Chapter 11

Boundary Value Problems and Fourier
Expansions

IN THIS CHAPTER we develop series representations of functions that will be used to solve
partial differential equations in Chapter 12.

SECTION 11.1 deals with five boundary value problems for the differential equation
v+ 1y =0.

They are related to problems in partial differential equations that will be discussed in Chapter 12.
We define what is meant by eigenvalues and eigenfunctions of the boundary value problem:s,
and show that the eigenfunctions have a property called orthogonality.

SECTION 11.2 introduces Fourier series, which are expansions of given functions in terms of
sines and cosines.

SECTION 11.3 deals with expansions of functions in terms of the eigenfunctions of four of
the eigenvalue problems discussed in Section 11.1. They are all related to the Fourier series
discussed in Section 11.2.
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11.1 Eigenvalue Problems for y” + 1y =0

In Chapter 12 we’ll study partial differential equations that arise in problems of heat conduction,
wave propagation, and potential theory. The purpose of this chapter is to develop tools required
to solve these equations. In this section we consider the following problems, where A is a real
number and L > O:

Problem 1: y'+dy=0, y(0)=0, y(L)=0

Problem 2: y'+Ady=0, y(0)=0, y(L)=0

Problem 3: y'+Ay=0, y(0)=0, y(L)=0

Problem 4: y'+Ay=0, y(0)=0, y(L)=0

Problem 5: y'+Ay=0, y(-L)=y(L), y(-L)=y(L)

In each problem the conditions following the differential equation are called boundary con-
ditions. Note that the boundary conditions in Problem 5, unlike those in Problems 1-4, don’t
require that y or y” be zero at the boundary points, but only that y have the same value at x = +L
, and that y” have the same value at x = +£L. We say that the boundary conditions in Problem 5
are periodic.

Obviously, y = 0 (the trivial solution) is a solution of Problems 1-5 for any value of A. For
most values of A, there are no other solutions. The interesting question is this:

For what values of A does the problem have nontrivial solutions, and what are they?

A value of A for which the problem has a nontrivial solution is an eigenvalue of the problem,
and the nontrivial solutions are A-eigenfunctions, or eigenfunctions associated with A. Note that
a nonzero constant multiple of a A-eigenfunction is again a A-eigenfunction.

Problems 1-5 are called eigenvalue problems. Solving an eigenvalue problem means finding all
its eigenvalues and associated eigenfunctions. We’ll take it as given here that all the eigenvalues
of Problems 1-5 are real numbers. This is proved in a more general setting in Section 13.2.

Theorem 11.1.1 Problems 1-5 have no negative eigenvalues. Moreover, A = 0 is an eigenvalue
of Problems 2 and 5, with associated eigenfunction yo = 1, but 1 = 0 isn’t an eigenvalue of
Problems 1, 3, or 4.

Proof We consider Problems 1-4, and leave Problem 5 to you (Exercise 1). If y” + 1y = 0,
then y(y” + Ay) =0, so

L
|06+ ayeo de = o;
therefore, . .
/1'/0 y2(x) dx:—/o y(x)y” (x) dx. (11.1.1)

Integration by parts yields

y(x)y'(x)

L L
- / (v (1))? dx
0 0

L
(L)Y (L) - y(0)y'(0) - /0 (v ()2 db.

L
/O YY" (x) d

(11.1.2)

However, if y satisfies any of the boundary conditions of Problems 1-4, then

y(L)y' (L) = y(0)y'(0) = 0;
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hence, (11.1.1) and (11.1.2) imply that
L L
[ r@an= [Cowra
0 0

If y # 0, then foL y2(x) dx > 0. Therefore A > 0 and, if A = 0, then y’(x) = O for all x in (0, L)
(why?), and y is constant on (0, L). Any constant function satisfies the boundary conditions
of Problem 2, so 4 = 0 is an eigenvalue of Problem 2 and any nonzero constant function is
an associated eigenfunction. However, the only constant function that satisfies the boundary
conditions of Problems 1, 3, or 4 is y = 0. Therefore 4 = 0 isn’t an eigenvalue of any of these
problems.

Example 11.1.1 (Problem 1) Solve the eigenvalue problem
y'+dy=0, y(0)=0, y(L)=0. (11.1.3)
Solution From Theorem 11.1.1, any eigenvalues of (11.1.3) must be positive. If y satisfies

(11.1.3) with 4 > 0, then
Yy = c1CoS Vix+ ca sin\//_lx,

where ¢ and c; are constants. The boundary condition y(0) = 0 implies that ¢; = 0. Therefore
y = casinVAx. Now the boundary condition y(L) = 0 implies that ¢, sin VAL = 0. To
make ¢; sin VA L = 0 with ¢; # 0, we must choose VA = nr/L, where n is a positive integer.
Therefore A, = n’>n?/L? is an eigenvalue and

. n7X
Yn = sin —
L

is an associated eigenfunction. [
For future reference, we state the result of Example 11.1.1 as a theorem.
Theorem 11.1.2 The eigenvalue problem
Y/ +dy=0, y(0)=0, y(L)=0

has infinitely many positive eigenvalues A, = n>r*/L?, with associated eigenfunctions
. nmx
Yn = Sln—L , n=1,2,3,....

There are no other eigenvalues.

We leave it to you to prove the next theorem about Problem 2 by an argument like that of
Example 11.1.1 (Exercise 17).

Theorem 11.1.3 The eigenvalue problem
Y'+ay=0, y(0)=0, y(L)=0

has the eigenvalue 1o = 0, with associated eigenfunction yy = 1, and infinitely many positive
eigenvalues A, = n>n*/L?, with associated eigenfunctions

nmx
yn:cosT,n: 1,2,3....

There are no other eigenvalues.
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Example 11.1.2 (Problem 3) Solve the eigenvalue problem

y'+ay=0, y(0)=0, y(L)=0. (11.1.4)

Solution From Theorem 11.1.1, any eigenvalues of (11.1.4) must be positive. If y satisfies
(11.1.4) with 2 > 0, then
Yy = c1COS Vix+ c sin \//_lx,

where ¢ and c; are constants. The boundary condition y(0) = 0 implies that ¢; = 0. Therefore
y = ¢psin VA x. Hence, ¥ = ¢»VA cos VA x and the boundary condition y’(L) = 0 implies that
¢2 cos VAL = 0. To make ¢; cos VA L = 0 with ¢, # 0 we must choose

_(2n-Dn
Va= —7

where n is a positive integer. Then A, = (2n — 1)?7%/4L? is an eigenvalue and

(2n - 1)nx

= sin
Yn 3L

is an associated eigenfunction. ]
For future reference, we state the result of Example 11.1.2 as a theorem.
Theorem 11.1.4 The eigenvalue problem
Y +dy=0, y0)=0, y(L)=0

has infinitely many positive eigenvalues A, = (2n — 1)?7% J4L?, with associated eigenfunctions

. (2n-1)nx

yu = sin - n=123,....

There are no other eigenvalues.

We leave it to you to prove the next theorem about Problem 4 by an argument like that of
Example 11.1.2 (Exercise 18).

Theorem 11.1.5 The eigenvalue problem
Yi+Ay=0, y(0)=0, y(L)=0

has infinitely many positive eigenvalues A, = (2n — 1)>1% J4L?, with associated eigenfunctions

(2n - 1)nmx

~1.2.3,....
2L "

Yn = COS

There are no other eigenvalues.
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Example 11.1.3 (Problem 5) Solve the eigenvalue problem

y'+ay=0, y(=L)=y(L), y(-L)=y(L). (11.1.5)

Solution From Theorem 11.1.1, A = O is an eigenvalue of (11.1.5) with associated eigenfunction
yo = 1, and any other eigenvalues must be positive. If y satisfies (11.1.5) with 4 > 0, then

y:clcos\//_lx+czsin\//_1x, (11.1.6)
where ¢ and ¢ are constants. The boundary condition y(—L) = y(L) implies that
¢1c0s(=VAL) + casin(—VAL) = ¢1cos VAL + ¢ sin VA L. (11.1.7)

Since
cos(-VAL) =cos VAL and sin(-VAL)=—sinVAL, (11.1.8)

(11.1.7) implies that
cysinVAL = 0. (11.1.9)

Differentiating (11.1.6) yields
y =V (—01 sin VAx + ¢5 cos \/Zx) )
The boundary condition y’(—L) = y’(L) implies that
—cysin(=VAL) + cacos(=VAL) = —c; sin VAL + cacos VAL,

and (11.1.8) implies that
c1sinVAL = 0. (11.1.10)

Eqns. (11.1.9) and (11.1.10) imply that ¢; = ¢ = 0 unless VA = nx/L, where n is a positive
integer. In this case (11.1.9) and (11.1.10) both hold for arbitrary ¢; and c¢,. The eigenvalue
determined in this way is A, = n’n>/L?, and each such eigenvalue has the linearly independent

associated eigenfunctions
nmux . nmX
cos— and  sin—. ]
L L

For future reference we state the result of Example 11.1.3 as a theorem.
Theorem 11.1.6 The eigenvalue problem

y'+Ay=0, y(-L)=y(L), y(-L)=y'(L),

has the eigenvalue Ay = 0, with associated eigenfunction yo = 1 and infinitely many positive
eigenvalues A, = n>n*/L?, with associated eigenfunctions

nmwx . nux
yln:cosT and yzn:smT, n=1,2,3,....

There are no other eigenvalues.
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Orthogonality

We say that two integrable functions f and g are orthogonal on an interval [a, b] if

b
/ F()g(x) dx = 0.

More generally, we say that the functions ¢1, ¢2, ..., ¢y, ... (finitely or infinitely many) are
orthogonal on [a, b] if

b
/ ¢i(x)pj(x)dx =0 whenever i# j.

The importance of orthogonality will become clear when we study Fourier series in the next two
sections.

Example 11.1.4 Show that the eigenfunctions

2 2
1, cos E, sin E, cos ﬂ, sinﬂ,...,cos@, sin@,... (11.1.11)
L L L L L L

of Problem 5 are orthogonal on [—-L, L].

Solution We must show that

L
/ f(x)g(x)dx =0 (11.1.12)
-L
whenever f and g are distinct functions from (11.1.11). If r is any nonzero integer, then
L L
L
/ cos X gy = Zsin |~ o, (11.1.13)
_L L rm L |
and . .
L
/ sinﬂdx:——cos@ =0.
_L L rm L |_;

Therefore (11.1.12) holds if f = 1 and g is any other function in (11.1.11).
If f(x) = cosmax/L and g(x) = cos nnx/L where m and n are distinct positive integers, then

mmnx nnx

L L
/ f(x)g(x) dx :/ cos —— cos — dx. (11.1.14)
L . L L
To evaluate this integral, we use the identity
1
cos Acos B = > [cos(A — B) + cos(A + B)]

with A = mirx/L and B = n7T.X/L. Then (11114) becomes
L 1 I B .
- 21 L -L L

Since m —n and m + n are both nonzero integers, (11.1.13) implies that the integrals on the right
are both zero. Therefore (11.1.12) is true in this case.
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If f(x) = sinmnx/L and g(x) = sinnax/L where m and n are distinct positive integers, then

L L
/ F(x)g(x) dx:/ sin 2% sin 27X g (11.1.15)
L L L
To evaluate this integral, we use the identity
. : 1
sinAsinB = E[COS(A — B) —cos(A + B)]

with A = mnx/L and B = nmx/L. Then (11.1.15) becomes
L L L
1 _
/ f(x)g(x)a’x:—[/ coswdx—/ coswdx =0.
L 2 1), L . L

If f(x) = sinmax/L and g(x) = cosnmx/L where m and n are positive integers (not
necessarily distinct), then

L L
/ f(x)g(x)dx = / sin 22 cos T gy = 0
. . L L

because the integrand is an odd function and the limits are symmetric about x = 0. ]
Exercises 19-22 ask you to verify that the eigenfunctions of Problems 1-4 are orthogonal on
[0, L]. However, this also follows from a general theorem that we’ll prove in Chapter 13.

Exercises

1. Prove that A = 0 is an eigenvalue of Problem 5 with associated eigenfunction yy = 1, and
that any other eigenvalues must be positive. Hint: See the proof of Theorem 11.1.1.

In Exercises 2-16 solve the eigenvalue problem.
2. y"+1y=0, y(0)=0, y(r)=0
Y/ +dy=0, y(0)=0, y(n)=0
Y +2y=0, y(0)=0, y(7)=0
y'+dy=0, y(0)=0, y(r)=0
Y +dy=0, y(-m)=yr), y(n)=y(n)
Y +Ady=0, y(0)=0, y(1)=0
Y +Ady=0, y'(0)=0, y(1)=0

A A U S

Yy +dy=0, y(0)=0, y(1)=0
10. y"+1y =0, y(=1)=y(1), y'(=1)=y(1)
11. y"+ Ay =0, y(0)=0, y(1)=0

12. y"+ 2y =0, y(-2)=y(2), y'(-2)=y'(2)



CHAPTER 11. BOUNDARY VALUE PROBLEMS AND FOURIER EXPANSIONS

13.
14.
15.
16.
17.
18.
19.

20.

21.

22,

y'+ay=0, y(0)=0, y(2)=0
Y +Ay=0, y(0)=0, y3)=0
y'+dy=0, y(0)=0, »(1/2)=0
y'+dy=0, y(0)=0, y(5=0

Prove Theorem 11.1.3.
Prove Theorem 11.1.5.
Verify that the eigenfunctions
. X . 2mx . nmX
sin—, sin—, ..., sin—, ...
L L L

of Problem 1 are orthogonal on [0, L].
Verify that the eigenfunctions

X 2nx nmwx
1, cosf, cosT,..., cos —, ...

of Problem 2 are orthogonal on [0, L].

Verify that the eigenfunctions
sin ™ sin 3ﬂ sin —(2n — D7x
2L’ 2L 7 2L 7
of Problem 3 are orthogonal on [0, L].
Verify that the eigenfunctions
X 3nx (2n - 1)nx
COS —, COS ——, ..., COS ————, ...
2L 2L 2L

of Problem 4 are orthogonal on [0, L].

In Exercises 23-26 solve the eigenvalue problem.

23.

24.

25.

26.

L
v +1y=0, y(0)=0, / y(x)dx =0
0
L
y// + /ly = 0, y’(o) = 0’ / y(_x) dx =0
0
L
y//+/ly =0, y(L) =0, / y(x) dx =0
0

L
y'+dy=0, y(L)=0, / y(x)dx =0
0

600
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11.2 Fourier Expansions I

In Example 11.1.4 and Exercises 19-22 we saw that the eigenfunctions of Problem 5 are
orthogonal on [—L, L] and the eigenfunctions of Problems 1-4 are orthogonal on [0, L]. In
this section and the next we introduce some series expansions in terms of these eigenfunctions.
We’ll use these expansions to solve partial differential equations in Chapter 12.

Theorem 11.2.1 Suppose the functions ¢y, ¢2, ¢3, ..., are orthogonal on [a, b] and
b
/ P2(x)dx #0, n=1,2,3,.... (11.2.1)

Let ¢y, ¢, c3,...be constants such that the partial sums fy(x) = ZZ: | Cm®Pm(x) satisfy the
inequalities
l/N(xX)| <M, a<x<b, N=1,2,3,...

for some constant M < oco. Suppose also that the series

F@) =) cn(x) (1122)
m=1
converges and is integrable on [a, b]. Then
b
[ 1o
cp == 2 , n=1,2,3.... (11.2.3)
/ G (x) dx
a
Proof Multiplying (11.2.2) by ¢, and integrating yields
b b 00
[ r@onwdr= [ .| Y entnio] ax. (112.4)
a a m=1

It can be shown that the boundedness of the partial sums {fy}3_, and the integrability of f
allow us to interchange the operations of integration and summation on the right of (11.2.4),
and rewrite (11.2.4) as

b 0 b
[ r@awac=Y en [ ouomtoax (1125)
a m=1 a
(This isn’t easy to prove.) Since

b
/ Gn(xX)Pp(x)dx =0 if m#n,

(11.2.5) reduces to , ,
[ rwawa=c [ gwar

Now (11.2.1) implies (11.2.3). [ |
Theorem 11.2.1 motivates the next definition.
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Definition 11.2.2 Suppose ¢1, ¢2, ..., ¢,,...are orthogonal on [a, b] and fab </),2l(x) dx # 0,
n=1,2,3,.... Let f be integrable on [a, b], and define

b
[ 1o
c, =24 > , n=1,273,.... (11.2.6)
/ ¢ (x) dx
a
Then the infinite series }.° | c,¢,(x) is called the Fourier expansion of f in terms of the
orthogonal set {¢, ,‘;":1, and c1, ¢2, ..., Cp, ...are called the Fourier coefficients of f with

respect to {¢,}, . We indicate the relationship between f and its Fourier expansion by

(o]

f(x) ~ Z Cndn(x), a<x<b. (11.2.7)

n=1

You may wonder why we don’t write

(o)

fx) = ch‘pn(x), a<x<b,

n=1

rather than (11.2.7). Unfortunately, this isn’t always true. The series on the right may diverge
for some or all values of x in [a, b], or it may converge to f(x) for some values of x and not
for others. So, for now, we’ll just think of the series as being associated with f because of the
definition of the coefficients {c, }, and we’ll indicate this association informally as in (11.2.7).

Fourier Series
We’ll now study Fourier expansions in terms of the eigenfunctions

X . 7X 2nx . 2nx nnx . nnx
1, cos —, sin —, cos —, sin—,...,c08S —, sin—,....
L L L L L L

of Problem 5. If f is integrable on [—L, L], its Fourier expansion in terms of these functions is
called the Fourier series of f on [—L, L]. Since

L
/ 12 dx = 2L,
—-L

L nmx 1 [k 2nmx 1 L . 2nnx
Cos” —dx = = 1 + cos dx = = |x + =——sin
_L L 2 J_1 L 2 2nm L

L ) NTX 1 [t 2nnx 1 L . 2nnx
sin“ — dx = — 1 — cos dx = — [x — —— sin ,
_L L 2 —L L 2 2nmw L

we see from (11.2.6) that the Fourier series of f on [-L, L] is

- nmwx . nnx
a0+Z a, cos — + b, sin— |,
o L L

and
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where
1 L
a=s7 [ fds

1L Lt
an=Z/_Lf(x)cos?dx, and bn:Z[Lf(x)sin%dx,nZL

Note that ag is the average value of f on [—L, L], while a, and b,, (for n > 1) are twice the
average values of

f(x)cos ? and  f(x)sin ?

on [—L, L], respectively.

Convergence of Fourier Series

The question of convergence of Fourier series for arbitrary integrable functions is beyond the
scope of this book. However, we can state a theorem that settles this question for most functions
that arise in applications.

Definition 11.2.3 A function f is said to be piecewise smooth on [a, b] if:
(a) f has at most finitely many points of discontinuity in (a, b);
(b) f’ exists and is continuous except possibly at finitely many points in (a, b);
(©) f(xo+) = limy_xy+ f(x) and f'(xo+) = limy—,x,+ f'(x) existif a < xg < b;
(d) f(xo—) =limy_,— f(x) and f’'(xo—) = limy—,,,— f'(x) existif a < xg < b.

Since f and f’ are required to be continuous at all but finitely many points in [a, b], f(xo+) =
f(x0—) and f’(x0+) = f’'(xo—) for all but finitely many values of xo in (a,b). Recall from
Section 8.1 that f is said to have a jump discontinuity at xq if f(xo+) # f(x0—).

The next theorem gives sufficient conditions for convergence of a Fourier series. The proof is
beyond the scope of this book.

Theorem 11.2.4 If f is piecewise smooth on [—L, L], then the Fourier series

nmwx . I’lﬂ'X)

F(x)=ag+ Y (an cos = + by sin (11.2.8)
n=1

of f on [—L, L] converges for all x in [—L, L]; moreover,

f(x) if —-L <x < L and f is continuous at x
F(x) = fxo) + fx+) if —L < x < L and f is discontinuous at x
S(=L+) + f(L-)

5 ifx=Lorx=-L.

Since f(x+) = f(x—) if f is continuous at x, we can also say that
J+) + f(x-)

FO =1 p(o) £7(-Lo)
2

if —L<x<L,

ifx=+L.
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Note that F' is itself piecewise smooth on [-L, L], and F'(x) = f(x) at all points in the open
interval (—L, L) where f is continuous. Since the series in (11.2.8) converges to F(x) for all x
in [—L, L], you may be tempted to infer that the error

En(x) = |F(x) —ag — Z (an Ccos ? + b, sin %)

n=1

) ‘

can be made as small as we please for all x in [—L, L] by choosing N sufficiently large. However,
this isn’t true if f has a discontinuity somewhere in (—L, L), orif f(—L+) # f(L—). Here’s the
situation in this case.
If f has a jump discontinuity at a point a in (—L, L), there will be sequences of points {uy}
and {vn} in (=L, @) and (a, L), respectively, such that
Iim uy = lim vy =«
N—oo

N—oo

and
En(uy) = .09|f(a-) = f(a+)| and En(vy) = .09|f(a-) - f(a+)].

Thus, the maximum value of the error En(x) near a does not approach zero as N — oo, but just
occurs closer and closer to (and on both sides of ) «, and is essentially independent of N.
If f(=L+) # f(L-), then there will be sequences of points {uy} and {vy} in (=L, L) such
that
lim uy = —L, lim VN = L,

N—oo N—>oo

Ey(uy) = 09| f(=L+) - f(L-)| and Eyn(vy) = .09|f(-L+) - f(L-)|.

This is the Gibbs phenomenon. Having been alerted to it, you may see it in Figures 11.2.2—
11.2.4, below; however, we’ll give a specific example at the end of this section.

Example 11.2.1 Find the Fourier series of the piecewise smooth function

-x, —2<x<0,
f(x)—{ %, O<x<?2

on [-2,2] (Figure 11.2.1). Determine the sum of the Fourier series for -2 < x < 2.

Solution Note that we haven’t bothered to define f(-2), f(0), and f(2). No matter how they
may be defined, f is piecewise smooth on [-2, 2], and the coefficients in the Fourier series

F(x) = ao+Z (ancos? +bnsin?)
n=1

are not affected by them. In any case, Theorem 11.2.4 implies that F(x) = f(x) in (-2,0) and
(0,2), where f is continuous, while

F(=2) = F(2) =

f(-240)+ £2-) _ 1 (2+ 1) _s
2 2 2 4
and

F(0) =

f(O-)+ f(0+) 1 (O+l) _ 1

2 2 2] T 4
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Figure 11.2.1

To summarize,

f—w x=-2

—x, —2<x<0,
F(x) = i, x=0,

%, 0<x<?2,

f—P x=2.

We compute the Fourier coefficients as follows:

1 [? L[ r° 21
—Z‘[zf(x)dxzz[‘[z(—x)dx+/o de
If n > 1, then

2
1
a, = / f(x)cos _mrx dx = [/ (—x) cos —_— dx + / 3 cos _mzrx dx]
0

3
1

= 2(cos nr—1),
and
b, = %/_jf(x)sin?dx:%[/_;(—x)sin?dx+/02%sm?dx]
= ﬁ(l+3cosnn).
Therefore

302 & -1 I & 1+3
F(x) _ Z + ﬂ_—Z cosnrmr oS nmwx + —Z ;OSI’UT sin mzrx.
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Figure 11.2.2 shows how the partial sum

m m
2 cosnm —1 nmwx 1 1+3cosnm . nmx
2y cos "+ L3
n2
n=1

Fpnx)=-+

w2 2 2 n 2

1w

n=1

approximates f(x) for m = 5 (dotted curve), m = 10 (dashed curve), and m = 15 (solid curve).

Figure 11.2.2

Even and Odd Functions

Computing the Fourier coeflicients of a function f can be tedious; however, the computation
can often be simplified by exploiting symmetries in f or some of its terms. To focus on this,
we recall some concepts that you studied in calculus. Let # and v be defined on [-L, L] and

suppose that
u(-x) =u(x) and v(-x)=-v(x), -L<x<L.

Then we say that u is an even function and v is an odd function. Note that:
* The product of two even functions is even.
* The product of two odd functions is even.

* The product of an even function and an odd function is odd.

Example 11.2.2 The functions u(x) = cos wx and u(x) = x? are even, while v(x) = sin wx and
v(x) = x3 are odd. The function w(x) = e* is neither even nor odd.

You learned parts (a) and (b) of the next theorem in calculus, and the other parts follow from
them (Exercise 1).
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Theorem 11.2.5 Suppose u is even and v is odd on [—L, L]. Then:

L L L
(a) / u(x)dx = 2‘/0 u(x)dx, (b) / v(x)dx =0,

L L
L L
(c) / u(x) cos O gy = 2/ u(x) cos nrx dx,
L L 0 L
L L
(d) / v(x) sin I gy = 2/ v(x) sin nrx dx,
-L L 0 L

L L
(e) / u(x) sin nrx dx =0 and (f) / v(x) cos nrx dx = 0.
o L . L

Example 11.2.3 Find the Fourier series of f(x) = x> — x on [—2, 2], and determine its sum for
-2<x<2.

Solution Since L = 2,

F(x):a0+;(ancos?+bnsin%)
where
1 2
aoz—/ (x* = x) dx, (11.2.9)
4./
112, nmx
a, = — (x*=x)cos—dx, n=1,2,3,..., (11.2.10)
2/, 2
and )
1
bn:—/ 2 —x)sin 2 ax, n=1,2,3,.... (11.2.11)
2 /), 2

We simplify the evaluation of these integrals by using Theorem 11.2.5 with u(x) = x* and
v(x) = x; thus, from (11.2.9),

From (11.2.10),

2
2, nax 2|, . nnx 2 nax
x“cos—dx = — |x“sin—| —2 Xx sin — dx
0 2 0 0 2

an = nm
[ 2
8 nmx 2 nmx
= —5 |xcos—| - cos — dx
n-m 2 1y Jo 2
g | 2 . nax | . 16
= —— |2cosnm— —sin— =(-1) 55
n°m nm 2 n°m
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Figure 11.2.3 Approximation of f(x) = x> — x by partial sums of its Fourier series on [—2, 2]

From (11.2.11),

2 amx 2 nmx 2 2 nmx
b, = —/ xs8in — dx = — |[xcos — —/ cos — dx
0 2 nm 2 1y Jo 2
2
2 4
= — [ZCOSI’HT N e ] =(-1D)"—
nr nr 2 |y nr

Therefore

4 16w (-1)" nx (-D" . nmx
):§+;; o) CS— Z SlIl—

Theorem 11.2.4 implies that

4, x=-2,
F(x) = x2—x, 2<x<2,
4, x =2.
Figure 11.2.3 shows how the partial sum
4 16 < 1)"
Fm(x)=— —22 cos@+ Z( ) sin@

n=1

approximates f(x) for m = 5 (dotted curve), m = 10 (dashed curve), and m = 15 (solid curve).
|

Theorem 11.2.5 implies the next theorem follows.

Theorem 11.2.6 Suppose f is integrable on [—L, L].
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(a) If f is even, the Fourier series of f on [-L, L] is

nmwx
b

F(x) :a0+Zancos 2
n=1

where
1 [k 2
w=7 [ f@ar wd a=7 [ s sz

(b) If f is odd, the Fourier series of f on [—L, L] is

nmwx
_’

F(x):ansin 7

n=1

where ;
2
by = —/ £(x) sin 2% g,
L Jo L

Example 11.2.4 Find the Fourier series of f(x) = x on [-nx, ], and determine its sum for
- <x <.

Solution Since f is odd and L =,

F(x) = Z b, sin nx
n=1

where
2 V. 2 T V.
b, = —/ xsinnxdx = —— [xcosnx —/ cosnxdx]
T Jo nm 0 0
2 . d 2
= ——cosnm+ ——sinnx| = (-)mz,
n nem 0 n
Therefore

n

F(x) = —2i =" sin nx.
n=1

Theorem 11.2.4 implies that
0, x=-m,
F(x)=4 x, —m<x<mn,
0, x=m.
Figure 11.2.4 shows how the partial sum

m (_ n

Fu(x) = —22

n=1

sin nx

approximates f(x) for m = 5 (dotted curve), m = 10 (dashed curve), and m = 15 (solid curve).
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Figure 11.2.4 Approximation of f(x) = x by partial sums of its Fourier series on [, ]

Example 11.2.5 Find the Fourier series of f(x) = |x| on [—x, 7] and determine its sum for
—-T<x <.

Solution Since f is even and L = 7,

o
F(x)=ap+ Zan COS nx.

n=1

Since f(x) = xifx >0,

1/” d x? T
apg=— xdx=—| ==
"7 2|, 2
and, ifn > 1,
2 7 2 . 8 .
a, = — xcosnxdx = — |xsinnx| — sin nx dx
T Jo niw 0 0
2 d 2 2
= —-cosnx :T(Cosnﬂ—l):T[(—l)”—l].
nm o n°m nem
Therefore
T 2w (=D)"-1
F()=2+~ ; 5 cosnx. (11.2.12)

Howeyver, since

0 ifn=2m
p— n p— fd ’
(=D ! {—2 ifn=2m+1,

the terms in (11.2.12) for which n = 2m are all zeros. Therefore we only need to include the
terms for which n = 2m + 1; that is, we can rewrite (11.2.12) as

T4 1
F :———§ ——cos(2m + 1)x.
2 2 w4 (2m+ 1)2 cos(2m + 1)x
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However, since the name of the index of summation doesn’t matter, we prefer to replace m by n,
and write

T 4 1
Fx)==-—Y ——cos(2n + Dx.
() =5 ﬂ;} v 1) cos(2n + 1)x

Since |x| is continuous for all x and | — 71| = ||, Theorem 11.2.4 implies that F(x) = |x| for all
xin [—-m, x].

Example 11.2.6 Find the Fourier series of f(x) = x(x> — L?) on [-L, L], and determine its
sum for -L <x < L.

Solution Since f is odd,

F(x) = Z by, sin@,
n=1

L
where
2 L
b, = — / x(x% = L% sin 07X dx
LJo L
2 ) nax |* Loy, nmx
= — |x(x*=L°)cos — | — (3x“ = L) cos — dx
nm L |, 0 L
2L L L
= (3x% — L?) sin — - 6/ xsin 225 gy
n?n? L |, 0 L
1212 Lot 1213
= s 2| - / cos =X x| = (=" .
n3r3 L, Jo L n3n3
Therefore

fﬂx)—12L3§S( 1w

Theorem 11.2.4 implies that F(x) = x(x*> — L?) for all x in [-L, L].

Example 11.2.7 (Gibbs Phenomenon) The Fourier series of

0, -1<x<-1,
fy={ L —3<x<i
0, 2<x<l

on [—1,1] is

( l)n 1
F(x) = ﬂ Z T cos(2n — 1)nx.

n=

(Verity.) According to Theorem 11.2.4,

0, —1£x<—%,

L <=
F(x)=1 1, —%<x<%,

st

0, L<x<1:
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thus, F (as well as f) has unit jump discontinuities at x = i%. Figures 11.2.5-11.2.7 show the
graphs of y = f(x) and

—+

N

N -1

—1)"

Z (2 ) 7 cos(2n — 1)mx
n_

n=1

| =

y=Fn_1(x) =

for N = 10, 20, and 30. You can see that although F,y_; approximates F (and therefore
f) well on larger intervals as N increases, the maximum absolute values of the errors remain
approximately equal to .09, but occur closer to the discontinuities x = i% as N increases.

y y
A
y=109 y=1.09
y=1.00 y=1.00
A Al ! A X ! . X
-1 V v Ty=-009 -1 1y=-009
Figure 11.2.5 The Gibbs Phenomenon: Figure 11.2.6 The Gibbs Phenomenon:
Example 11.2.7, N = 10 Example 11.2.7, N = 20
y
i
y=1.09
y=1.00
L | » X
-1 Ty=-.09

Figure 11.2.7 The Gibbs Phenomenon: Example 11.2.7, N = 30

USING TECHNOLOGY
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The computation of Fourier coefficients will be tedious in many of the exercises in this chapter
and the next. To learn the technique, we recommend that you do some exercises in each section
“by hand,” perhaps using the table of integrals at the front of the book. However, we encourage
you to use your favorite symbolic computation software in the more difficult problems.

Exercises

1. Prove Theorem 11.2.5.

In Exercises 2-16 find the Fourier series of f on [—L, L] and determine its sum for —-L < x < L.
Where indicated by , graph [ and

I’lﬂx)

F,, (x)—a0+Z(ancosT+b sinT

on the same axes for various values of m.

2. [ClL=1; f(x) =

3. L=m; f(x)=2x-3x?

4. L=1; f(x)=1-3x?

5. L=m; f(x)=|sinx|

6.L:7T; f(x) =xcosx

7. L=m; f(x)=|x|cosx

8.L:7r; f(x) =xsinx

9. L=m; f(x)=|x|sinx
0, —1<x<—%,

10. L=1; f(x) =4 cosnx, 2<x<%,
0, l<x<l1
0, ~1<x<-1,

11. L=1; f(x) =14 xcosnx, —%<x<%,
0, ;<x<l1
0, -l<x<-3

12. L=1; f(x) =4 sinnx, —%<x<%,
0, lox<i
0, —l<x<—§,

13. L=1; f(x) =13 |sinnx|, —%<x<%,
0, %<x<1
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0, -l<x<-3,
14. L=1; f(x)=14 xsinnx, —% <x< %,
0, lox<i

x, O<x<4

15. [C] L = 4; f(x):{o’ —4<x<0,

xz, -1 <x<0,
16.L=1; f(x):{l_XZ 0<x<l1

2, 2<x<-1,
17. Verify the Gibbs phenomenon for  f(x) = I, -1<x<1,
-1, 1<x<2.

2, -3<x<-=-2,
. Verify the Gibbs phenomenon for  f(x) =4 3, -2<x <2,
I, 2<x<3.

1

=]

19. Deduce from Example 11.2.5 that

i (2n+1)? -8

20. (a) Find the Fourier series of f(x) = ¢* on [—nx, 7].

(b) Deduce from (a) that
i 1 mcothm—1
L2+l 2

21. Find the Fourier series of f(x) = (x — x) cosx on [, 7].

22. Find the Fourier series of f(x) = (x — x) sinx on [—-x, 7].
23. Find the Fourier series of f(x) = sin kx (k # integer) on [—m, 7].
24. Find the Fourier series of f(x) = cos kx (k # integer) on [—x, 7].

25. (a) Suppose g’ is continuous on [a, b] and w # 0. Use integration by parts to show that
there’s a constant M such that

M
and <—, w>0.
w

M
< —
w

b
/ g(x) sin wx dx

b
/ g(x) coswx dx

(b) Show that the conclusion of (a) also holds if g is piecewise smooth on [a, b]. (This
is a special case of Riemann’s Lemma).

(c) We say that a sequence {a,},.  is of order n~* and write @, = O(1/n¥) if there’s a
constant M such that

M
|a/,,|<n—k, n=1,2,3,....

Let {a,};” | and {b,} " be the Fourier coefficients of a piecewise smooth function.
Conclude from (b) that a,, = O(1/n) and b,, = O(1/n).


https://mathshistory.st-andrews.ac.uk/Biographies/Riemann/
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26. (a) Suppose f(-L) = f(L), f'(-L) = f’(L), f’ is continuous, and f” is piecewise
continuous on [—L, L]. Use Theorem 11.2.4 and integration by parts to show that

- nmwx . NTX
f(x) :a0+nz:;(ancosT+bnsmT), -L<x<L,

1 L
——L[L ) dr.

L
/ f”(x)Cos%dx, and b, = - " 2/ 7 (x )sm—dx n>l.
—L n-m

with

a, = —
n?mn?

(b) Show that if, in addition to the assumptions in (a), f” is continuous and f””’ is
piecewise continuous on [—L, L], then

=33 / " (x) sin 2% g

27. Show that if f is integrable on [-L, L] and
fx+L)=f(x), -L<x<0

(Figure 11.2.8), then the Fourier series of f on [—L, L] has the form

= 2nm . 2nnm
A0+Z(A”cos an+anm an)

where
1 L
Ap = Z/O f(x) dx,

and

2 L 2 2 [* 2
tn=7 [ e b= [ rwsin T a4 n=123.

-L L

Figure 11.2.8 y = f(x), where Figure 11.2.9 y = f(x), where
f(x+L)=f(x), -L<x<0 f(x+L)=-f(x),-L<x<0
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28. Show that if f is integrable on [—L, L] and
f(x+L)=-f(x), -L<x<0

(Figure 11.2.9), then the Fourier series of f on [—L, L] has the form

N 2n -1 2n -1
S (Ancos DT p, g B2 U7X
L L

n=1

b

where
/f()c l)mdx /f() l)mdx, n=123,....

29. Suppose @1, ¢2, ..., ¢, are orthogonal on [a, b] and

b
/ ¢%(x)dx #0, n=1,2,...,m.
Let f be integrable on [a, b]. If a1, as, .. ., a,, are arbitrary real numbers, define

Py =a1¢1 +axdr+ -+ andn.

Let
Fo=cid1+catpo + -+ b,
where
L F)én(x) dx
Cp = b, 5
|7 i (x) dx
that is, ¢y, c2, ..., ¢, are Fourier coefficients of f.

(a) Show that ,
/ (f(x) = F(x)¢,(x)dx =0, n=1,2,...,m.
(b) Show that
b b
[ - raracs [(G@-rawra:

with equality if and only ifa,, = ¢c,, n=1,2,...,m

(¢) Show that
/b(f(x) — Fp(x))?dx = /bfz(x) dx — i(,ﬂ/bqﬂ dx.
a a n=1 a

(d) Conclude from (c) that

m b b
2 2(x)dx < 2(x) dx.
;c/a¢(X)x</af(x)x
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30. If Ag, Ay, ..., Ay and By, By, ..., B, are arbitrary constants we say that

m
Pn(x)=Ap+ Z (An cos ? + B,, sin ?)
n=1

is a trigonometric polynomial of degree < m.

Now let

= nux . nAX
aop + Z; (an cos 7 + b, sin T)
be the Fourier series of an integrable function f on [—L, L], and let
¢ nx nx
F(x) =ag+ ; (an cos T + b, sin T) .
(a) Conclude from Exercise 29(b) that

L L
/ (F(x) = Fp () dx < / (F(x) = Po()) d,
-L -L

with equality if and only if A, = a,,n=0,1,...,m,and B, = b,,n=1,2,..., m.
(b) Conclude from Exercise 29(d) that

2a%+2(a%+b%) < Z/ F2(x) dx
n=1 -L

for every m > 0.

(¢) Conclude from (b) that lim,_« a, = lim,— b, = 0.

11.3 Fourier Expansions II

In this section we discuss Fourier expansions in terms of the eigenfunctions of Problems 1-4
from Section 11.1.

Fourier Cosine Series

From Exercise 11.1.20, the eigenfunctions

X 27X nmx
1, cos—, cos—, ..., cos—,...
L L L
of the boundary value problem
y'+Ady=0, y(0)=0, y(L)=0 (11.3.1)

(Problem 2) are orthogonal on [0, L]. If f is integrable on [0, L] then the Fourier expansion of
f in terms of these functions is called the Fourier cosine series of f on [0, L]. This series is

o0
nmx
ap + Z a, cos T,
n=1
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=

y ==X y =)

Figure 11.3.1

where

/ f(x)dx
/ f(x)dx
[ e

L
/f(x)cos’lﬂdx 5y L
nmwx
a, = 0 :Z/ f(x)cosde, n=1,2,3,....
0

L
nwx
cos® —— dx
0 L

Comparing this definition with Theorem 11.2.6(a) shows that the Fourier cosine series of f on
[0, L] is the Fourier series of the function

f(=x), —L<x<0,
f‘(x):{f(x), 0O<x<L,

and

obtained by extending f over [—L, L] as an even function (Figure 11.3.1).
Applying Theorem 11.2.4 to f; yields the next theorem.

Theorem 11.3.1 [f f is piecewise smooth on |0, L], then the Fourier cosine series

nmx

C(x) = ag +Zancos—
of f on [0, L], with

1t 2 [t
aO:Z'/O f(x)dx and an:Z/O f(x)cos%dx, n=12.3,...,
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converges for all x in [0, L]; moreover,

f(0+) ifx=0
f(x) if 0 <x < L and f is continuous at x
C(x) = -
&) fx) -;f(x+) if 0 < x < L and f is discontinuous at x
f(L-) ifx=L.

Example 11.3.1 Find the Fourier cosine series of f(x) = x on [0, L].

Solution The coeflicients are

1 /L p 1 x2 L
ap = — xdx=——| =—
and, ifn > 1
2 L nn . nnx L L nn
a, = — xXcos—dx = — |xsin— | — sin — dx
L 0 nm L 0 0 L
2 L nmx 2L nnx |F 2L
= i dx = = -DH'-1
nrw Jo I R R l’lzﬂ'z[( ) |
4
- ifn=2m-1,
= (2m — 1)2n?
0 ifn =2m.
Therefore

L 4L 1 (2n - 1)nx
Clx) == _ 2% .
) 2 n? ; (2n - 1)2 cos L

Theorem 11.3.1 implies that
Cx)=x, 0<x<L.

Fourier Sine Series
From Exercise 11.1.19, the eigenfunctions

. oTx . 27mx . nnx
sin —, sin—, ..., sin—, ...
L L L

of the boundary value problem
Y'+ay=0, y(0)=0, y(L)=0

(Problem 1) are orthogonal on [0, L]. If f is integrable on [0, L] then the Fourier expansion of
f in terms of these functions is called the Fourier sine series of f on [0, L]. This series is

(o]
. naXx
Z b, sin —,
L
n=1



CHAPTER 11. BOUNDARY VALUE PROBLEMS AND FOURIER EXPANSIONS 620

y=1x)

\J
>

Figure 11.3.2

where

L
/ F(x) sin 225 gy
_Jo L

L
. 5 ATTX
sin® —= dx
0 L

Comparing this definition with Theorem 11.2.6(b) shows that the Fourier sine series of f on
[0, L] is the Fourier series of the function

b

2 L
:Z/ f(X)Sin—andx, n=1,2,3,....
0

—f(=x), —L<x<0,
hx) = { f(x), 0<x<L,

obtained by extending f over [—L, L] as an odd function (Figure 11.3.2).
Applying Theorem 11.2.4 to f> yields the next theorem.

Theorem 11.3.2 If f is piecewise smooth on [0, L], then the Fourier sine series
S(x) = nz_; b, sin ?

of f on [0, L], with
2 L
b, = — / f(x) sin 27X dx,
LJo L

converges for all x in [0, L]; moreover,

0 ifx=0
f(x) if 0 <x < L and f is continuous at x
S(x) =73 flx=) + fx+)

if0 <x < L and f is discontinuous at x

2
0 ifx = L.
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Example 11.3.2 Find the Fourier sine series of f(x) = x on [0, L].

Solution The coeflicients are

2 rt 2
b, —/ xsin@dx——— [xcos@
0 L

L L
nwx
— / cos — dx
o Jo L

nm

2L 2L nrx |F 2L
— 1 n+1 T — 1 n+1_
(=1 nm nzﬂzsmLO (=1 nm
Therefore
2L — (=1)" . nmx
S —_—
(x) = . Z " sin —
n=1
Theorem 11.3.2 implies that
x, 0<x<L,
§(x) = { 0, x=1L.
Mixed Fourier Cosine Series
From Exercise 11.1.22, the eigenfunctions
X 3nx (2n - 1)nx
COS —, COS ——, ..., COS ————, ...
2L 2L 2L
of the boundary value problem
y'+Ady=0, y(0)=0, y(L)=0 (11.3.2)

(Problem 4) are orthogonal on [0, L]. If f is integrable on [0, L] then the Fourier expansion of
f in terms of these functions is

(o)

Z (2]’1 - 1)7rx
CpCOS ——,
2L

n=1

/ f(x) cos 1)7Tx

/L 2 (2n - 1)7‘[)6
0 2L

We'll call this expansion the mixed Fourier cosine series of f on [0, L], because the boundary
conditions of (11.3.2) are “mixed” in that they require y to be zero at one boundary point and
y’ to be zero at the other. By contrast, the “ordinary” Fourier cosine series is associated with
(11.3.1), where the boundary conditions require that y” be zero at both endpoints.

It can be shown (Exercise 57) that the mixed Fourier cosine series of f on [0, L] is simply the
restriction to [0, L] of the Fourier cosine series of

where

/ Fixycos P g

B f(x), 0<x<L,
-ﬁ@)_{—fQL—xL L<x<2L

n [0,2L] (Figure 11.3.3).
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y=1x)

Figure 11.3.3

Applying Theorem 11.3.1 with f replaced by f3 and L replaced by 2L yields the next theorem.

Theorem 11.3.3 If f is piecewise smooth on [0, L], then the mixed Fourier cosine series

(o)

B (2n - 1)nx
Cux) = Z ¢, COS 31
n=1
of f on [0, L], with
2t (2n — 1)nmx
= Z/ f(.X) COSTdX,
converges for all x in [0, L]; moreover,
f(0+) fx=0
f(x) if 0 <x < L and f is continuous at x
Cu(x) = -
() fx) ;—f(x+) if 0 <x < L and f is discontinuous at x
0 ifx=L

Example 11.3.3 Find the mixed Fourier cosine series of f(x) = x — L on [0, L].

Solution The coeflicients are

/ (x-=1L) cos l)nx dx

Cn

2n - Dax |- L (-1
= — (x—L)sm(ﬂ —/ sinde
(2n - 2L 0 0 2L
8L (2n - Dnx | 8L
= cos =
(2n —1)2x2 2L 0 (2n —1)2n2
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Therefore
8L 1 (2n — Dmx
C = —— .
M) = =23 Z::J 2n—-12 07 2L

Theorem 11.3.3 implies that

Cy(x)=x-L, 0<x<L.

Mixed Fourier Sine Series

From Exercise 11.1.21, the eigenfunctions

nx . 3nx . 2n—=1)nx
sin ————, ...

of the boundary value problem

y'+dy=0, y(0)=0, y(L)=

(Problem 3) are orthogonal on [0, L]. If f is integrable on [0, L], then the Fourier expansion of
f in terms of these functions is

id i (2n - 1)nx
in ————,
" 2L

where

/ f(x) s1n 1)er

/ 2 (2n - Dnx 1)7Tx
0 2L

We'll call this expansion the mixed Fourier sine series of f on [0, L].
It can be shown (Exercise 58) that the mixed Fourier sine series of f on [0, L] is simply the
restriction to [0, L] of the Fourier sine series of

/ £ sin Dﬂxdx.

B f(x), 0<x<L,
falx) = { f(2L-x), L<x<2L,

n [0,2L] (Figure 11.3.4).
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y =1x) '\ y=1@2Ll-x)

v
=

Figure 11.3.4

Applying Theorem 11.3.2 with f replaced by f4 and L replaced by 2L yields the next theorem.

Theorem 11.3.4 If f is piecewise smooth on [0, L], then the mixed Fourier sine series

- . 2n-1)nx
Su(x) = Zdnsm%
n=1

of f on [0, L], with

2 [E 2n—1
d":Z/O f(x)sin%dx,

converges for all x in [0, L]; moreover,

0 ifx=0
f(x) if0 <x < L and f is continuous at x
Su(x) = -
u () fx) ; fxt) if 0 < x < L and f is discontinuous at x
f(L-) ifx = L.

Example 11.3.4 Find the mixed Fourier sine series of f(x) = x on [0, L].

Solution The coeflicients are

2 L 2n—1
d, = —/ wsin Zo b
L Jy

2L
4 v (2= D L /LCOS (2n - x|
— X AR — -~ dx
(2n-1)m 2L 0 0 2L
4 L -
B / . (2n — 1)nx d
(21’1 - 1)7’[ 0 2L
L 2n — Dnx |* 8L
(2n —1)2x2 2L 0 (2n — 1)2n2
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Therefore

(-n* . (2n—1)7rx
S (x) = Z n—-12""" 2L

Theorem 11.3.4 implies that

A Useful Observation

In applications involving expansions in terms of the eigenfunctions of Problems 1-4, the functions
being expanded are often polynomials that satisfy the boundary conditions of the problem under
consideration. In this case the next theorem presents an efficient way to obtain the coefficients
in the expansion.

Theorem 11.3.5

@) If f/(0) = f(L) =0, f” is continuous, and f"" is piecewise continuous on [0, L], then

£(x) —a0+zancos@, 0<x<lL, (11.3.3)
with
1 L 2L2 L
ao = —/ f(x)dx and a, = / oy sin 2 dx, n 1. (11.3.4)
L Jo n3m3 Jo L

Now suppose f’ is continuous and " is piecewise continuous on [0, L].

() If f(0) = f(L) = 0, then

nmnx
f(x) = ;bnsmT, 0<x<L,
with
b, = %Lz % (11.3.5)
(© If f'(0) = f(L) =0, then
= 2n - 1)nx
f(x) = ;cncos%, 0<x<L,
il 8L L (2n — D)7x
Cp = —m/() 1 (x) cosTa’x. (11.3.6)

(@) If f(0) = f'(L) = O, then

S 2n—1
f(x):Zdnsin%, 0<x<L,

with L

8L . . (2n-1)nx
= ————— ——— dx. 11.3.
d - 1o ./0 f”(x) sin 7L dx (11.3.7)
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Proof We’ll prove (a) and leave the rest to you (Exercises 35, 42, and 50). Since f is continuous
n [0, L], Theorem 11.3.1 implies (11.3.3) with ag, ay, as,... as defined in Theorem 11.3.1. We
already know that ag is as in (11.3.4). If n > 1, integrating twice by parts yields

2 L
—/ f(x) cos 2% iy
L Jo L

a, =
o) L
= — —/ f(x) sin 22 gx
T 0 L
2 L
= T f'(x) sin nnx dx (since sin0 = sinnx = 0)
nw Jo L
L
. nux
) _/ f(x)COSde
= n27r2 / f(x )cos I7Y dx (since f7(0) = f'(L) = 0)
212
= ==/ / f'”(x)SIIl—dx
n3r
2L2 L
= = / f"(x) sin 07X dx (since sin 0 = sinnx = 0).
n-m 0 L

(By an argument similar to one used in the proof of Theorem 8.3.1, the last integration by parts
is legitimate in the case where f”” is undefined at finitely many points in [0, L], so long as it’s
piecewise continuous on [0, L].) This completes the proof.

Example 11.3.5 Find the Fourier cosine expansion of f(x) = x>(3L — 2x) on [0, L].

Solution Here
L L 3

0 2

| 1( 5 x*
aoz—/ (3Lx —2x)dx=—(Lx ——)
LJo L 2

and

2 L
== / (3Lx* — 2x°) cos o dx, nx>1.
LJo L

Evaluating this integral directly is laborious. However, since f’(x) = 6Lx — 6x2, we see that
f(0) = f/(L) = 0. Since f”(x) = —12, we see from (11.3.4) that if n > 1 then

2417 L nmwx 2413 nmx L 2413
= —— in—dx = —— — = - -1
ay e /0 sin X e, cos 7 ey [(-1) ]
4813
- ifn=2m-1,
= (2m — 1)*n*
0 if n =2m.

Therefore

L3 4813 & (2n——1)ﬂx
=7 - Zh%—m L

Example 11.3.6 Find the Fourier sine expansion of f(x) = x(x?> = 3Lx + 2L?) on [0, L].
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Solution Since f(0) = f(L) =0and f”(x) = 6(x — L), we see from (11.3.5) that

12L L . nmx
b, = —nzﬂz A (.X—L) sdex
1212 nmx | L nmx
= == (x—L)cos— | — cos — dx
nr | L |y Jo
22| L oamx|f|] 1203
= L — —sin— =
n3n3 nm L n3n3
Therefore \
1203 5 1 nmx
S = — — sin —.
(x) pc ; 3 sin T

Example 11.3.7 Find the mixed Fourier cosine expansion of f(x) = 3x> —4Lx>+ L3 on [0, L].

Solution Since f'(0) = f(L) = 0and f”(x) = 2(9x — 4L), we see from (11.3.6) that

16L L 2n-1
Cp = —W/ (9X—4L) COS%dX
n— T 0
312 | 2n - Drx |F L (n-1
o 3217 oy - ap)sin B DX —9/ sin 2=
(2n —1)3x3 2L 0 0 2L
312 | 18L 2n - Drx |*
= ————— _[(-)"'5L + cos( n— Dzx
(2n —1)373 2n-)rm 2L 0
3213 18
= 27 s —2 .
(2n —1)373 = 2n -1
Therefore

o0

3213 1
Cul®) =3 Z_;(zn—lﬁ

Example 11.3.8 Find the mixed Fourier sine expansion of

(2n - 1)nx
2L '

" 18
(=D)"5+ 2n - l)n] cos

f(x) =x(2x*> = 9Lx + 12L?)
on [0, L].

Solution Since f(0) = f/(L) =0, and f”(x) = 6(2x — 3L), we see from (11.3.7) that

48L L -1
dn = _W/ (2x-3L) sin%dx
n— T 0
9612 | o — D |1 L ot
= A 1\3.3 (2)6—3L)cosM —2/ costx
(2n =1y . 2L 0 0 2L
o612 | 4L C@n-Dnx |t
= o3 |°L- sin
(2n - 1)’z (2n - Dx 2L |
96L> | 4
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Therefore

96L° — . 4 . (2n-Dnx
S (x) = Z(z 1)3[ D G T T

Exercises

In exercises marked by graph f and some partial sums of the required series. If the interval
is [0, L], choose a specific value of L for the graph.
In Exercises 1-10 find the Fourier cosine series.

1. f(x)=x% [0,L]
2.[Cl fx)=1-x; [0,1]
. f(x)=x?>-2Lx; [0,L]

f(x) =sinkx (k # integer); [0, 7]

, ss
f<>—{ L

’

& W

wn

ZL [0, L]
fx)=x*-L% [0,L]
f(x)=(x-1% [0,1]
. f(x) =€ [0,7]
F)=x(L-x); [0,L]
.|Cl f(x) =x(x=2L); [0,L]
In Exercises 11-17 find the Fourier sine series.
11. [C| f(x) =1; [0,L]
12. [C| f(x)=1-x; [0,1]

13. f(x) = coskx (k #integer); [0, ]

14. f(x):{(l)’ ?<X< 20,

,2< < L;

© ® 2@

1

(=

X, 0<x<i,
s (Crw-{, 0 0505 o

16. f(x) =xsinx; [0, 7]
17. f(x) =¢*;, [0,7]
In Exercises 18-24 find the mixed Fourier cosine series.

18. [C| fF(x)=1; [0,L]
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19. f(x) =x% [0,L]

20. [C| f(x) =x;  [0,1]
€] flx )—{

22. f(x) =cosx; [0,7]

21.

—

0, 7

23. f(x) =sinx; [0, 7]
24. |C| f(x) =x(L-x); [0,L]
In Exercises 25-30 find the mixed Fourier sine series.
25.[C|l Fx)=1; [0,L]
26. f(x)=x% [0,L]

1, 0<x<tL
27.f(x>:{0 A R (Y
2 9

9

28. f(x) =cosx; [0,7]
29. f(x) =sinx; [0, ]
30. [C| F(x) =x(L-x); [0,L].
In Exercises 31-34 use Theorem 11.3.5(a) to find the Fourier cosine series of f on [0, L].
31. f(x) =3x%(x*-2L?)
32. f(x) =x’(3x—4L)
33. f(x) =x*>(3x*> —8Lx + 6L?)
34. f(x) =x*>(x = L)?

35. (a) Prove Theorem 11.3.5(b).

(b) In addition to the assumptions of Theorem 11.3.5(b), suppose f”(0) = f”(L) =0
f" is continuous, and f® is piecewise continuous on [0, L]. Show that

l’l

/f(4)(x)s1n—dx n>1.

n47r4

In Exercises 36-41 use Theorem 11.3.5(b) or, where applicable, Exercise 35(b), to find the
Fourier sine series of f on [0, L].

36. [C| f(x) =x(L -x)
37. f(x) =x*(L -x)
38. f(x) =x(L?-x?)

39. f(x) =x(x3—2Lx>+ L%
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40. f(x) = x(3x* - 10L%x% + 7L%)
41. f(x) =x(3x* = 5Lx3 +2L%)

42. (a) Prove Theorem 11.3.5(c).

(b) In addition to the assumptions of Theorem 11.3.5(c), suppose f”(L) = 0, f” is
continuous, and f”” is piecewise continuous on [0, L]. Show that

16L> L (2n - 1)mx
4 . > 1.
—(2n T 1) /0 " (x) sin > dx, n>

In Exercises 43-49 use Theorem 11.3.5(c) or, where applicable, Exercise 42(b), to find the mixed
Fourier cosine series of f on [0, L].

43. [C| f(x) =x3(L-x)
44. f(x)=L*-x*

Cn:

45. f(x) =L -x°

46. f(x) =2x> +3Lx*-5L3

47. f(x) =4x> +3Lx* - 7L°

48. f(x) =x*—2Lx3 + L*

49. f(x) =x*—4Lx3 +6L%x* - 3L*

50. (a) Prove Theorem 11.3.5(d).

(b) In addition to the assumptions of Theorem 11.3.5(d), suppose f”(0) = 0, f” is
continuous, and f”” is piecewise continuous on [0, L]. Show that

1612 L (2n - D)nx
dn:—m/() f (x)cosde, n>1.

In Exercises 51-56 use Theorem 11.3.5(d) or, where applicable, Exercise 50(b), to find the mixed
Fourier sine series of f on [0, L].

51. f(x) =x(2L —x)

52. f(x) = x*>(3L - 2x)

53. fx)=(x-L)*+ L3

54. f(x) =x(x*>-3L?%

55. f(x) =x>(3x —4L)

56. f(x) =x(x?—2Lx* +2L%)

57. Show that the mixed Fourier cosine series of f on [0, L] is the restriction to [0, L] of the
Fourier cosine series of
B f(x), 0<x<L,
frx) = { —-f(2L-x), L<x<2L

on [0,2L]. Use this to prove Theorem 11.3.3.
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S8.

59.

60.

Show that the mixed Fourier sine series of f on [0, L] is the restriction to [0, L] of the
Fourier sine series of

3 f(x), 0<x<L,
falx) = { fQ2L-x), L<x<2L

on [0,2L]. Use this to prove Theorem 11.3.4.

Show that the Fourier sine series of f on [0, L] is the restriction to [0, L] of the Fourier

sine series of
f(x), 0<x<L,

f3(x) = { —f(QL-x), L<x<2L
on [0,2L].

Show that the Fourier cosine series of f on [0, L] is the restriction to [0, L] of the Fourier

cosine series of
f(x), 0<x<L,

falx) = { f(2L-x), L<x<2L
on [0,2L].



