL if h(0) # O and discontinuous at
x = (2k—=1)Lif h(L) # 0. Therefore p is not differentiable on (—co, co) unless 42(0) = h(L) = 0.
From Figure 12.2.4, if h(0) = h(L) = 0, then

p'(2kL) = K.(0) and p'((2k - 1)L) = k(L)

for every k; therefore, p is differentiable on (—oo, o).

ANANA]
VRV BY.

i
x=-3L x=-2L x=-L x=0 x=L x=2L x= 3L

Figure 12.2.3 The odd extension of a function Figure 12.2.4 The odd extension of a function
that does not satisfy (12.2.13) that satisfies (12.2.13)

(b) From Figure 12.2.5,

q"(2kL) = =k, (0) and ¢} (2kL) = 1’ (0),
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so g is differentiable at x = 2k L if and only if 4/, (0) = 0. Also,
q (2k-1)L)y=h"(L) and ¢’ ((2k-1)L) =-h"(L),

so ¢ is differentiable at x = (2k — 1)L if and only if 2’ (L) = 0. Therefore ¢ is differentiable on
(—00, 00) if and only if 4/, (0) = A" (L) = 0, as in Figure 12.2.6. This completes the proof.

VAR

I I I I I I I I I I I I
x=-3L x=-2L x=-L x=0 x=L x=2L x= 3L x=-3L x=-2L x=-L x=0 x=L x=2L x= 3L

Figure 12.2.5 The even extension of a function Figure 12.2.6 The even extension of a function
that doesn’t satisfy (12.2.14) that satisfies (12.2.14)

Theorem 12.2.4 The formal solution of (12.2.1) is an actual solution if g is differentiable on
[0, L] and
g(0) =g(L) =0, (12.2.15)

while f is twice differentiable on [0, L] and

f0)=f(L)=0 (12.2.16)

and

7(0) = f7(L) = 0. (12.2.17)

Proof We first show that S, is differentiable and S is twice differentiable on (—co, o). We’ll
then differentiate (12.2.9) twice with respect to x and ¢ and verify that (12.2.9) is an actual
solution of (12.2.1).

Since f and g are continuous on (0, L), Theorem 11.3.2 implies that S¢(x) = f(x) and
S¢(x) = g(x) on [0, L]. Therefore Sy and S, are the odd periodic extensions of f and g. Since
f and g are differentiable on [0, L], (12.2.15), (12.2.16), and Theorem 12.2.3(a) imply that S
and S, are differentiable on (—co, 0).

Since S’.(x) = f’(x) on [0, L] (one-sided derivatives at the endpoints), and §’. is even (the
derivative of an odd function is even), S } is the even periodic extension of f’. By assumption,
/" is differentiable on [0, L]. Because of (12.2.17), Theorem 12.2.3(b) with h = " and g = S}
implies that S’; exists on (—oo, 00).

Now we can differentiate (12.2.9) twice with respect to x and :

uy(x, 1) = %[S}(x + at) + S}(x —at)] + %[Sg(x +at) — Sg(x —at)],

1 1
Uy (x,1) = E[S;Z(x +at) + S7(x —at)] + %

[S, (x + at) = S, (x — at)], (12.2.18)

u(x,1) = g[S}(x + at) — S}(x —at)] + %[Sg(x +at) + Sg(x — at)], (12.2.19)
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and

2
uy(x,t) = %[S”(x +at) + S’} “(x —at)] + > [S;(x +at) — S, (x —at)]. (12.2.20)

Comparing (12.2.18) and (12.2.20) shows that u,; (x, ) = a’u..(x,t) for all (x, ).
From (12.2.8), u(0,¢) = u(L,t) = 0 for all . From (12.2.9), u(x,0) = Sy(x) for all x, and
therefore, in particular,
u(x,0) = f(x), 0<x<L.

From (12.2.19), u;(x,0) = S, (x) for all x, and therefore, in particular,
u;(x,0) =g(x), 0<x<L.

Therefore u is an actual solution of (12.2.1). This completes the proof.

Eqn (12.2.9) is called d’Alembert’s solution of (12.2.1). Although d’Alembert’s solution was
useful for proving Theorem 12.2.4 and is very useful in a slightly different context (Exercises 63-
68), (12.2.8) is preferable for computational purposes.

Example 12.2.1 Solve (12.2.1) with

fx)=x(x*-2Lx*+ L% and g(x) =x(L-x).

Solution We leave it to you to verify that f and g satisfy the assumptions of Theorem 12.2.4.
From Exercise 11.3.39,
96L* i ) (2n - Dnx
(2n L '

Sr(x) =

From Exercise 11.3.36,

oo

8L? ) (2n — 1)7rx
Ss) = Z (2n 3T L

From (12.2.8),

96L* « 1 (2n—Dmat . 2n—1)nx

u(x,t) = p (2n — 1)5 cos I sin 7
8L3 Z ) (2n - Dnat “in (2n — 1)nmx
(2n - 1)4 L L '

Theorem 12.1.2 implies that u,, and u;, can be obtained by term by term differentiation, for
all (x,1), so u; = a’uy, for all (x,¢) (Exercise 62). Moreover, Theorem 11.3.2 implies that
Sr(x) = f(x) and S, (x) = g(x) if 0 < x < L. Therefore u(x,0) = f(x) and u;(x,0) = g(x) if
0 < x < L. Hence, u is an actual solution of the initial-boundary value problem.

Remark: In solving a specific initial-boundary value problem (12.2.1), it’s convenient to solve
the problem with g = 0, then with f = 0, and add the solutions to obtain the solution of the
given problem. Because of this, either f = 0 or g = 0 in all the specific initial-boundary value
problems in the exercises.
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Figure 12.2.7 Graph of (12.2.21)

The Plucked String

If f and g don’t satisfy the assumptions of Theorem 12.2.4, then (12.2.8) isn’t an actual solution
of (12.2.1) in fact, it can be shown that (12.2.1) doesn’t have an actual solution in this case.
Nevertheless, u is defined for all (x,f), and we can see from (12.2.18) and (12.2.20) that
Uy (x,1) = a’uyc(x, 1) for all (x, 1) such that S’)Z(x + at) and S, (x + ar) exist. Moreover, u may
still provide a useful approximation to the vibration of the string; a laboratory experiment can
confirm or deny this.

We’ll now consider the initial-boundary value problem (12.2.1) with

X,

0<x<ti
_ = 2>
f(x) = { L-nx. % <r<L (12.2.21)

IA A

and g = 0. Since f isn’t differentiable at x = L/2, it doesn’t satisfy the assumptions of
Theorem 12.2.4, so the formal solution of (12.2.1) can’t be an actual solution. Nevertheless, it’s
instructive to investigate the properties of the formal solution.

The graph of f is shown in Figure 12.2.7. Intuitively, we are plucking the string by half its
length at the middle. You’re right if you think this is an extraordinarily large displacement;
however, we could remove this objection by multiplying the function in Figure 12.2.7 by a small
constant. Since this would just multiply the formal solution by the same constant, we’ll leave f
as we’ve defined it. Similar comments apply to the exercises.

From Exercise 11.3.15, the Fourier sine series of f on [0, L] is

n+1 _
500 = 3£ Z(( 1) ) (2n 1)mx

L b

which converges to f for all x in [0, L], by Theorem 11.3.2. Therefore

u(x,t) = (12.2.22)

(- 1)"+1 (2n—1)7rat . (2n-Dnx
Z Sin .
(2n L L
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This series converges absolutely for all (x, #) by the comparison test, since the series

) p—_—
i (2n - 1)2
converges. Moreover, (12.2.22) satisfies the boundary conditions
u(0,t) =u(L,t) =0, >0,

and the initial condition
u(x,0)=f(x), 0<x<L.

However, we can’t justify differentiating (12.2.22) term by term even once, and formally differ-
entiating it twice term by term produces a series that diverges for all (x, 7). (Verify.). Therefore
we use d’Alembert’s form

u(x,t) = %[Sf(x +at) + Sy(x —at)] (12.2.23)

for u to study its derivatives. Figure 12.2.8 shows the graph of S¢, which is the odd periodic
extension of f. You can see from the graph that S is differentiable at x (and S} (x) = 1) if
and only if x isn’t an odd multiple of L/2.

y
- o 5L pom
N N
’ \\ ’ \\
5L N N N
g 7
\ .

-5
x=-3L x=-2L x=-1L x=0 x=L x=2L

-.5L
x=-3L x=-2L x=-1L x=0 x=L x=2L X

<

Figure 12.2.9 Graphs of y = S¢(x — at)
Figure 12.2.8 The odd periodic extension of (dashed) and y = S¢(x + at) (solid), with f as
(12.2.21) in (12.2.21)

In Figure 12.2.9 the dashed and solid curves are the graphs of y = S¢(x—at) andy = Sy(x+at)
respectively, for a fixed value of 7. As ¢ increases the dashed curve moves to the right and the
solid curve moves to the left. For this reason, we say that the functions u;(x,t) = Sy(x + at)
and us(x,t) = Sy(x — at) are traveling waves. Note that u; satisfies the wave equation at
(x,t) if x + at isn’t an odd multiple of L/2 and u, satisfies the wave equation at (x,r) if
x — at isn’t an odd multiple of L/2. Therefore (12.2.23) (or, equivalently, (12.2.22)) satisfies
uy(x,1) = a’u,c(x,¢) = 0 for all (x, ¢) such that neither x — at nor x + at is an odd multiple of
L/2.

We conclude by finding an explicit formula for u(x, #) under the assumption that

0<x<L and 0<t<L/2a. (12.2.24)

To see how this formula can be used to compute u(x,?) for 0 < x < L and arbitrary ¢, we refer
you to Exercise 16.
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From Figure 12.2.10,

X — at,
Sr(x —at) =

0
L—x+at, %+at§x$L
and
X + at, OSXS%—at,
Sr(x+at) = .
L—x-at, 5

if (x, t) satisfies (12.2.24).
Therefore, from (12.2.23),

X, OSxS%—at,
u(x,t) = %—at, %—at§x§%+at,
L —x, %+at£x§L

656

if (x, ) satisfies (12.2.24). Figure 12.2.11 is the graph of this function on [0, L] for a fixed 7 in

(0, L/2a).

bl BL-

y=.5L-at

x=5L-at x=5L +at x=.5L-at

Figure 12.2.10 The part of the graph from

Figure 12.2.9 on [0, L] [0, L] for a fixed ¢ in (0, L/2a)

USING TECHNOLOGY |

Although the formal solution

< nmat  B,L . nmat\ . nmx
u(x,t)zz @y COS 7 + sin sin

nmra L L
n=1

x=5L +at

Figure 12.2.11 The graph of (12.2.23) on

of (12.2.1) is defined for all (x,7), we’re mainly interested in its behavior for 0 < x < L and

t > 0. In fact, it’s sufficient to consider only values of ¢ in the interval 0 < ¢t < 2L/a, since

u(x,t+2kL/a) = u(x,t)

for all (x, ¢) if k is an integer. (Verify.)

You can create an animation of the motion of the string by performing the following numerical

experiment.
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Let m and k be positive integers. Let

2Lj
t,—:k—aj, j=0.1,.. .k

thus, 1o, t1, ... t; are equally spaced points in [0,2L/a]. Foreach j =0, 1,2, ...k, graph the

partial sum
m

nmat; L . nmat;\ . nnx
Un(x,t;) = Z (an cos 7 L+ Pn sin 7 ) sin 7
nra

n=1
on [0, L] as a function of x. Write your program so that each graph remains displayed on the
monitor for a short time, and is then deleted and replaced by the next. Repeat this procedure for
various values of m and k.

We suggest that you perform experiments of this kind in the exercises marked , without other
specific instructions. (These exercises were chosen arbitrarily; the experiment is worthwhile in
all the exercises dealing with specific initial-boundary value problems.) In some of the exercises
the formal solutions have other forms, defined in Exercises 17, 34, and 49; however, the idea of
the experiment is the same.

Exercises

In Exercises 1-15 solve the initial-boundary value problem. In some of these exercises, Theo-
rem 11.3.5(b) or Exercise 11.3.35 will simplify the computation of the coefficients in the Fourier
sine series.

1. l/l[t:9l/lxx, O<.X<1, t>0,
u(0,t) =0, u(l,r)=0, >0,
u(x,0) =0, u(x,0)= { 1)_6’ 0

2. u;y =%y, O<x<l1, >0,
u(0,t) =0, u(l,r)=0, >0,

u(x,0) =x(1-x), u(x,0)=0, 0<x<1

3. uyy =7u,,, O<x<l1, t>0,
u(0,1) =0, wu(l,r)=0, t>0,
u(x,0) =x*(1-x), wu/(x,00=0, 0<x<1

4. [Cluy =9u,, O<x<l1, >0,
u(0,t) =0, u(l,r)=0, >0,
u(x,00=0, u(x,0)=x(1-x), 0<x<1

5. uy =Tuy, O0<x<l1, t>0,
u(0,t) =0, u(l,r)=0, >0,
u(x,00=0 u(x,0)=x*(1-x), 0<x<1

6. u;; =64u,,, 0<x<3, >0,
u(0,t) =0, u(3,1)=0, >0,
u(x,0) =x(x>*-9), u;(x,00=0, 0<x<3

7. utl:4uxx, O<x< 1, t>0,
u(0,t) =0, wu(l,1)=0, >0,
u(x,0) =x(x3-2x2+1), u(x,00=0, 0<x<l1
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8. [Cluy =64u,,, 0<x<3, >0,
u(0,1) =0, u(3,t)=0, t>0,
u(x,0) =0, u/(x,0)=x(x*-9), 0<x<3

9. uy =4u,, O0<x<l1, >0,
u(0,t) =0, u(l,r)=0, >0,
u(x,0) =0, wu(x,0)=x(x>-2x*>+1), 0<x<1

10. u[[:5uxx, O<x<7T, t>(),
u(0,t) =0, wu(m,t)=0, t>0,
u(x,0) =xsinx, u;(x,0)=0, 0<x<nm

11. uyy = u,,, O<x<1, t>0,
u(0,t) =0, u(l,r)=0, >0,
u(x,0) =x(3x*-5x*+2), u,(x,00=0, 0<x<l

12. u,,zSuxx, O<x<m, t>0,
u(0,t) =0, u(m,t)=0, t>0,
u(x,0) =0, u(x,0)=xsinx, O0<x<nm

13. Ut = Uyxx, O<.X<1, t>0,
u(0,t) =0, u(l,r)=0, >0,
u(x,00=0, wu(x,0)=xBx*-5x*+2), 0<x<l1

14. u;; =9%,,, O<x<1, >0,
u(0,t) =0, u(l,r)=0, >0,
u(x,0) =x(Bx* —10x2+7), u;(x,00=0, 0<x<1

15. [Cluy =9uy, O<x<1, >0,
u(0,1) =0, wu(l,r)=0, t>0,
u(x,00 =0 u,(x,0) =x3x*=10x2+7), 0<x<1

16. We saw that the displacement of the plucked string is, on the one hand,

u(x, 1) = Z (( D™ s 1= Dmat o (20 - DY G cx<L 120, (A)

12" L L

and, on the other hand,

X, OSXS%—QT,
u(x,7) = %—ar, %—a‘rﬁxﬁ%+ar, (B)
L —x, %+aT§x§L

if 0 < 7 < L/2a. The first objective of this exercise is to show that (B) can be used to
compute u(x,#) for O <x < L andall 7 > 0.

(a) Show thatif ¢ > 0, there’s a nonnegative integer m such that either

L +1)L
@ ="ir o Gy (=FDE_L
a a

where 0 < 7 < L/2a.
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(b) Use(A)toshow thatu(x, ) = (=1)"u(x, 7) if (i) holds, while u(x, 1) = (=1)"u(x, 1)
if (ii) holds.

(© Perform the following experiment for specific values of L and a and various
values of m and k: Let

Jj=0,1,...k;

thus, #g, 11, . . ., tx are equally spaced points in [0, L/2a]. Foreach j =0,1,2,...,
k, graph the mth partial sum of (A) and u(x,¢;) computed from (B) on the same
axis. Create an animation, as described in the remarks on using technology at the
end of the section.

17. If a string vibrates with the end at x = 0 free to move in a frictionless vertical track and
the end at x = L fixed, then the initial-boundary value problem for its displacement takes

the form
Uy =a*uy,, 0<x<L, t>0,

u,(0,1) =0, wu(L,t)=0, >0, (A)
u(x,0) = f(x), wu/(x,0)=g(x), 0<x<L.

Justify defining the formal solution of (A) to be

oo

u(x, 1) = Z o cos (2n — 1)mat 2LB, “in (2n — 1)mat cos (2n — 1)nx
’ ' 2L (2n-Dra oL TR

n=1
where

(2n - 1)nx
2L

(2n - 1)nx

Cur(x) = ,,Z:; ay, COS L

and  Cpp(x) = Z'B” cos
n=1

are the mixed Fourier cosine series of f and g on [0, L]; that is,

(2n - 1)nx n—1)nx

) L 2 L (2
an_Z/O f(x)cos ——————dx and ﬁn_Z/o g(x) cos 2L

¥ dx.

In Exercises 18-31, use Exercise 17 to solve the initial-boundary value problem. In some of
these exercises Theorem 11.3.5(¢c) or Exercise 11.3.42(b) will simplify the computation of the
coefficients in the mixed Fourier cosine series.

18. u;; =9%,,, O<x<2, t>0,
u(0,t) =0, u(2,t)=0, t>0,
u(x,0)=4-x% wu(x,00=0, 0<x<?2

19. u; =4u,,, O<x<l1, >0,
uy(0,7) =0, u(l,1)=0, >0,
u(x,0) =x*(1-x), wu;(x,00=0, 0<x<1

20. uy =9y, O<x<2, t>0,
uy(0,t) =0, u2,t)=0, t>0,
u(x,0) =0, wu(x,0)=4-x> 0<x<2

21. u; =4uy, O<x<l1, >0,
u,(0,¢) =0, u(l,r)=0, >0,
u(x,00=0, wu(x,0)=x>(1-x), 0<x<l1
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Cluy =5u, O0<x<1, >0,
u(0,¢) =0, u(l,r)=0, >0,
u(x,0) =2x3 +3x2 -5, u,(x,00=0, 0<x<l1

Uy =3y, O<x<m, >0,
uy(0,¢) =0, wu(mt)=0, >0,
u(x,0) =7 -x3, u;(x,00=0, 0<x<n

ut[:5uxx, 0<x<1, t>0,
u(0,¢) =0, u(l,r)=0, >0,
u(x,0) =0, ut(x,O):2x3+3x2—5, 0<x<1

u,,:3uxx, O<x<m >0,
uy(0,¢) =0, wu(mt)=0, >0,
u(x,0) =0, ut(x,O):ﬂ3—x3, 0<x<nm

Uy = Uy, O0<x <1, >0,
uy(0,1) =0, wu(l,t)=0, >0,
u(x,O):x4—2x3+1, u;(x,0) =0, 0<x<l1

Uy = Ty, O<x <1, >0,
u(0,1) =0, wu(l,t)=0, >0,
u(x,0) =4x3 +3x> -7, u,(x,00=0, 0<x<1

Uy =y, O<x <1, >0,
uy(0,t) =0, wu(l,t)=0, t>0,
u(x,0 =0, w(x,0)=x*-2x3+1, 0<x<1

u,,:7uxx, O0<x<1, >0,
u(0,t) =0, wu(l,t)=0, >0,
u(x,0) =0, u(x,0)=4x>+3x>2-7, 0<x<1

Uy = Uy, O0<x<1, t>0,
u(0,t) =0, wu(l,t)=0, t>0,
u(x,0) =x*-4x>+6x> -3, u;(x,00=0, 0<x<1

Uy = Uy, O0<x<1, >0,
uy(0,t) =0, wu(l,t)=0, t>0,
u(x,0) =0, ut(x,O):x4—4x3+6x2—3, 0<x<1

660

Adapt the proof of Theorem 12.2.2 to find d’Alembert’s solution of the initial-boundary

value problem in Exercise 17.

Use the result of Exercise 32 to show that the formal solution of the initial-boundary
value problem in Exercise 17 is an actual solution if g is differentiable and f is twice

differentiable on [0, L] and

84(0) = g(L) = f{(0) = f(L) = fZ(L) = 0.

Hint: See Exercise 11.3.57, and apply Theorem 12.2.3 with L replaced by 2L.
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34. Justify defining the formal solution of the initial-boundary value problem

Uy = a’uy,, O0<x<L, t>0,
u(0,1) =0, wuy(L,t)=0, t>0,
M(X’O) :f(X), u;(X,O) :g(X), OSXSL

to be
- (2n — V)rat 2LB, . 2n—-1Dmar\ . 2n-1)nx
, 1) = +
u(x,r) HZ:; (an cos 7L 2n - na sin 7L sin 7L
where
= o (2n-=1)mx = . (2n=-1)mx
Swmr(x) :;ansm% and Sy (x) = ;ﬁn s1n%
are the mixed Fourier sine series of f and g on [0, L]; that is,
2 [k 2n—1 2 [k 2n—1
a,; = ZA f(X) sin % dx and ﬁn = Z/O‘ g(X) sin % dx.

661

b

In Exercises 35-46 use Exercise 34 to solve the initial-boundary value problem. In some of
these exercises Theorem 11.3.5(d) or Exercise 11.3.50(b) will simplify the computation of the

coefficients in the mixed Fourier sine series.

35. Uyt :64Mxx, 0<x<7T, t>0,
u(0,t) =0, u(mt)=0, t>0,
u(x,0) =xQ2r-x), wu/(x,00=0, 0<x<nm

36. u; =9, O<x<l1, t>0,
u(0,t) =0, u(1,t1)=0, >0,
u(x,0) =x2(3-2x), u(x,00=0, 0<x<1

37. u;; =64u,,, O<x<m >0,
u(0,t) =0, u(mt)=0, t>0,
u(x,0) =0, u(x,0)=x2r-x), 0<x<nm

38. [Cluy =9uy, O<x<1, >0,
u(0,1) =0, uy(1,1) =0, >0,
u(x,00 =0, u(x,0)=x>3-2x), 0<x<1

39. uy =9, O<x<l1, t>0,
u(0,t) =0, u(l,t)=0, >0,
u(x,00 = (x=1°+1, w(x,00=0, 0<x<l1

40. u;; = 3uy, O<x<m, >0,
u(0,t) =0, u(mt)=0, t>0,
u(x,0) =x(x*>=37%, u(x,00=0, 0<x<n

41. uy =9uy, O<x<1, t>0,
u(0,t) =0, wu(1,1)=0, >0,
u(x,00=0, w(x,00=x-13+1, 0<x<1
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42,

43.

44.

45.

46.

47.

48.

49.

Uy =3uy, O<x<m, >0,
u(0,1) =0, uy(mt)=0, >0,
u(x,0) =0, wu;(x,0)=x(x*-37%), 0<x<n

Uy = Sy, O<x<1, >0,
u(0,t) =0, u.(l,t)=0, >0,
u(x,0) =x3Bx-4), wu;(x,0)=0, 0<x<1

(Cluy = 16Uy, 0<x<1, >0,
u(0,t) =0, u(l,t1)=0, >0,
u(x,0) =x(x* - 2% +2), wu(x,00=0, 0<x<1

Uy = Sy, O<x<1, >0,
u(0,t) =0, uy(1,1) =0, >0,
u(x,00=0, wu(x,0)=x33x-4), 0<x<l1

u,t=16uxx, O0<x<l1, t>0,
u(0,t) =0, u(l,t1)=0, t>0,
u(x,0) =0, wu(x,0)=x(x>-2x*>+2), 0<x<1

Adapt the proof of Theorem 12.2.2 to find d’Alembert’s solution of the initial-boundary
value problem in Exercise 34.

Use the result of Exercise 47 to show that the formal solution of the initial-boundary
value problem in Exercise 34 is an actual solution if g is differentiable and f is twice
differentiable on [0, L] and

f(0) = f1(L) = g(0) = g"(L) = f{(0) = 0.
Hint: See Exercise 11.3.58 and apply Theorem 12.2.3 with L replaced by 2L.
Justify defining the formal solution of the initial-boundary value problem

Uy = aluyy, 0<x<L, t>0,
u,(0,1) =0, wu,(L,t)=0, t>0,
u(x,0) = f(x), wu/(x,0)=g(x), 0<x<L.

to be
(o]
nmrat L . nmat nmwx
u(x,t) = ag + Bot + Z a;, COS + P sin cos ,
nmra L L
n=1
where
> nwx = nwx
Cr(x) =ap+ Zan cos I and C,(x) = Bo + Z,Bn cos I
n=1 n=1

are the Fourier cosine series of f and g on [0, L]; that is,

1 [t 1 [t
o0=7 /0 e, Bo=+ /0 ¢(x) db.

2 [t 2t
a/”:Z‘/O f(x)cos%dx, and ﬁnzz‘/o g(x)cos?dx, n=1,23,....
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In Exercises 50-59 use Exercise 49 to solve the initial-boundary value problem. In some of
these exercises Theorem 11.3.5(a) will simplify the computation of the coefficients in the Fourier
cosine series.

50. u; =5uy,, O<x<2, t>0,
u(0,6) =0, u(2,1)=0, t>0,
u(x,0) =2x2(3-x), wu;(x,0)=0, 0<x<2

51. uy = Suy,, O<x<2, t>0,
u(0,¢) =0, u(2,1)=0, t>0,
u(x,00=0, wu(x,0)=2x>3-x), 0<x<2

52. uyy =4uy,, O<x<m >0,
Mx(o’l):(), ux(n-’t):()’ t>05
u(x,0) =x33x —4n), u,(x,00=0, 0<x<n

53. uyy =Tuy,, O<x<1, >0,
uy(0,1) =0, wu,(1,1)=0, >0,
u(x,0) =3x2(x*-2), wu;(x,00=0, 0<x<l1

54. [Cluy = duyy, O<x<m, >0,
uy(0,1) =0, wuy(mt)=0, >0,
u(x,0) =0, wu(x,0)=x’Bx—-4n), 0<x<n

55. uy =Tuy, O<x<l1, >0,
uy(0,1) =0, wu,(1,1)=0, >0,
u(x,0)=0, wu(x,0)=3x>(x>-2), 0<x<l1

56. u; =16u,,, O<x<mn, >0,
uy(0,1) =0, wuy(mt)=0, >0,
u(x,0) =x>(x —n)%, u(x,00=0, 0<x<n

57. [Cluy =uy, O<x<1, >0,
uy(0,1) =0, wu,(1,1)=0, >0,
u(x,0) =x2(3x>-8x+6), u(x,00=0, 0<x<1

58. u; =16u,,, O<x<mn, t>0,
uy(0,1) =0, wuy(m,t)=0, >0,
u(x,00=0, w;(x,0)=x>(x-m)?, 0<x<n

59. [Cluy =uy, O<x<1, >0,
uy(0,1) =0, wu,(1,1)=0, >0,
u(x,00=0, u(x,0)=x>Bx>-8x+6), 0<x<l1

60. Adapt the proof of Theorem 12.2.2 to find d’Alembert’s solution of the initial-boundary
value problem in Exercise 49.

61. Use the result of Exercise 60 to show that the formal solution of the initial-boundary
value problem in Exercise 49 is an actual solution if g is differentiable and f is twice
differentiable on [0, L] and

f1(0) = f2(L) = g4.(0) = gZ(L) = 0.
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62. Suppose A and u are constants and either p,(x) = cosndx or p,(x) = sinndx, while

either ¢, (t) = cosnut or q,(t) = sinnut forn=1,2,3,.... Let
u(x, 1) = ) knpu(x)qu(t), (A)
n=1

where {k,} | are constants.

(a) Show thatif 3}, |k,| converges then u(x, t) converges for all (x, 7).

(b) Use Theorem 12.1.2 to show that if 3} | n|k,| converges then (A) can be differenti-
ated term by term with respect to x and ¢ for all (x, 7); that is,

(6, 1) = > knply()qa(t)
n=1

and

w(x,1) = ) knpu(2)q)(2).
n=1

(c) Suppose 3.7, n?|k,| converges. Show that

e (6,1) = > K}l (X)qa(0)
n=1

and

i (x,1) = ) knpa(x) (1)
n=1

(d) Suppose 3.7, n*|a,| and 21 11| Bn| both converge. Show that the formal solution

o0

nrat B,L . nmat\ . nnx
u(x,t) = Z ay, COS + sin sin

L nma L L

n=1

of Equation 12.2.1 satisfies u;; = a’u., for all (x, ).

This conclusion also applies to the formal solutions defined in Exercises 17, 34, and
49.

63. Suppose g is differentiable and f is twice differentiable on (—oco, c0), and let

_ 1 x+at
f(x+at)42rf(x @) nd ”1(x’t)25/x_az g(w) du.

I/t()(X, t) =

(a) Show that
82u0 _ a2 (921/!0
ot? ox2’

—co<x<oo, t>0,

and P
uo(x,0) = f(x), %(x, 0)=0, —oco0<x<o0o0.
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(b) Show that

2 2
0, :az(9 Bl w<x<oo, 150,
or? O0x2
and
6u1
ui(x,0) =0, W(x,O) =g(x), —o0<x<oo.
(¢) Solve

Uy = azuxx, —co<x<oo, t>0,
u(x,0) = f(x), ui(x,0)=g(x), —00<x<oo.
In Exercises 64-68 use the result of Exercise 63 to find a solution of
U = QPlUygy, —00 <X < 00

that satisfies the given initial conditions.

64. u(x,0) =x, wu;(x,0)=4ax, —-oco<x<oo

65. u(x,0) =x%, w;(x,0)=1, —c0<x<o0

66. u(x,0) =sinx, wu;(x,0) =acosx, —oco<Xx <00

67. u(x,0) = x>, wu;(x,0) =6x%, —co<x<oo

68. u(x,0) = xsinx, u,(x,0) =sinx, —o00o<x < o0

12.3 Laplace’s Equation in Rectangular Coordinates

The temperature u = u(x,y,t) in a two-dimensional plate satisfies the two-dimensional heat
equation
U; = az(uxx +Uyy), (12.3.1)

where (x, y) varies over the interior of the plate and ¢+ > 0. To find a solution of (12.3.1), it’s
necessary to specify the initial temperature u(x, y,0) and conditions that must be satisfied on
the boundary. However, as t — oo, the influence of the initial condition decays, so

tlim us(x,y,t) =0
and the temperature approaches a steady state distribution u = u(x, y) that satisfies
Upy + Uyy = 0. (12.3.2)

This is Laplace’s equation. This equation also arises in applications to fluid mechanics and
potential theory; in fact, it is also called the potential equation. We seek solutions of (12.3.2) in
a region R that satisfy specified conditions — called boundary conditions — on the boundary of
R. For example, we may require u to assume prescribed values on the boundary. This is called
a Dirichlet condition, and the problem is called a Dirichlet problem. Or, we may require the
normal derivative of u at each point (x, y) on the boundary to assume prescribed values. This is
called a Neumann condition, and the problem is called a Neumann problem. In some problems
we impose Dirichlet conditions on part of the boundary and Neumann conditions on the rest.
Then we say that the boundary conditions and the problem are mixed.


https://mathshistory.st-andrews.ac.uk/Biographies/Laplace/
https://mathshistory.st-andrews.ac.uk/Biographies/Dirichlet/
https://mathshistory.st-andrews.ac.uk/Biographies/Dirichlet/
https://mathshistory.st-andrews.ac.uk/Biographies/Neumann_Carl/
https://mathshistory.st-andrews.ac.uk/Biographies/Neumann_Carl/
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Figure 12.3.1 A rectangular region and its boundary

Solving boundary value problems for (12.3.2) over general regions is beyond the scope of this
book, so we consider only very simple regions. We begin by considering the rectangular region
shown in Figure 12.3.1.

The possible boundary conditions for this region can be written as

(1-2)u(x,0) + auy(x,0) = fo(x), 0<x<a,
(1-=Pu(x,b) + Puy(x,b) = fi(x), 0<x<a,
(1=y)u(0,y) + yue(0,y) go(y), 0<y<b,
(1-0)ula,y) + oux(a,y) = gi(y), 0<y<b,

where @, B, v, and ¢ can each be either 0 or 1; thus, there are 16 possibilities. Let
BVP(«, B, v, 9)(fo, f1, &0, 1) denote the problem of finding a solution of (12.3.2) that satisfies
these conditions. This is a Dirichlet problem if

a = ﬁ =y = 6=0
(Figure 12.3.2), or a Neumann problem if
a = ﬁ =y = o=1

(Figure 12.3.3). The other 14 problems are mixed.
For given (a, 8, y, d), the sum of solutions of

BVP(Q’ :87 Y 6) (fO’ Oa 07 0)’ BVP(“? B’ Y 6) (O’ fl s O’ O)’

BVP(«a,B,v,6)(0,0,g0,0), and BVP(a,B,v,6)(0,0,0,g1)

is a solution of
BVP(a, B,v,9)(fo, f1, 80, 81)-
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u(x,b) = f,(x) uy(x,b) = f,(x)

u(0,y) =g,(y) u =0 u(ay) =g, u(0y) =g,y) u, =0 ufay) =g,y

u(x,0) = fo(x) 4 uy(x,a) = fo(x)

Figure 12.3.2 A Dirichlet problem Figure 12.3.3 A Neumann problem

Therefore we concentrate on problems where only one of the functions fy, fi, go, g1 isn’t
identically zero. There are 64 (count them!) problems of this form. Each has homogeneous
boundary conditions on three sides of the rectangle, and a nonhomogeneous boundary condition
on the fourth. We use separation of variables to find infinitely many functions that satisfy
Laplace’s equation and the three homogeneous boundary conditions in the open rectangle. We
then use these solutions as building blocks to construct a formal solution of Laplace’s equation
that also satisfies the nonhomogeneous boundary condition. Since it’s not feasible to consider all
64 cases, we’ll restrict our attention in the text to just four. Others are discussed in the exercises.
Ifv(x,y) = X(x)Y(y) then

Vix +Vyy = XY + XY =0

for all (x, y) if and only if
X// Y//
—_— —— = k
X Y
for all (x, y), where k is a separation constant. This equation is equivalent to
X"-kX=0, Y'+kY=0. (12.3.3)
From here, the strategy depends upon the boundary conditions. We illustrate this by examples.

Example 12.3.1 Define the formal solution of

Uy +iyy =0, O<x<a, O0<y<b,
u(x,0)=f(x), ulx,b)=0, 0<x<a, (12.3.4)
u(0,y) =0, wu(a,y)=0, 0<y<bh

(Figure 12.3.4).

Solution The boundary conditions in (12.3.4) require products v(x,y) = X(x)Y(y) such that
X(0) = X(a) =Y(b) =0; hence, we let k = =2 in (12.3.3). Thus, X and Y must satisfy

X’ +AX=0, X(0)=0, X(a)=0 (12.3.5)

and
Y'-AY =0, Y(b)=0. (12.3.6)

From Theorem 11.1.2, the eigenvalues of (12.3.5) are A, = n°z?/a?, with associated eigenfunc-

tions
nmx

X,=sin—, n=1,2,3,....
a
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y
A
u(x,b) =0
b
u(0,y) =0 u,+u, =0 u(a,y) =0
. .
u(x,0) = f(x) a

Figure 12.3.4 The boundary value problem (12.3.4)

Substituting A = n>7%/a? into (12.3.6) yields
Y’ - (n*n%/a®)Y =0, Y(b) =0,

so we could take

nr(b—y)
p ;

however, because of the nonhomogeneous Dirichlet condition at y = 0, it’s better to require that

Y,(0) = 1, which can be achieved by dividing the right side of (12.3.7) by its value at y = 0;

thus, we take

Y, = sinh (12.3.7)

_sinhnr(b-y)/a

sinhnnb/a

Then )
sinhnr(b—-y)/a . nnx

va(x,y) = X, (0)Y,(y) = sinh b /a sin 7

s0 v, (x,0) = sinnnx/a and v, satisfies (12.3.4) with f(x) = sinnzx/a. More generally, if a1,
...,y are arbitrary constants then

3 < sinhna(b—-y)/a . nnx
um(x,y)—Z " sinhnrb/a _—

satisfies (12.3.4) with
m
. nmX
f(x) = Z ay sin —
n=1
Therefore, if f is an arbitrary piecewise smooth function on [0, a], we define the formal solution
of (12.3.4) to be

o sinhnz(b -
u(r.y) = Zansm na(b-y)/a in nﬂx’ (12.3.8)

p— sinhnnb/a a
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where

S(x) = Z n sin 2%

is the Fourier sine series of f on [0, a]; that is,

2 a
_—/ f)sin 2 ax, n=1,2,3,.... n
a Jo a

If y < b then
sinhnr(b-y)/a

sinhnnb/a

~ e /A (12.3.9)
for large n, so the series in (12.3.8) converges if 0 < y < b; moreover, since also

coshnr(b-y)/a _
sinhnwb/a

—nny/a

for large n, Theorem 12.1.2 applied twice with z = x and twice with z = y shows that u,, and
uyy can be obtained by differentiating u term by term if 0 < y < b. (Exercise 37). Therefore u
satisfies Laplace’s equation in the interior of the rectangle in Figure 12.3.4. Moreover, the series
in (12.3.8) also converges on the boundary of the rectangle, and satisfies the three homogeneous
boundary conditions in (12.3.4). Therefore, since u(x,0) = S(x) for 0 < x < a, u is an actual
solution of (12.3.4) if and only if S(x) = f(x) for 0 < x < a. From Theorem 11.3.2, this is true
if f is continuous and piecewise smooth on [0, a], and f(0) = f(a) =0

Example 12.3.2 Solve (12.3.4) with f(x) = x(x* — 3ax + 2a?).

Solution From Example 11.3.6,

o 1 onmx
(1) = - Z}?
n=1
Therefore
12 inh b—
u(r.y) = a sin n.7r( v)/a “in nﬂx' (12.3.10)
—i  p3sinhnrb/a a

To compute approximate values of u(x, y), we must use partial sums of the form

12a — sinhnr(b —y)/a . nnx

Un(x,y) = sin .
m(x ) = n3sinhnnb/a a

Because of (12.3.9), small values of m provide sufficient accuracy for most applications if
0 < y < b. Moreover, the n? in the denominator in (12.3.10) ensures that this is also true for
y = 0. For graphing purposes, we chose a = 2, b = 1, and m = 10. Figure 12.3.5 shows the
surface

u=u(x,y), 0<x<2, 0<y<l,

while Figure 12.3.6 shows the curves

u=u(x,0.1k), 0<x<2, k=0,1,...,10.
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0.2

Figure 12.3.5 Figure 12.3.6

Example 12.3.3 Define the formal solution of

Uy + Uy =0, O0<x<a, 0<y<b,
u(x,0) =0, uy(x,b)=f(x), 0<x<a, (12.3.11)
”x(oa)’):(), “x(aa)’):(), OSySb

(Figure 12.3.7).

y
A
uy(x,b) = f(x)
b
uX(O, y)=0 u, + uyy =0 ux(a, y)=0
R -
u(x,0) = 0 a

Figure 12.3.7 The boundary value problem (12.3.11)

Solution The boundary conditions in (12.3.11) require products v(x,y) = X(x)Y (y) such that
X’(0) = X’(a) = Y(0) = 0; hence, we let k = =2 in (12.3.3). Thus, X and Y must satisfy

X" +1X =0, X(0)=0, X'(a)=0 (12.3.12)

and
Y'-aY =0, Y(0)=0. (12.3.13)
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From Theorem 11.1.3, the eigenvalues of (12.3.12) are 4 = 0, with associated eigenfunction
Xo = 1,and A, = n®x? / a2, with associated eigenfunctions

X, :cos@, n=12,3,....
a
Since Yy = y satisfies (12.3.13) with 2 = 0, we take vo(x,y) = Xo(x)Yo(y) = y. Substituting
A = n?n?/a? into (12.3.13) yields

Y’ — (n*n*/a®)Y =0, Y(0) =0,

so we could take
nmy

Y, = sinh —. (12.3.14)

a
However, because of the nonhomogeneous Neumann condition at y = b, it’s better to require
that Y, (b) = 1, which can be achieved by dividing the right side of (12.3.14) by the value of its

derivative at y = b; thus,
asinhnry/a

~ naxcosh nnbla’
Then

asinhnnry/a nx
Vn(xay) = Xn(x)Yn(y) = COS ,
nrcoshnnb/a a
o) 5
U (x,b) = cos nrx
oy a
Therefore v, satisfies (12.3.11) with f(x) = cosnmx/a. More generally, if ay, ..., a, are

arbitrary constants then

sinhnry/a X
cos
n
ncoshnnb/a a

m
a
Uy (x, = aqy + — a
n(x.) = a0y NZ;

satisfies (12.3.11) with
& nx
f(x) =ap+ Zancos —
n=1
Therefore, if f is an arbitrary piecewise smooth function on [0, a]| we define the formal solution
of (12.3.11) to be

a - sinhnmy/a nmwx
u(x,y) = apy + — Z an cos ,
m ncoshnrb/a a
where
= nmx
C(x)=ay+ Za/ncos—
a
n=1

is the Fourier cosine series of f on [0, a]; that is,

1 [ 2 [
aoz—/ f(x)dx and a/n:—/ fx)cos Z=dx, n=1,2,3,....

Example 12.3.4 Solve (12.3.11) with f(x) = x.
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Solution From Example 11.3.1,

a 4a < 1 (2n — 1)nmx
Cx)==--— )
=32 ; 2n-12

a

Therefore

2 (o] . _ —
ay 4a > sinh(2n — ry/a (2n — Drx. (12.3.15)
= (2n

u(x,y) = - sl “1)3cosh(2n — Dzbja a

For graphing purposes, we chose a = 2, b = 1, and retained the terms through » = 10 in
(12.3.15). Figure 12.3.8 shows the surface

u=u(x,y), 0<x<2, 0<y<l,
while Figure 12.3.9 shows the curves

u=u(x,.1k), 0<x<2, k=0,1,...,10.

<
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S ‘:‘
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02

Figure 12.3.8 Figure 12.3.9

Example 12.3.5 Define the formal solution of

Uy +uyy =0, O0<x<a, 0<y<b,
u(x,0) =0, uy(x,b)=0, 0<x<a, (12.3.16)
u(0,y) = g(y), ux(a,y)=0, 0<y<b

(Figure 12.3.10).

Solution The boundary conditions in (12.3.16) require products v(x,y) = X(x)Y (y) such that
Y(0) =Y'(b) = X’(a) = 0; hence, we let k = A in (12.3.3). Thus, X and Y must satisfy

X"-1X=0, X(a)=0 (12.3.17)

and
Y'+aYy =0, Y(0)=0, Y'(b)=0. (12.3.18)

From Theorem 11.1.4, the eigenvalues of (12.3.18) are A, = (2n — 1)22%/4b?, with associated
eigenfunctions
o (2n - 1)my

Y, =
n=S 2b

n=1273,....
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y
A
) uy(x,b) =0
u(0.y) =g(y) Ut u,=0 | ufay) =0
R .
u(x.0) =0 @
Figure 12.3.10 The boundary value problem (12.3.16)
Substituting A = (2n — 1)272%/4b? into (12.3.17) yields
X" —((2n-1)*7%/4b*)X =0, X'(a) =0,

so we could take o 1

X, = cosh Z1 = Drlx =), (12.3.19)

2b
However, because of the nonhomogeneous Dirichlet condition at x = 0, it’s better to require that
X,,(0) = 1, which can be achieved by dividing the right side of (12.3.19) by its value at x = 0;
thus,
_cosh(Zn—Dn(x —a)/2b
~ cosh(2n — 1)7a/2b

Then
cosh(2n - )m(x —a)/2b . (2n-1)my
Vo) = Xl ) = = R Gn— Draj2o " 26
SO
. 2n-1)my
v,(0,y) = sin —

Therefore v, satisfies (12.3.16) with g(y) = sin(2n — 1)7y/2b. More generally, if ay, ...,
are arbitrary constants then

(5. y) = i cosh(2n = Dr(x—a)/2b o (20— D7y

— cosh(2n — 1)ma/2b 2b
satisfies (12.3.16) with
- . 2n—-1)ny
g(y) = ; ap sin —p



CHAPTER 12. FOURIER SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS 674

Thus, if g is an arbitrary piecewise smooth function on [0, ], we define the formal solution of
(12.3.16) to be

u(r.y) = i cosh(2n — Dz(x —a)/2b . (2n - 1)my
Y= " cosh(2n — 1)ma/2b 2b ’

n=1

where
(2n - 1)y

Sw(y) = ) aysin
p— 2b

is the mixed Fourier sine series of g on [0, b]; that is,

2 b 2n—1
%:Elg@mﬁljﬁzw

Example 12.3.6 Solve (12.3.16) with g(y) = y(2y> — 9by + 12b?).

Solution From Example 11.3.8,

9653 — 1 4 . (2n-Dny
= 3 -1 .
Su(y) = =5 ;(2;1—1)3 +=D (2n—1)7r]sm 2b
Therefore
96h3 <~ cosh(2n — 1)x(x —a)/2b [ 4 ] . (2n—-1ny
ulny) = =3 ;(Zn—l)3cosh(2n—1)7ra/2b T s T

Example 12.3.7 Define the formal solution of

Uy + Uy =0, O0<x<a, 0<y<b,
uy(x,0) =0, u(x,b)=0, 0<x<a, (12.3.20)
ux(0,y) =0, ux(a,y)=g(y), 0<y<b

(Figure 12.3.11).

Solution The boundary conditions in (12.3.20) require products v(x,y) = X(x)Y (y) such that
Y’'(0) =Y(b) = X’(0) = 0; hence, we let k = A in (12.3.3). Thus, X and Y must satisfy

X"-1X=0, X(0)=0 (12.3.21)

and
Y'+ay =0, Y'(0)=0, Y(b)=0. (12.3.22)

From Theorem 11.1.4, the eigenvalues of (12.3.22) are A, = (2n — 1)27%/4b?, with associated

eigenfunctions
< (2n - 1)my

2b
Substituting A = (2n — 1)272%/4b? into (12.3.21) yields

Y, =co n=12,3,....

X" - (2n-1)*7%/4b>)X =0, X'(0) =0,
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y
A
u(x,b) =0
b
u(0y)=0 U U =0 ' u(ay) =9(y)
’uy()v(,O)‘:o‘ - R
Figure 12.3.11 The boundary value problem (12.3.20)
so we could take 5 |
X, = cosh %. (12.3.23)

However, because of the nonhomogeneous Neumann condition at x = a, it’s better to require
that X (a) = 1, which can be achieved by dividing the right side of (12.3.23) by the value of its
derivative at x = a; thus,

B 2b cosh(2n — 1)7x/2b
" (2n—1)xsinh(2n — 1)7a/2b’

Then
(1,9) = Xy () = o coshOn - D2 (2 Dy
Yl Y) = X nY) =5 1)z sinh(2n — 1)ma/2b 2
SO
avn( ) = cos (2n - Dmy
a,y) = 55
ax Y 2b

Therefore v, satisfies (12.3.20) with g(y) = cos(2n — 1)my/2b. More generally, if a1, ..., @,
are arbitrary constants then

(x.y) = 2b i cosh(2n — 1)7x/2b cos (2n - D)my
U Y) = 2 20 — 1) sinh(2n — 1)7ma/2b 2

n=1

satisfies (12.3.20) with
(2n - 1)my

m
g(y) = ;an cos ——

Therefore, if g is an arbitrary piecewise smooth function on [0, ], we define the formal solution
of (12.3.20) to be
_2b ¢ cosh(2n — 1)7x/2b (2n — 1y
ux,y) =5 (2n— ) sinh(2n— Dzra/2b > 26

n=1
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where
(2n - D)y

Cu(y) = ) ancos
2. o

is the mixed Fourier cosine series of g on [0, b]; that is,

2 b 2n—-Dn
a”:E/O g(y)cos%dy.

Example 12.3.8 Solve (12.3.20) with g(y) =y — b.

Solution From Example 11.3.3,

8h — 1 (2n - 1)my
Cm(y) :_ﬁz; 1) cos ————.
n=

Therefore

) 1652 i cosh(2n — 1)7x/2b (2n - Dy
u(x, = - - Ccos .
Y 7> £4(2n— 1) sinh(2n — 1)za/2b 2

Laplace’s Equation for a Semi-Infinite Strip

We now seek solutions of Laplace’s equation on the semi-infinite strip
S:{0<x<a, y>0}

(Figure 12.3.12) that satisfy homogeneous boundary conditions at x = 0 and x = a, and a
nonhomogeneous Dirichlet or Neumann condition at y = 0. An example of such a problem is

Uy +uyy =0, O<x<a, y>0,
u(x,0) = f(x), 0<x<a, (12.3.24)
u(0,y) =0, wu(a,y)=0, y>0,

The boundary conditions in this problem are not sufficient to determine u, for if ug = ug(x, y)
is a solution and K is a constant then

ui(x,y) = up(x,y) + Ksin ™ sinh oy
a a
is also a solution. (Verify.) However, if we also require — on physical grounds — that the

solution remain bounded for all (x, y) in S then K = 0 and this difficulty is eliminated.

Example 12.3.9 Define the bounded formal solution of (12.3.24).

Solution Proceeding as in the solution of Example 12.3.1, we find that the building block
functions are of the form

. nax
Va(x,y) = Y,(y) sin 7,

where
Y! — (n*n*/a®)Y, = 0.
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u(0y)=0 u.tu, =0 u(ay) =0

u(x,0) = f(x)
Figure 12.3.12 A boundary value problem on a semi-infinite strip

Therefore

nry/a —nnyla

Y, =cie + cre

where ¢ and ¢, are constants. Although the boundary conditions in (12.3.24) don’t restrict ¢y,
and ¢, we must set ¢; = 0 to ensure that Y;, is bounded. Letting ¢, = 1 yields

_ . nmx
va(x,y) =e nay/a gip — =
a

and we define the bounded formal solution of (12.3.24) to be

o0
_ . NmX
u(x,y) = Z bye "% gin ——
a
n=1
where
- nmx
S(x) = Z b, sin —
a
n=1
is the Fourier sine series of f on [0, a]. [

See Exercises 29-34 for other boundary value problems on a semi-infinite strip.

Exercises

In Exercises 1-16 apply the definition developed in Example 1 to solve the boundary value
problem. (Use Theorem 11.3.5 where it applies.) Where indicated by , graph the surface
u=u(x,y),0<x<a0<y<bh.

L ouy +uyy, =0, O0<x<l1, O<y<l,
u(x,0) =x(1-x), u(x,1)=0, 0<x<1,
u(0,y) =0, u(l,y)=0, 0<y<1
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2.

10.

11.

12.

13.

14.

Uy +yy =0, 0<x<2, 0<y<3,
u(x,0)=x>2-x), u(x,3)=0, 0<x<2,
u(0,y) =0, u2,y)=0, 0<y<3

C] Uy Uy =0, 0<x<2, 0<y<2,

X, 0
”(x’o):{z—x 1
u(0,y) =0, u(2,y) =0, <y<2

Uy +uyy =0, O<x<m, O<y<l,
u(x,0) =xsinx, wu(x,1)=0, 0<x<m,
u(0,y) =0, u(r,y)=0, 0<y<l1

Uy +uyy =0, 0<x<3, 0<y<2,
u(x,0) =0, uy(x,2) =x2, 0<x<3,
uy(0,y) =0, uy(3,y)=0, 0<y<?2

Uy +uyy =0, 0<x<l1l, 0<y<2,
u(x,00=0, wuy(x,2)=1-x, 0<x<I,
uy(0,y) =0, wu(l,y)=0, 0<y<?2

Uy +uyy =0, 0<x<2, 0<y<2,
u(x,0) =0, uy(x,2) =x2-4, 0<x<2,
uy(0,y) =0, u(2,y)=0, 0<y<?2

Uy +uyy =0, 0<x<l1l, O<y<l,
u(x,0) =0, wuy(x,1)=(x- )2, 0<x<l,
uy(0,y) =0, u(l,y)=0, 0<y<l1

.uxx+uyy=0, O0<x<3, 0<y<?2,

u(x,0) =0, uy(x,2)=0, 0<x<3,
u(0,y) =y(4-y), ux(3,y)=0, 0<y<2

Uy +uyy =0, 0<x<2, O<y<l,
u(x,0) =0, wuy(x,1)=0, 0<x<2,

— 2 _
u(0,y) =y°(3-2y), u(2,y)=0, 0<y<l1

Uy + Uy =0, 0<x<2, 0<y<2,
u(x,0) =0, uy(x,2)=0, 0<x<2,
w(0,y) = (y-23+8, u(2,y)=0, 0<y<2

Uy +uyy =0, 0<x<3, O0<y<l,
u(x,0) =0, wuy(x,1)=0, 0<x<3,
u(0,y) = y(2y? =9y +12), u,(3,y)=0, 0<y<l1

uxx+uyy=(), O<x<l1, O<y<m,
uy(x,0) =0, wu(x,m)=0, 0<x<1,
uy(0,y) =0, u(l,y)=siny, O0<y<n

e +yy =0, 0<x<2, 0<y<3,
uy(x,0) =0, u(x,3)=0, 0<x<2,
ue(0,y) =0, wux(2,y)=y(3-y), 0<y<3

678
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15. uy +uyy, =0, O0<x<l1, O<y<m,
uy(x,0) =0, u(x,m)=0, 0<x<I,
MX(O’y) :0’ MX(l’y) :7T2_y2’ Osy =r

16. u,x +uyy, =0, O0<x<1, O<y<l,
uy(x,0) =0, u(x,1)=0, 0<x<1,
u(0,y) =0, u(l,y)=1-y3, 0<y<l1

In Exercises 17-28 define the formal solution of
Uy +Utyy =0, O0<x<a, 0<y<b

that satisfies the given boundary conditions for general a, b, and f or g. Then solve the boundary
value problem for the specified a, b, and f or g. (Use Theorem 11.3.5 where it applies.) Where
indicated by , graph the surface u = u(x,y),0 <x<a,0<y<b.

17.u(x,0):0, u(x,b) = f(x), 0<x<a,
u0,y) =0, u(a,y)=0, O0<y<b
a=3, b=2, f(x)=x(3-x)

18. u(x,0) = f(x), u(x,b)=0, O0O<x<a,
uy(0,y) =0, wuy(a,y)=0, 0<y<b
a=2, b=1, f(x)=x*(x-2)?

19. u(x,0) = f(x), u(x,b)=0, 0<x<a,
uy(0,y) =0, u(a,y)=0, 0<y<b
a=1, b=2, f(x)=3x"-4x>+1

20. u(x,0) = f(x), wu(x,b)=0, O<x<a,
u(0,y) =0, wuy(a,y)=0, 0<y<b
a=3, b=2, f(x)=x(6-x)

21. u(x,0) = f(x), uy(x,b)=0, 0<x<a,
u(0,y) =0, wu(a,y)=0, 0<y<b
a=n, b=2, f(x)=x(n*>-x?

22. uy(x,0) =0, u(x,b)=f(x), 0<x<a,
uy(0,y) =0, wu(a,y)=0, 0<y<b
a=n, b=1, f(x)=x*x-n)?

23. [C] uy(x,0) = f(x), u(x,b)=0, O0<x<a,
u(0,y) =0, wu(a,y)=0, 0<y<b

X,

a=n, b=1, f(x)—{ﬂ_x’ x
24, u(x,0) =0, u(x,b)=0, O<x<a,

ue(0,y) =0, u(a,y)=g(y), 0<y<b
a=1, b=1, g(y) =y’ -2y"+1)

25.uy(x,0):O, u(x,b) =0, 0<x<a,

uy(0,y) =0, wu(a,y)=g(), 0<y<b
a=2 b=2, g(y)=4-)°
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26. u(x,0) =0, wu(x,b)=0, O<x<a,
uy(0,y) =0, uc(a,y)=g(), 0<y<b

, 0<y<?2,

27. u(x,0)=0, u,(x,b)=0, 0<x<a,
ue(0,y) =g(y), ux(a,y) =0, 0<y<b
a=1, b=n, g(y) =y*(3n-2y)
28. uy(x,0) =0, wuy(x,0)=0, O0<x<a,
ue(0,y) = g(y), u(a,y)=0, 0<y<b
a=2 b=mn g =y
In Exercises 29-34 define the bounded formal solution of

Uy +uyy =0, O<x<a, y>0
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that satisfies the given boundary conditions for general a and f. Then solve the boundary value

problem for the specified a and f.

29. u(x,0) = f(x), O0<x<a,
ux(0,y) =0, uc(a,y)=0, y>0
a=n f(x) =x*>(3m —2x)

30. u(x,0) = f(x), O<x<a,
uy(0,y) =0, wu(a,y)=0, y>0
a=3, f(x)=9-x?

31. u(x,0) = f(x), O<x<a,
u(0,y) =0, ux(a,y)=0, y>0
a=mn, f(x)=x2r-x)

32. uy(x,0) = f(x), O0O<x<a,
u(0,y) =0, u(a,y)=0, y>0
a=m f(x)=x*(7—-x)

33. uy(x,0) = f(x), O0O<x<a,
ux(0,y) =0, u(a,y)=0, y>0
a=17, f(x)=x(7-x)

3. uy(x,0) = f(x), O0<x<a,
u(0,y) =0, wuy(a,y)=0, y>0
a=5 fx)=x(5-x)

35. Define the formal solution of the Dirichlet problem

Uy +Uyy =0, O0<x<a, 0<y<b,
u(x,0) = fo(x), u(x,b)=fi(x), 0<x<a,
u(0,y) =go(y), u(a,y)=g1(y), 0<y<b

36. Show that the Neumann Problem

Uy +yy =0, O<x<a, 0<y<b,
uy(x,0) = fo(x), uy(x,b)=fi(x), 0<x<a,
uy(0,y) = go(y), ux(a,y)=g1(y), 0<y<b
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has no solution unless

a b
[ (= swyds+ [ @) -z dv =0,
In this case it has infinitely many formal solutions. Find them.

37. In this exercise take it as given that the infinite series 3, n”e~9" converges for all p if
q > 0, and, where appropriate, use the comparison test for absolute convergence of an
infinite series.

Let

- sin
sinhnnrb/a a

2

= sinhnmx (b — a . nuax
uey) = o, ST )]

n=

where 5 pa
a, = —/ f(x) sin@dx
a Jo a
and f is piecewise smooth on [0, a].

(a) Verify the approximations

sinhnn(b —y)/a —
~e " b A
sinhnnb/a ¢ Y= (A)
and hnr(b — )
coshnr(b =y)/a _ _uzy/a <b B
sinhnnb/a ¢ Y (B)
for large n.

(b) Use (A) to show that u is defined for (x, y) such that 0 < y < b.
(c¢) For fixed y in (0, b), use (A) and Theorem 12.1.2 with z = x to show that

, —00<Xx< o0,

x.y) n i sinhnn (b —y)/a nmx
uy(x,y) = — ) na, - cos
Y= p sinhnnb/a a
(d) Starting from the result of (¢), use (A) and Theorem 12.1.2 with z = x to show that,
for a fixed y in (0, b),
, sinhnn(b—-y)/a . nnx

n
Uex(x,y) = —— ) n"ay " sin , —00<X<o0,
sinhnnb/a a

n=1

(e) For fixed but arbitrary x, use (B) and Theorem 12.1.2 with z = y to show that

(x.y) Vs i coshnrn(b—-y)/a . nnx
uy(x,y) = —— - sin

yiE Y a sinhnnb/a a
if 0 < ygp <y < b, where y is an arbitrary number in (0, ). Then argue that since

yo can be chosen arbitrarily small, the conclusion holds for all y in (0, b).
(f) Starting from the result of (e), use (A) and Theorem 12.1.2 to show that

2 (o] .
bq sinhnr(b — a . nax
Uyy(x,y) = = anan b=/ sin , O0<y<hb.
n=1

sinhnnb/a a
(g) Conclude that u satisfies Laplace’s equation for all (x, y) such that 0 < y < b.

By repeatedly applying the arguments in (¢)—(f), it can be shown that u# can be differentiated
term by term any number of times with respect to x and/or y if 0 < y < b.
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12.4 Laplace’s Equation in Polar Coordinates

In Section 12.3 we solved boundary value problems for Laplace’s equation over a rectangle
with sides parallel to the x, y-axes. Now we’ll consider boundary value problems for Laplace’s
equation over regions with boundaries best described in terms of polar coordinates. In this case
it’s appropriate to regard u as a function of (r, 6) and write Laplace’s equation in polar form as

1 1
Upr + —Uy + —Ugy = 0, (12.4.1)
r r

where
x=rcosf and y=rsinf.

We begin with the case where the region is a circular disk with radius p, centered at the origin;
that is, we want to define a formal solution of the boundary value problem

1
urr+—ur+—2ugg:0, O<r<p, —-n<L6l<m,
r r

u(p,0) = f(0), -n<l<n

(12.4.2)

(Figure 12.4.1). Note that (12.4.2) imposes no restriction on u(r, #) when r = 0. We’ll address
this question at the appropriate time.

u(p.8) = 1(6)

y
A
|
I
|
T
I
|
I
I
I
I
|
I
I
:

L

Figure 12.4.1 The boundary value problem (12.4.2)

We first look for products v(r, 8) = R(r)®(6) that satisfy (12.4.1). For this function,

1 1 1 1
Vir + =Vy + —veg = R"®@ + —R'©@ + —RO" =0
r r r r
for all (r, 0) with r # 0 if
r’R"” + rR’ 97

A,
R G
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where A is a separation constant. (Verify.) This equation is equivalent to
0”"+10=0

and
2R” +rR’ — AR = 0. (12.4.3)

Since (r, ) and (r, —) are the polar coordinates of the same point, we impose periodic boundary
conditions on ®; that is,

O"+10 =0, O(-m)=0(xn), O'(-n)=0"(n). (12.4.4)

Since we don’t want RO to be identically zero, 4 must be an eigenvalue of (12.4.4) and ©
must be an associated eigenfunction. From Theorem 11.1.6, the eigenvalues of (12.4.4) are
Ao = 0 with associated eigenfunction @y = 1 and, forn = 1,2,3,..., 4, = n2, with associated
eigenfunctions cos nf and sin n6; therefore,

®, = a,cosnf + B, sinnd

where a, and (3, are constants.
Substituting A = 0 into (12.4.3) yields

PR” +rR =0,

SO ’
o _ 1
R} r
’ C1
R, = )
0 r
and
Ro=cr+cyjlnr. (12.4.5)

If ¢y # O then
lim |RO(”)| = 00,
r—0+

which doesn’t make sense if we interpret ug(r,6) = Ro(r)®¢(6) = Ro(r) as the steady state
temperature distribution in a disk whose boundary is maintained at the constant temperature
Ro(p). Therefore we now require R to be bounded as r — 0+. This implies that ¢; = 0, and
we take ¢cp = 1. Thus, Ry = 1 and vo(r,0) = Ryo(r)®g(6) = 1. Note that v( satisfies (12.4.2)
with f(0) = 1.

Substituting A = n? into (12.4.3) yields the Euler equation

r*R’ +rR, —n*R, =0 (12.4.6)
for R,,. The indicial polynomial of this equation is
s(s= 1) +s—n>=(s=n)(s+n),
so the general solution of (12.4.6) is

R,=cir" +cor™, (12.4.7)
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by Theorem 7.4.3. Consistent with our previous assumption on Ry, we now require R, to be
bounded as » — 0+. This implies that ¢, = 0, and we choose ¢; = p™". Then R, (r) = r"/p",
SO

n
vu(r,6) = Ry (r)©,(6) = L (a, cos nf + B, sin n).
p}’l
Now v,, satisfies (12.4.2) with
f(0) = a,, cosnb + B, sinné.

More generally, if «g, a1,. .., @, and 81, B2, . .., B, are arbitrary constants then

un(r,0) = ay + Z %(an cos nd + B, sin no)

n=1
satisfies (12.4.2) with
f(0) =ap+ Z(an cosnb + 3, sinnb).

n=1

This motivates the next definition.

Definition 12.4.1 The bounded formal solution of the boundary value problem (12.4.2) is

u(r.0) = ap+ Y (aycosnd + B, sinnd), (12.4.8)
pf’l

n=1
where

F(0) =ay+ Z(an cos nd + B, sin no)

n=1

is the Fourier series of f on [—n, 7r]; that is,

20 =5 / £(6) b,

and
1 " 1 " .
a, = — f(@)cosnfdf and B, =— f(0)sinnfdo, n=1,2,3,....
T -7 7 -7

Since X, n*(r/p)" converges for every k if 0 < r < p, Theorem 12.1.2 can be used to
show that if 0 < r < p then (12.4.8) can be differentiated term by term any number of times
with respect to both r and 6. Since the terms in (12.4.8) satisfy Laplace’s equation if » > 0,
(12.4.8) satisfies Laplace’s equation if 0 < r < p. Therefore, since u(p,6) = F(8), u is an
actual solution of (12.4.2) if and only if

F(0) = f(0), -n<6<n.

From Theorem 11.2.4, this is true if f is continuous and piecewise smooth on [—x, ] and

f(=n) = f(m).

Example 12.4.1 Find the bounded formal solution of (12.4.2) with £(0) = (x> — 6?).
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Solution From Example 11.2.6,

&) 1y
0(7r2—92) = 122 al) sinnf, -n<6<m,
n=1

n3
SO
X n —1)"
u(r,H):IZZr—( )sinne, 0<r<p, —-n<6<nm.
P pn n3

Example 12.4.2 Define the formal solution of

1 1
ur,+—u,+—2u9920, po<r<p, -nm<6<m,
r r

M(PO’G) :0’ M(P’g) :f(e)’ _ﬂS0<7T’

(12.4.9)

where 0 < pg < p (Figure 12.4.2).

u(p,8) = 1(8)

y
A
|
I
|
T
I
|
I
I
I
I
|

Figure 12.4.2 The boundary value problem (12.4.9)

Solution We use separation of variables exactly as before, except that now we choose the
constants in (12.4.5) and (12.4.7) so that R,(pg) = 0 forn = 0, 1, 2,.... In view of the
nonhomogeneous Dirichlet condition on the boundary r = p, it’s also convenient to require that
R,(p) =1forn=0,1,2,. ... Weleave it to you to verify that
panrn _ pgr—n

Rn_ n.—n’

PP = pip

Ro(r) = m and

= n=123,...
In(p/po)

satisfy these requirements. Therefore

In(r/po)

Ym0 = 4 p/p0)



CHAPTER 12. FOURIER SOLUTIONS OF PARTIAL DIFFERENTIAL EQUATIONS

and —-n,.n n,.—n
p() r _por

Py P = pop™"
where «,, and 3, are arbitrary constants.
If g, ay,. .., @, and By, B2, ..., By are arbitrary constants then

vu(r,0) = (apcosnf + B,sinnf), n=1,2,3,...,

LIV ok abedi i
In(p/po) py"P" = pop™"

uy(r,0) = a (ay, cos nd + B, sin no)

n=1

satisfies (12.4.9), with

f(0) = ap + Z(axn cos nf + B, sinnd).

n=1

This motivates us to define the formal solution of (12.4.9) for general f to be

(o)

1 —nyn _ n—n
n(r/po) +Z Py Py

u(r,0) = ap =
In(p/po) Py P = pop™"

(a,, cosné + B, sinnb),

n=1
where

F(0) =ap+ Z(an cosnf + 3, sin nf)

n=1
is the Fourier series of f on [—m, 7].
Example 12.4.3 Define the bounded formal solution of

1 1
urr+—ur+—2u99:0, O<r<p, 0<b<y,
r r
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u(p,0) = f(0), 0<6<y, (12.4.10)

u(r,0) =0, u(r,y)=0, 0<r<p,

where 0 < y < 27 (Figure 12.4.3).

Solution Now v(r, 0) = R(r)©(60), where

r’R” +rR' = AR =0 (12.4.11)

and

@ +10=0, ©0)=0, O(y)=0. (12.4.12)

From Theorem 11.1.2, the eigenvalues of (12.4.12) are 4, = n?m? /72, with associated eigen-
function ®, = sinnn@/y, n = 1,2, 3,.... Substituting 1 = n?x%/y? into (12.4.11) yields the

Euler equation

n’m?

r*Ry +rR;, — —R, = 0.
Y

The indicial polynomial of this equation is

2.2
s(s—1)+s—n7zr =(S—E)(S+E),
Y Y
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ufry) =0 u(p,8) = f®)

~1 -2
u +rou+r ”99‘0

\J
x

Figure 12.4.3 The boundary value problem (12.4.10)

SO
R, = c7" Y + cyr Y

by Theorem 7.4.3. To obtain a solution that remains bounded as »r — 0+ we let ¢c» = 0.
Because of the Dirichlet condition at » = p, it’s convenient to have R, (p) = 1; therefore we take

= p‘””/y, SO
Py

Rn(r) = pnﬂ./y .

Now
Y png

Vu(r,0) = Ry (r)8,(0) = Ty smT
satisfies (12.4.10) with
0
f(0) = sin .
Y

More generally, if a1, a3, ..., @, are arbitrary constants then
" nxly 0

r nm
up(r,0) = Z ap,——— sin —

=1 P il Y

satisfies (12.4.10) with
nmo

f(0) = ap sin —.
This motivates us to define the bounded formal solution of (12.4.10) to be

Y pnd

u(r,0) = Z a,——— sin —,
— p””/)’ 04
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where

= 0
S(0) = Z @, Sin nne
n=1 Y
is the Fourier sine expansion of f on [0, y]; that is,

2 [ 0
@y = —/ £(6) sin 22 ap.
Y Jo Y

Exercises

1. Define the formal solution of

1

1
u,,+—u,+—2u99:0, po<r<p, -nm<6<m,
r r

M(PO’H) :f(e)’ ”(P’g) =0, -nm<6<m,
where 0 < pg < p.

2. Define the formal solution of

1 1
Upp + —Ur + Sugg =0, po<r<p, 0<6O<y,
r

2
r
u(po,0) =0, u(p,0)=f(©O), 0<60<y,

u(r,0) =0, u(r,y)=0, po<r<p,
where 0 < ¥y < 2mr and 0 < pg < p.

3. Define the formal solution of

1 1
urr+—ur+—2u99:O, po<r<p, 0<6l<y,
r r

u(po,0) =0, u,(p,0)=g(0), 0<6<v,
ug(r,0) =0, wug(r,y)=0, po<r<p,
where 0 <y <2mand 0 < pg < p.

4. Define the bounded formal solution of

1 1
urr+—ur+—2u99:0, O<r<p, 0<b<y,
r r

u(p,0) = f(6), 0<6<y,
ug(r,0) =0, u(r,y)=0, 0<r<p,
where 0 < y < 2.

5. Define the formal solution of

1 1
urr+—ur+—2u99:O, po<r<p, 0<6l<y,
r r
ur(p()’e) = g(@), ur(p,G) =0, 0<6< e

u(r,0) =0, wuy(r,y)=0, po<r<p,

where 0 <y <2mrand 0 < pgy < p.

688
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6. Define the bounded formal solution of

1 1
u,r+—u,+—2u99:0, O<r<p, O0<b<y,
r r

u(p,0) = f(0), 0<6<y,
ug(r,0) =0, wuyg(r,y)=0, 0<r<p,

where 0 < y < 2.

7. Show that the Neumann problem

1 1
urr+—ur+—2u99:0, O<r<p, —-nm<L6<m,
r r

ur(p,0)=f(0), -mn<l<n
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has no bounded formal solution unless f_ 7; f(6) dd = 0. In this case it has infinitely many

solutions. Find those solutions.



