
Chapter 10

Linear Systems of Differential Equations

IN THIS CHAPTER we consider systems of differential equations involving more than one

unknown function. Such systems arise in many physical applications.

SECTION 10.1 presents examples of physical situations that lead to systems of differential

equations.

SECTION 10.2 discusses linear systems of differential equations.

SECTION 10.3 deals with the basic theory of homogeneous linear systems.

SECTIONS 10.4, 10.5, AND 10.6 present the theory of constant coefficient homogeneous

systems.

SECTION 10.7 presents the method of variation of parameters for nonhomogeneous linear

systems.
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10.1 Introduction to Systems of Differential Equations

Many physical situations are modelled by systems of = differential equations in = unknown

functions, where = ≥ 2. The next three examples illustrate physical problems that lead to

systems of differential equations. In these examples and throughout this chapter we’ll denote

the independent variable by C.

Example 10.1.1 Tanks )1 and )2 contain 100 gallons and 300 gallons of salt solutions, respec-

tively. Salt solutions are simultaneously added to both tanks from external sources, pumped

from each tank to the other, and drained from both tanks (Figure 10.1.1). A solution with 1

pound of salt per gallon is pumped into )1 from an external source at 5 gal/min, and a solution

with 2 pounds of salt per gallon is pumped into )2 from an external source at 4 gal/min. The

solution from )1 is pumped into )2 at 2 gal/min, and the solution from )2 is pumped into )1 at

3 gal/min. )1 is drained at 6 gal/min and )2 is drained at 3 gal/min. Let &1(C) and &2(C) be the

number of pounds of salt in )1 and )2, respectively, at time C > 0. Derive a system of differential

equations for &1 and &2. Assume that both mixtures are well stirred.

6 gal/min 3 gal/min

2 gal/min

3 gal/min

 T
1

 T
2

5 gal/min; 1 lb/gal 4 gal/min; 2 lb/gal

300 gal

100 gal

Figure 10.1.1

Solution As in Section 4.2, let rate in and rate out denote the rates (lb/min) at which salt enters

and leaves a tank; thus,

&′
1 = (rate in)1 − (rate out)1,

&′
2 = (rate in)2 − (rate out)2.

Note that the volumes of the solutions in)1 and)2 remain constant at 100 gallons and 300 gallons,

respectively.

)1 receives salt from the external source at the rate of

(1 lb/gal) × (5 gal/min) = 5 lb/min,
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and from )2 at the rate of

(lb/gal in )2) × (3 gal/min) =
1

300
&2 × 3 =

1

100
&2 lb/min.

Therefore

(rate in)1 = 5 +
1

100
&2. (10.1.1)

Solution leaves )1 at the rate of 8 gal/min, since 6 gal/min are drained and 2 gal/min are pumped

to )2; hence,

(rate out)1 = ( lb/gal in T1) × (8 gal/min) =
1

100
&1 × 8 =

2

25
&1. (10.1.2)

Eqns. (10.1.1) and (10.1.2) imply that

&′
1 = 5 +

1

100
&2 −

2

25
&1. (10.1.3)

)2 receives salt from the external source at the rate of

(2 lb/gal) × (4 gal/min) = 8 lb/min,

and from )1 at the rate of

(lb/gal in )1) × (2 gal/min) =
1

100
&1 × 2 =

1

50
&1 lb/min.

Therefore

(rate in)2 = 8 +
1

50
&1. (10.1.4)

Solution leaves )2 at the rate of 6 gal/min, since 3 gal/min are drained and 3 gal/min are pumped

to )1; hence,

(rate out)2 = ( lb/gal in T2) × (6 gal/min) =
1

300
&2 × 6 =

1

50
&2. (10.1.5)

Eqns. (10.1.4) and (10.1.5) imply that

&′
2 = 8 +

1

50
&1 −

1

50
&2. (10.1.6)

We say that (10.1.3) and (10.1.6) form a system of two first order equations in two unknowns,

and write them together as

&′
1 = 5 −

2

25
&1 +

1

100
&2

&′
2 = 8 +

1

50
&1 −

1

50
&2.

Example 10.1.2 A mass <1 is suspended from a rigid support on a spring (1 and a second

mass <2 is suspended from the first on a spring (2 (Figure 10.1.2). The springs obey Hooke’s

law, with spring constants :1 and :2. Internal friction causes the springs to exert damping

forces proportional to the rates of change of their lengths, with damping constants 21 and 22.

Let H1 = H1(C) and H2 = H2(C) be the displacements of the two masses from their equilibrium

positions at time C, measured positive upward. Derive a system of differential equations for H1

and H2, assuming that the masses of the springs are negligible and that vertical external forces

�1 and �2 also act on the objects.
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Mass  m
1

Mass  m
2

 y
1

 y
2

Spring  S
1

Spring  S
2

Figure 10.1.2

Solution In equilibrium, (1 supports both <1 and <2 and (2 supports only <2. Therefore, if

Δℓ1 and Δℓ2 are the elongations of the springs in equilibrium then

(<1 + <2)6 = :1Δℓ1 and <26 = :2Δℓ2. (10.1.7)

Let �1 be the Hooke’s law force acting on <1, and let �1 be the damping force on <1.

Similarly, let �2 and �2 be the Hooke’s law and damping forces acting on <2. According to

Newton’s second law of motion,

<1H
′′
1
= −<16 + �1 + �1 + �1,

<2H
′′
2
= −<26 + �2 + �2 + �2.

(10.1.8)

When the displacements are H1 and H2, the change in length of (1 is −H1 + Δℓ1 and the change

in length of (2 is −H2 + H1 + Δℓ2. Both springs exert Hooke’s law forces on <1, while only (2

exerts a Hooke’s law force on <2. These forces are in directions that tend to restore the springs

to their natural lengths. Therefore

�1 = :1(−H1 + Δℓ1) − :2(−H2 + H1 + Δℓ2) and �2 = :2(−H2 + H1 + Δℓ2). (10.1.9)

When the velocities are H′
1

and H′
2
, (1 and (2 are changing length at the rates −H′

1
and −H′

2
+ H′

1
,

respectively. Both springs exert damping forces on <1, while only (2 exerts a damping force on

<2. Since the force due to damping exerted by a spring is proportional to the rate of change of

length of the spring and in a direction that opposes the change, it follows that

�1 = −21H
′
1 + 22(H

′
2 − H

′
1) and �2 = −22(H

′
2 − H

′
1). (10.1.10)

From (10.1.8), (10.1.9), and (10.1.10),

<1H
′′
1

= −<16 + :1(−H1 + Δℓ1) − :2(−H2 + H1 + Δℓ2)

−21H
′
1
+ 22(H

′
2
− H′

1
) + �1

= −(<16 − :1Δℓ1 + :2Δℓ2) − :1H1 + :2(H2 − H1)

−21H
′
1
+ 22(H

′
2
− H′

1
) + �1

(10.1.11)
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and
<2H

′′
2

= −<26 + :2(−H2 + H1 + Δℓ2) − 22(H
′
2
− H′

1
) + �2

= −(<26 − :2Δℓ2) − :2(H2 − H1) − 22(H
′
2
− H′

1
) + �2.

(10.1.12)

From (10.1.7),

<16 − :1Δℓ1 + :2Δℓ2 = −<26 + :2Δℓ2 = 0.

Therefore we can rewrite (10.1.11) and (10.1.12) as

<1H
′′
1 = −(21 + 22)H

′
1 + 22H

′
2 − (:1 + :2)H1 + :2H2 + �1

<2H
′′
2 = 22H

′
1 − 22H

′
2 + :2H1 − :2H2 + �2.

Example 10.1.3 Let X = X(C) = G(C) i + H(C) j + I(C) k be the position vector at time C of an

object with mass <, relative to a rectangular coordinate system with origin at Earth’s center

(Figure 10.1.3). According to Newton’s law of gravitation, Earth’s gravitational force F =

F(G, H, I) on the object is inversely proportional to the square of the distance of the object from

Earth’s center, and directed toward the center; thus,

F =
 

‖X‖2

(
−

X

‖X‖

)
= − 

G i + H j + I k(
G2 + H2 + I2

)3/2 , (10.1.13)

where  is a constant. To determine  , we observe that the magnitude of F is

‖F‖ =  
‖X‖

‖X‖3
=

 

‖X‖2
=

 

(G2 + H2 + I2)
.

Let ' be Earth’s radius. Since ‖F‖ = <6 when the object is at Earth’s surface,

<6 =
 

'2
, so  = <6'2.

Therefore we can rewrite (10.1.13) as

F = −<6'2 G i + H j + I k(
G2 + H2 + I2

)3/2 .
Now suppose F is the only force acting on the object. According to Newton’s second law of

motion, F = <X′′; that is,

<(G′′ i + H′′ j + I′′ k) = −<6'2 G i + H j + I k(
G2 + H2 + I2

)3/2 .
Cancelling the common factor < and equating components on the two sides of this equation

yields the system

G′′ = −
6'2G

(G2 + H2 + I2)3/2

H′′ = −
6'2H

(G2 + H2 + I2)3/2

I′′ = −
6'2I

(G2 + H2 + I2)3/2
.

(10.1.14)
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 x

 y

 z

 X(t)

Figure 10.1.3

Rewriting Higher Order Systems as First Order Systems

A system of the form

H′
1

= 61(C, H1, H2, . . . , H=)

H′
2

= 62(C, H1, H2, . . . , H=)
...

H′= = 6= (C, H1, H2, . . . , H=)

(10.1.15)

is called a first order system, since the only derivatives occurring in it are first derivatives.

The derivative of each of the unknowns may depend upon the independent variable and all the

unknowns, but not on the derivatives of other unknowns. When we wish to emphasize the

number of unknown functions in (10.1.15) we will say that (10.1.15) is an = × = system.

Systems involving higher order derivatives can often be reformulated as first order systems by

introducing additional unknowns. The next two examples illustrate this.

Example 10.1.4 Rewrite the system

<1H
′′
1

= −(21 + 22)H
′
1
+ 22H

′
2
− (:1 + :2)H1 + :2H2 + �1

<2H
′′
2

= 22H
′
1
− 22H

′
2
+ :2H1 − :2H2 + �2.

(10.1.16)

derived in Example 10.1.2 as a system of first order equations.

Solution If we define E1 = H′
1

and E2 = H′
2
, then E′

1
= H′′

1
and E′

2
= H′′

2
, so (10.1.16) becomes

<1E
′
1

= −(21 + 22)E1 + 22E2 − (:1 + :2)H1 + :2H2 + �1

<2E
′
2

= 22E1 − 22E2 + :2H1 − :2H2 + �2.
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Therefore {H1, H2, E1, E2} satisfies the 4 × 4 first order system

H′
1

= E1

H′
2

= E2

E′
1

=
1

<1

[−(21 + 22)E1 + 22E2 − (:1 + :2)H1 + :2H2 + �1]

E′
2

=
1

<2

[22E1 − 22E2 + :2H1 − :2H2 + �2] .

(10.1.17)

Remark: The difference in form between (10.1.15) and (10.1.17), due to the way in which the

unknowns are denoted in the two systems, isn’t important; (10.1.17) is a first order system, in

that each equation in (10.1.17) expresses the first derivative of one of the unknown functions in

a way that does not involve derivatives of any of the other unknowns.

Example 10.1.5 Rewrite the system

G′′ = 5 (C, G, G′, H, H′, H′′)

H′′′ = 6(C, G, G′, H, H′, H′′)

as a first order system.

Solution We regard G, G′, H, H′, and H′′ as unknown functions, and rename them

G = G1, G
′
= G2, H = H1, H′ = H2, H′′ = H3.

These unknowns satisfy the system

G′
1

= G2

G′
2

= 5 (C, G1, G2, H1, H2, H3)

H′
1

= H2

H′
2

= H3

H′
3

= 6(C, G1, G2, H1, H2, H3).

Rewriting Scalar Differential Equations as Systems

In this chapter we’ll refer to differential equations involving only one unknown function as scalar

differential equations. Scalar differential equations can be rewritten as systems of first order

equations by the method illustrated in the next two examples.

Example 10.1.6 Rewrite the equation

H (4) + 4H′′′ + 6H′′ + 4H′ + H = 0 (10.1.18)

as a 4 × 4 first order system.

Solution We regard H, H′, H′′, and H′′′ as unknowns and rename them

H = H1, H′ = H2, H′′ = H3, and H′′′ = H4.
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Then H (4) = H′
4
, so (10.1.18) can be written as

H′4 + 4H4 + 6H3 + 4H2 + H1 = 0.

Therefore {H1, H2, H3, H4} satisfies the system

H′1 = H2

H′2 = H3

H′3 = H4

H′4 = −4H4 − 6H3 − 4H2 − H1.

Example 10.1.7 Rewrite

G′′′ = 5 (C, G, G′, G′′)

as a system of first order equations.

Solution We regard G, G′, and G′′ as unknowns and rename them

G = H1, G′ = H2, and G′′ = H3.

Then

H′1 = G′ = H2, H′2 = G′′ = H3, and H′3 = G′′′.

Therefore {H1, H2, H3} satisfies the first order system

H′
1

= H2

H′
2

= H3

H′
3

= 5 (C, H1, H2, H3).

Since systems of differential equations involving higher derivatives can be rewritten as first

order systems by the method used in Examples 10.1.5 –10.1.7 , we’ll consider only first order

systems.

Numerical Solution of Systems

The numerical methods that we studied in Chapter 3 can be extended to systems, and most

differential equation software packages include programs to solve systems of equations. We

won’t go into detail on numerical methods for systems; however, for illustrative purposes we’ll

describe the Runge-Kutta method for the numerical solution of the initial value problem

H′1 = 61(C, H1, H2), H1(C0) = H10,

H′2 = 62(C, H1, H2), H2(C0) = H20

at equally spaced points C0, C1, . . . , C= = 1 in an interval [C0, 1]. Thus,

C8 = C0 + 8ℎ, 8 = 0, 1, . . . , =,

where

ℎ =
1 − C0

=
.
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We’ll denote the approximate values of H1 and H2 at these points by H10, H11, . . . , H1= and

H20, H21, . . . , H2=. The Runge-Kutta method computes these approximate values as follows:

given H18 and H28, compute

�18 = 61(C8, H18, H28),

�18 = 62(C8, H18, H28),

�28 = 61

(
C8 +

ℎ

2
, H18 +

ℎ

2
�18, H28 +

ℎ

2
�18

)
,

�28 = 62

(
C8 +

ℎ

2
, H18 +

ℎ

2
�18, H28 +

ℎ

2
�18

)
,

�38 = 61

(
C8 +

ℎ

2
, H18 +

ℎ

2
�28, H28 +

ℎ

2
�28

)
,

�38 = 62

(
C8 +

ℎ

2
, H18 +

ℎ

2
�28, H28 +

ℎ

2
�28

)
,

�48 = 61(C8 + ℎ, H18 + ℎ�38, H28 + ℎ�38),

�48 = 62(C8 + ℎ, H18 + ℎ�38, H28 + ℎ�38),

and

H1,8+1 = H18 +
ℎ

6
(�18 + 2�28 + 2�38 + �48),

H2,8+1 = H28 +
ℎ

6
(�18 + 2�28 + 2�38 + �48)

for 8 = 0, . . . , = − 1. Under appropriate conditions on 61 and 62, it can be shown that the

global truncation error for the Runge-Kutta method is $ (ℎ4), as in the scalar case considered in

Section 3.3.

Exercises

1. Tanks )1 and )2 contain 50 gallons and 100 gallons of salt solutions, respectively. A

solution with 2 pounds of salt per gallon is pumped into )1 from an external source at

1 gal/min, and a solution with 3 pounds of salt per gallon is pumped into )2 from an

external source at 2 gal/min. The solution from )1 is pumped into )2 at 3 gal/min, and

the solution from )2 is pumped into )1 at 4 gal/min. )1 is drained at 2 gal/min and )2

is drained at 1 gal/min. Let &1(C) and &2(C) be the number of pounds of salt in )1 and

)2, respectively, at time C > 0. Derive a system of differential equations for &1 and &2.

Assume that both mixtures are well stirred.

2. Two 500 gallon tanks )1 and )2 initially contain 100 gallons each of salt solution. A

solution with 2 pounds of salt per gallon is pumped into )1 from an external source at

6 gal/min, and a solution with 1 pound of salt per gallon is pumped into)2 from an external

source at 5 gal/min. The solution from )1 is pumped into )2 at 2 gal/min, and the solution

from )2 is pumped into )1 at 1 gal/min. Both tanks are drained at 3 gal/min. Let&1(C) and

&2(C) be the number of pounds of salt in )1 and )2, respectively, at time C > 0. Derive a

system of differential equations for&1 and&2 that’s valid until a tank is about to overflow.

Assume that both mixtures are well stirred.
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3. A mass <1 is suspended from a rigid support on a spring (1 with spring constant :1 and

damping constant 21. A second mass <2 is suspended from the first on a spring (2 with

spring constant :2 and damping constant 22, and a third mass <3 is suspended from the

second on a spring (3 with spring constant :3 and damping constant 23. Let H1 = H1(C),

H2 = H2(C), and H3 = H3(C) be the displacements of the three masses from their equilibrium

positions at time C, measured positive upward. Derive a system of differential equations

for H1, H2 and H3, assuming that the masses of the springs are negligible and that vertical

external forces �1, �2, and �3 also act on the masses.

4. Let X = G i+ H j+ I k be the position vector of an object with mass <, expressed in terms

of a rectangular coordinate system with origin at Earth’s center (Figure 10.1.3). Derive

a system of differential equations for G, H, and I, assuming that the object moves under

Earth’s gravitational force (given by Newton’s law of gravitation, as in Example 10.1.3

) and a resistive force proportional to the speed of the object. Let U be the constant of

proportionality.

5. Rewrite the given system as a first order system.

(a)
G′′′ = 5 (C, G, H, H′)

H′′ = 6(C, H, H′)
(b)

D′ = 5 (C, D, E, E′, F′)

E′′ = 6(C, D, E, E′, F)

F′′ = ℎ(C, D, E, E′, F, F′)

(c) H′′′ = 5 (C, H, H′, H′′) (d) H (4) = 5 (C, H)

(e)
G′′ = 5 (C, G, H)

H′′ = 6(C, G, H)

6. Rewrite the system (10.1.14) of differential equations derived in Example 10.1.3 as a first

order system.

7. Formulate a version of Euler’s method (Section 3.1) for the numerical solution of the

initial value problem

H′
1

= 61(C, H1, H2), H1(C0) = H10,

H′
2

= 62(C, H1, H2), H2(C0) = H20,

on an interval [C0, 1].

8. Formulate a version of the improved Euler method (Section 3.2) for the numerical solution

of the initial value problem

H′
1

= 61(C, H1, H2), H1(C0) = H10,

H′
2

= 62(C, H1, H2), H2(C0) = H20,

on an interval [C0, 1].
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10.2 Linear Systems of Differential Equations

A first order system of differential equations that can be written in the form

H′
1

= 011(C)H1 + 012(C)H2 + · · · + 01= (C)H= + 51(C)

H′
2

= 021(C)H1 + 022(C)H2 + · · · + 02= (C)H= + 52(C)
...

H′= = 0=1(C)H1 + 0=2(C)H2 + · · · + 0== (C)H= + 5= (C)

(10.2.1)

is called a linear system.

The linear system (10.2.1) can be written in matrix form as



H′
1

H′
2
...

H′=


=



011(C) 012(C) · · · 01= (C)

021(C) 022(C) · · · 02= (C)
...

...
. . .

...

0=1(C) 0=2(C) · · · 0== (C)





H1

H2
...

H=


+



51(C)

52(C)
...

5= (C)


,

or more briefly as

y′ = �(C)y + f (C), (10.2.2)

where

y =



H1

H2
...

H=


, �(C) =



011(C) 012(C) · · · 01= (C)

021(C) 022(C) · · · 02= (C)
...

...
. . .

...

0=1(C) 0=2(C) · · · 0== (C)


, and f (C) =



51(C)

52(C)
...

5= (C)


.

We call � the coefficient matrix of (10.2.2) and f the forcing function. We’ll say that � and f are

continuous if their entries are continuous. If f = 0, then (10.2.2) is homogeneous; otherwise,

(10.2.2) is nonhomogeneous.

An initial value problem for (10.2.2) consists of finding a solution of (10.2.2) that equals a

given constant vector

k =



:1

:2
...

:=


.

at some initial point C0. We write this initial value problem as

y′ = �(C)y + f (C), y(C0) = k.

The next theorem gives sufficient conditions for the existence of solutions of initial value

problems for (10.2.2). We omit the proof.

Theorem 10.2.1 Suppose the coefficient matrix � and the forcing function f are continuous on

(0, 1), let C0 be in (0, 1), and let k be an arbitrary constant =-vector. Then the initial value

problem

y′ = �(C)y + f (C), y(C0) = k

has a unique solution on (0, 1).
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Example 10.2.1

(a) Write the system

H′
1

= H1 + 2H2 + 244C

H′
2

= 2H1 + H2 + 44C
(10.2.3)

in matrix form and conclude from Theorem 10.2.1 that every initial value problem for

(10.2.3) has a unique solution on (−∞,∞).

(b) Verify that

y =
1

5

[
8

7

]
44C + 21

[
1

1

]
43C + 22

[
1

−1

]
4−C (10.2.4)

is a solution of (10.2.3) for all values of the constants 21 and 22.

(c) Find the solution of the initial value problem

y′ =

[
1 2

2 1

]
y +

[
2

1

]
44C , y(0) =

1

5

[
3

22

]
. (10.2.5)

Solution (a) The system (10.2.3) can be written in matrix form as

y′ =

[
1 2

2 1

]
y +

[
2

1

]
44C .

An initial value problem for (10.2.3) can be written as

y′ =

[
1 2

2 1

]
y +

[
2

1

]
44C , y(C0) =

[
:1

:2

]
.

Since the coefficient matrix and the forcing function are both continuous on (−∞,∞), Theo-

rem 10.2.1 implies that this problem has a unique solution on (−∞,∞).

Solution (b) If y is given by (10.2.4), then

�y + f =
1

5

[
1 2

2 1

] [
8

7

]
44C + 21

[
1 2

2 1

] [
1

1

]
43C

+22

[
1 2

2 1

] [
1

−1

]
4−C +

[
2

1

]
44C

=
1

5

[
22

23

]
44C + 21

[
3

3

]
43C + 22

[
−1

1

]
4−C +

[
2

1

]
44C

=
1

5

[
32

28

]
44C + 321

[
1

1

]
43C − 22

[
1

−1

]
4−C = y′.

Solution (c) We must choose 21 and 22 in (10.2.4) so that

1

5

[
8

7

]
+ 21

[
1

1

]
+ 22

[
1

−1

]
=

1

5

[
3

22

]
,
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which is equivalent to [
1 1

1 −1

] [
21

22

]
=

[
−1

3

]
.

Solving this system yields 21 = 1, 22 = −2, so

y =
1

5

[
8

7

]
44C +

[
1

1

]
43C − 2

[
1

−1

]
4−C

is the solution of (10.2.5).

Remark: The theory of = × = linear systems of differential equations is analogous to the theory

of the scalar =-th order equation

%0(C)H
(=) + %1(C)H

(=−1) + · · · + %= (C)H = � (C), (10.2.6)

as developed in Sections 9.1. For example, by rewriting (10.2.6) as an equivalent linear system

it can be shown that Theorem 10.2.1 implies Theorem 9.1.1 (Exercise 12).

Exercises

1. Rewrite the system in matrix form and verify that the given vector function satisfies the

system for any choice of the constants 21 and 22.

(a)
H′

1
= 2H1 + 4H2

H′
2

= 4H1 + 2H2;
y = 21

[
1

1

]
46C + 22

[
1

−1

]
4−2C

(b)
H′

1
= −2H1 − 2H2

H′
2

= −5H1 + H2;
y = 21

[
1

1

]
4−4C + 22

[
−2

5

]
43C

(c)
H′

1
= −4H1 − 10H2

H′
2

= 3H1 + 7H2;
y = 21

[
−5

3

]
42C + 22

[
2

−1

]
4C

(d)
H′

1
= 2H1 + H2

H′
2

= H1 + 2H2;
y = 21

[
1

1

]
43C + 22

[
1

−1

]
4C

2. Rewrite the system in matrix form and verify that the given vector function satisfies the

system for any choice of the constants 21, 22, and 23.

(a)

H′
1

= −H1 + 2H2 + 3H3

H′
2

= H2 + 6H3

H′
3

= −2H3;

y = 21


1

1

0


4C + 22


1

0

0


4−C + 23


1

−2

1


4−2C

(b)

H′
1

= 2H2 + 2H3

H′
2

= 2H1 + 2H3

H′
3

= 2H1 + 2H2;

y = 21


−1

0

1


4−2C + 22


0

−1

1


4−2C + 23


1

1

1


44C
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(c)

H′
1

= −H1 + 2H2 + 2H3

H′
2

= 2H1 − H2 + 2H3

H′
3

= 2H1 + 2H2 − H3;

y = 21


−1

0

1


4−3C + 22


0

−1

1


4−3C + 23


1

1

1


43C

(d)

H′
1

= 3H1 − H2 − H3

H′
2

= −2H1 + 3H2 + 2H3

H′
3

= 4H1 − H2 − 2H3;

y = 21


1

0

1


42C + 22


1

−1

1


43C + 23


1

−3

7


4−C

3. Rewrite the initial value problem in matrix form and verify that the given vector function

is a solution.

(a)
H′

1
= H1 + H2

H′
2

= −2H1 + 4H2,

H1(0) = 1

H2(0) = 0;
y = 2

[
1

1

]
42C −

[
1

2

]
43C

(b)
H′

1
= 5H1 + 3H2

H′
2

= −H1 + H2,

H1(0) = 12

H2(0) = −6;
y = 3

[
1

−1

]
42C + 3

[
3

−1

]
44C

4. Rewrite the initial value problem in matrix form and verify that the given vector function

is a solution.

(a)

H′
1

= 6H1 + 4H2 + 4H3

H′
2

= −7H1 − 2H2 − H3,

H′
3

= 7H1 + 4H2 + 3H3

,

H1(0) = 3

H2(0) = −6

H3(0) = 4

y =


1

−1

1


46C + 2


1

−2

1


42C +


0

−1

1


4−C

(b)

H′
1

= 8H1 + 7H2 + 7H3

H′
2

= −5H1 − 6H2 − 9H3,

H′
3

= 5H1 + 7H2 + 10H3,

H1(0) = 2

H2(0) = −4

H3(0) = 3

y =


1

−1

1


48C +


0

−1

1


43C +


1

−2

1


4C

5. Rewrite the system in matrix form and verify that the given vector function satisfies the

system for any choice of the constants 21 and 22.

(a)
H′

1
= −3H1 + 2H2 + 3 − 2C

H′
2

= −5H1 + 3H2 + 6 − 3C

y = 21

[
2 cos C

3 cos C − sin C

]
+ 22

[
2 sin C

3 sin C + cos C

]
+

[
1

C

]

(b)
H′

1
= 3H1 + H2 − 54C

H′
2

= −H1 + H2 + 4
C

y = 21

[
−1

1

]
42C + 22

[
1 + C

−C

]
42C +

[
1

3

]
4C
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(c)
H′

1
= −H1 − 4H2 + 443C + 8C4C

H′
2

= −H1 − H2 + 4
3C + (4C + 2)4C

y = 21

[
2

1

]
4−3C + 22

[
−2

1

]
4C +

[
43C

2C4C

]

(d)
H′

1
= −6H1 − 3H2 + 1442C + 124C

H′
2

= H1 − 2H2 + 742C − 124C

y = 21

[
−3

1

]
4−5C + 22

[
−1

1

]
4−3C +

[
42C + 34C

242C − 34C

]

6. Suppose %0, %1, . . . , %= and � are continuous on (0, 1), and %0 has no zeros there. Convert

the linear scalar equation

%0(C)H
(=) + %1(C)H

(=−1) + · · · + %= (C)H(C) = � (C) (A)

into an equivalent = × = system

y′ = �(C)y + f (C),

and show that � and f are continuous on (0, 1).

7. A matrix function

&(C) =



@11(C) @12(C) · · · @1B (C)

@21(C) @22(C) · · · @2B (C)
...

...
. . .

...

@A1(C) @A2(C) · · · @AB (C)


is said to be differentiable if its entries {@8 9 } are differentiable. Then the derivative &′ is

defined by

&′(C) =



@′
11
(C) @′

12
(C) · · · @′

1B
(C)

@′
21
(C) @′

22
(C) · · · @′

2B
(C)

...
...

. . .
...

@′
A1
(C) @′

A2
(C) · · · @′AB (C)


.

(a) Prove: If % and& are differentiable matrices such that %+& is defined and if 21 and

22 are constants, then

(21% + 22&)
′
= 21%

′ + 22&
′.

(b) Prove: If % and & are differentiable matrices such that %& is defined, then

(%&)′ = %′& + %&′.

8. Verify that . ′ = �. .

(a) . =

[
46C 4−2C

46C −4−2C

]
, � =

[
2 4

4 2

]

(b) . =

[
4−4C −243C

4−4C 543C

]
, � =

[
−2 −2

−5 1

]

(c) . =

[
−542C 24C

342C −4C

]
, � =

[
−4 −10

3 7

]
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(d) . =

[
43C 4C

43C −4C

]
, � =

[
2 1

1 2

]

(e) . =


4C 4−C 4−2C

4C 0 −24−2C

0 0 4−2C


, � =


−1 2 3

0 1 6

0 0 −2


(f) . =


−4−2C −4−2C 44C

0 4−2C 44C

4−2C 0 44C


, � =


0 2 2

2 0 2

2 2 0


(g) . =


43C 4−3C 0

43C 0 −4−3C

43C 4−3C 4−3C


, � =


−9 6 6

−6 3 6

−6 6 3


(h) . =


42C 43C 4−C

0 −43C −34−C

42C 43C 74−C


, � =


3 −1 −1

−2 3 2

4 −1 −2


9. Suppose

y1 =

[
H11

H21

]
and y2 =

[
H12

H22

]

are solutions of the homogeneous system

y′ = �(C)y, (A)

and define

. =

[
H11 H12

H21 H22

]
.

(a) Show that . ′ = �. .

(b) Show that if c is a constant vector then y = .c is a solution of (A).

(c) State generalizations of (a) and (b) for = × = systems.

10. Suppose . is a differentiable square matrix.

(a) Find a formula for the derivative of .2.

(b) Find a formula for the derivative of . =, where = is any positive integer.

(c) State how the results obtained in (a) and (b) are analogous to results from calculus

concerning scalar functions.

11. It can be shown that if . is a differentiable and invertible square matrix function, then .−1

is differentiable.

(a) Show that (.−1)′ = −.−1. ′.−1. (Hint: Differentiate the identity .−1. = �.)

(b) Find the derivative of .−= =
(
.−1

)=
, where = is a positive integer.

(c) State how the results obtained in (a) and (b) are analogous to results from calculus

concerning scalar functions.
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12. Show that Theorem 10.2.1 implies Theorem 9.1.1. Hint: Write the scalar equation

%0(G)H
(=) + %1(G)H

(=−1) + · · · + %= (G)H = � (G)

as an = × = system of linear equations.

13. Suppose y is a solution of the = × = system y′ = �(C)y on (0, 1), and that the = × = matrix

% is invertible and differentiable on (0, 1). Find a matrix � such that the function x = %y

is a solution of x′ = �x on (0, 1).

10.3 Basic Theory of Homogeneous Linear Systems

In this section we consider homogeneous linear systems y′ = �(C)y, where � = �(C) is a

continuous = × = matrix function on an interval (0, 1). The theory of linear homogeneous

systems has much in common with the theory of linear homogeneous scalar equations, which

we considered in Sections 2.1, 5.1, and 9.1.

Whenever we refer to solutions of y′ = �(C)y we’ll mean solutions on (0, 1). Since y ≡ 0

is obviously a solution of y′ = �(C)y, we call it the trivial solution. Any other solution is

nontrivial.

If y1, y2, . . . , y= are vector functions defined on an interval (0, 1) and 21, 22, . . . , 2= are

constants, then

y = 21y1 + 22y2 + · · · + 2=y= (10.3.1)

is a linear combination of y1, y2, . . . ,y=. It’s easy to show that if y1, y2, . . . ,y= are solutions of

y′ = �(C)y on (0, 1), then so is any linear combination of y1, y2, . . . , y= (Exercise 1). We say

that {y1, y2, . . . , y=} is a fundamental set of solutions of y′ = �(C)y on (0, 1) if every solution

of y′ = �(C)y on (0, 1) can be written as a linear combination of y1, y2, . . . , y=, as in (10.3.1).

In this case we say that (10.3.1) is the general solution of y′ = �(C)y on (0, 1).

It can be shown that if � is continuous on (0, 1) then y′ = �(C)y has infinitely many

fundamental sets of solutions on (0, 1) (Exercises 15 and 16). The next definition will help to

characterize fundamental sets of solutions of y′ = �(C)y.

We say that a set {y1, y2, . . . , y=} of =-vector functions is linearly independent on (0, 1) if the

only constants 21, 22, . . . , 2= such that

21y1(C) + 22y2(C) + · · · + 2=y= (C) = 0, 0 < C < 1, (10.3.2)

are 21 = 22 = · · · = 2= = 0. If (10.3.2) holds for some set of constants 21, 22, . . . , 2= that are not

all zero, then {y1, y2, . . . , y=} is linearly dependent on (0, 1). The next theorem is analogous to

Theorems 5.1.3 and 9.1.2.

Theorem 10.3.1 Suppose the = × = matrix � = �(C) is continuous on (0, 1). Then a set

{y1, y2, . . . , y=} of = solutions of y′ = �(C)y on (0, 1) is a fundamental set if and only if it’s

linearly independent on (0, 1).

Example 10.3.1 Show that the vector functions

y1 =


4C

0

4−C


, y2 =


0

43C

1


, and y3 =


42C

43C

0


are linearly independent on every interval (0, 1).
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Solution Suppose

21


4C

0

4−C


+ 22


0

43C

1


+ 23


42C

43C

0


=


0

0

0


, 0 < C < 1.

We must show that 21 = 22 = 23 = 0. Rewriting this equation in matrix form yields


4C 0 42C

0 43C 43C

4−C 1 0



21

22

23


=


0

0

0


, 0 < C < 1.

Expanding the determinant of this system in cofactors of the entries of the first row yields������
4C 0 42C

0 43C 43C

4−C 1 0

������ = 4C
���� 43C 43C

1 0

���� − 0

���� 0 43C

4−C 0

���� + 42C

���� 0 43C

4−C 1

����
= 4C (−43C) + 42C (−42C) = −244C .

Since this determinant is never zero, 21 = 22 = 23 = 0.

We can use the method in Example 10.3.1 to test = solutions {y1, y2, . . . , y=} of any = × =

system y′ = �(C)y for linear independence on an interval (0, 1) on which � is continuous. To

explain this (and for other purposes later), it’s useful to write a linear combination of y1, y2, . . . ,

y= in a different way. We first write the vector functions in terms of their components as

y1 =



H11

H21
...

H=1


, y2 =



H12

H22
...

H=2


, . . . , y= =



H1=

H2=
...

H==


.

If

y = 21y1 + 22y2 + · · · + 2=y=

then

y = 21



H11

H21
...

H=1


+ 22



H12

H22
...

H=2


+ · · · + 2=



H1=

H2=
...

H==



=



H11 H12 · · · H1=

H21 H22 · · · H2=
...

...
. . .

...

H=1 H=2 · · · H==





21

22
...

2=


.

This shows that

21y1 + 22y2 + · · · + 2=y= = .c, (10.3.3)

where

c =



21

22
...

2=


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and

. = [y1 y2 · · · y=] =



H11 H12 · · · H1=

H21 H22 · · · H2=
...

...
. . .

...

H=1 H=2 · · · H==


; (10.3.4)

that is, the columns of . are the vector functions y1, y2, . . . , y=.

For reference below, note that

. ′
= [y′1 y′2 · · · y′=]

= [�y1 �y2 · · · �y=]

= �[y1 y2 · · · y=] = �. ;

that is, . satisfies the matrix differential equation

. ′
= �..

The determinant of . ,

, =

���������

H11 H12 · · · H1=

H21 H22 · · · H2=
...

...
. . .

...

H=1 H=2 · · · H==

���������
(10.3.5)

is called the Wronskian of {y1, y2, . . . , y=}. It can be shown (Exercises 2 and 3) that this

definition is analogous to definitions of the Wronskian of scalar functions given in Sections 5.1

and 9.1. The next theorem is analogous to Theorems 5.1.4 and 9.1.3. The proof is sketched in

Exercise 4 for = = 2 and in Exercise 5 for general =.

Theorem 10.3.2 [Abel’s Formula] Suppose the = × = matrix � = �(C) is continuous on (0, 1),

let y1, y2, . . . , y= be solutions of y′ = �(C)y on (0, 1), and let C0 be in (0, 1). Then the Wronskian

of {y1, y2, . . . , y=} is given by

, (C) = , (C0) exp

(∫ C

C0

[
011(B) + 022(B) + · · · + 0== (B)] 3B

)
, 0 < C < 1. (10.3.6)

Therefore, either, has no zeros in (0, 1) or, ≡ 0 on (0, 1).

Remark: The sum of the diagonal entries of a square matrix � is called the trace of �, denoted

by tr(�). Thus, for an = × = matrix �,

tr(�) = 011 + 022 + · · · + 0==,

and (10.3.6) can be written as

, (C) = , (C0) exp

(∫ C

C0

tr(�(B)) 3B

)
, 0 < C < 1.

The next theorem is analogous to Theorems 5.1.6 and 9.1.4.

Theorem 10.3.3 Suppose the = × = matrix � = �(C) is continuous on (0, 1) and let y1, y2,

. . . ,y= be solutions of y′ = �(C)y on (0, 1). Then the following statements are equivalent; that

is, they are either all true or all false:

https://mathshistory.st-andrews.ac.uk/Biographies/Wronski/
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(a) The general solution of y′ = �(C)y on (0, 1) is y = 21y1 + 22y2 + · · · + 2=y=, where 21, 22,

. . . , 2= are arbitrary constants.

(b) {y1, y2, . . . , y=} is a fundamental set of solutions of y′ = �(C)y on (0, 1).

(c) {y1, y2, . . . , y=} is linearly independent on (0, 1).

(d) The Wronskian of {y1, y2, . . . , y=} is nonzero at some point in (0, 1).

(e) The Wronskian of {y1, y2, . . . , y=} is nonzero at all points in (0, 1).

We say that . in (10.3.4) is a fundamental matrix for y′ = �(C)y if any (and therefore all) of

the statements (a)-(e) of Theorem 10.3.3 are true for the columns of . . In this case, (10.3.3)

implies that the general solution of y′ = �(C)y can be written as y = .c, where c is an arbitrary

constant =-vector.

Example 10.3.2 The vector functions

y1 =

[
−42C

242C

]
and y2 =

[
−4−C

4−C

]

are solutions of the constant coefficient system

y′ =

[
−4 −3

6 5

]
y (10.3.7)

on (−∞,∞). (Verify.)

(a) Compute the Wronskian of {y1, y2} directly from the definition (10.3.5)

(b) Verify Abel’s formula (10.3.6) for the Wronskian of {y1, y2}.

(c) Find the general solution of (10.3.7).

(d) Solve the initial value problem

y′ =

[
−4 −3

6 5

]
y, y(0) =

[
4

−5

]
. (10.3.8)

Solution (a) From (10.3.5)

, (C) =

���� −42C −4−C

242C 4−C

���� = 42C4−C
(
(−1)(1) − (−1)(2)

)
= 4C . (10.3.9)

Solution (b) Here

� =

[
−4 −3

6 5

]
,

so tr(�) = −4 + 5 = 1. If C0 is an arbitrary real number then (10.3.6) implies that

, (C) = , (C0) exp

(∫ C

C0

1 3B

)
=

���� −42C0 −4−C0

242C0 4−C0

���� 4(C−C0) = 4C04C−C0 = 4C ,
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which is consistent with (10.3.9).

Solution (c) Since , (C) ≠ 0, Theorem 10.3.3 implies that {y1, y2} is a fundamental set of

solutions of (10.3.7) and

. =

[
−42C −4−C

242C 4−C

]

is a fundamental matrix for (10.3.7). Therefore the general solution of (10.3.7) is

y = 21y1 + 22y2 = 21

[
−42C

242C

]
+ 22

[
−4−C

4−C

]
=

[
−42C −4−C

242C 4−C

] [
21

22

]
. (10.3.10)

Solution (d) Setting C = 0 in (10.3.10) and imposing the initial condition in (10.3.8) yields

21

[
−1

2

]
+ 22

[
−1

1

]
=

[
4

−5

]
.

Thus,

−21 − 22 = 4

221 + 22 = −5.

The solution of this system is 21 = −1, 22 = −3. Substituting these values into (10.3.10) yields

y = −

[
−42C

242C

]
− 3

[
−4−C

4−C

]
=

[
42C + 34−C

−242C − 34−C

]

as the solution of (10.3.8).

Exercises

1. Prove: If y1, y2, . . . , y= are solutions of y′ = �(C)y on (0, 1), then any linear combination

of y1, y2, . . . , y= is also a solution of y′ = �(C)y on (0, 1).

2. In Section 5.1 the Wronskian of two solutions H1 and H2 of the scalar second order equation

%0(G)H
′′ + %1(G)H

′ + %2(G)H = 0 (A)

was defined to be

, =

���� H1 H2

H′
1
H′

2

���� .
(a) Rewrite (A) as a system of first order equations and show that , is the Wronskian

(as defined in this section) of two solutions of this system.

(b) Apply Eqn. (10.3.6) to the system derived in (a), and show that

, (G) = , (G0) exp

{
−

∫ G

G0

%1(B)

%0(B)
3B

}
,

which is the form of Abel’s formula given in Theorem 9.1.3.
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3. In Section 9.1 the Wronskian of = solutions H1, H2, . . . , H= of the =−th order equation

%0(G)H
(=) + %1(G)H

(=−1) + · · · + %= (G)H = 0 (A)

was defined to be

, =

�����������

H1 H2 · · · H=

H′
1

H′
2

· · · H′=

...
...

. . .
...

H
(=−1)

1
H
(=−1)

2
· · · H

(=−1)
=

�����������
.

(a) Rewrite (A) as a system of first order equations and show that , is the Wronskian

(as defined in this section) of = solutions of this system.

(b) Apply Eqn. (10.3.6) to the system derived in (a), and show that

, (G) = , (G0) exp

{
−

∫ G

G0

%1(B)

%0(B)
3B

}
,

which is the form of Abel’s formula given in Theorem 9.1.3.

4. Suppose

y1 =

[
H11

H21

]
and y2 =

[
H12

H22

]

are solutions of the 2 × 2 system y′ = �y on (0, 1), and let

. =

[
H11 H12

H21 H22

]
and , =

���� H11 H12

H21 H22

���� ;
thus,, is the Wronskian of {y1, y2}.

(a) Deduce from the definition of determinant that

,′
=

���� H′11
H′

12

H21 H22

���� +
���� H11 H12

H′
21

H′
22

���� .
(b) Use the equation . ′ = �(C). and the definition of matrix multiplication to show that

[H′11 H′12] = 011 [H11 H12] + 012 [H21 H22]

and

[H′21 H′22] = 021 [H11 H12] + 022 [H21 H22] .

(c) Use properties of determinants to deduce from (a) and (b) that���� H′11
H′

12

H21 H22

���� = 011, and

���� H11 H12

H′
21

H′
22

���� = 022,.

(d) Conclude from (c) that

,′
= (011 + 022),,

and use this to show that if 0 < C0 < 1 then

, (C) = , (C0) exp

(∫ C

C0

[011(B) + 022(B)] 3B

)
0 < C < 1.
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5. Suppose the = × = matrix � = �(C) is continuous on (0, 1). Let

. =



H11 H12 · · · H1=

H21 H22 · · · H2=
...

...
. . .

...

H=1 H=2 · · · H==


,

where the columns of . are solutions of y′ = �(C)y. Let

A8 = [H81 H82 . . . H8=]

be the 8th row of . , and let, be the determinant of . .

(a) Deduce from the definition of determinant that

,′
= det(,1) + det(,2) + · · · + det(,=),

where, for 1 ≤ < ≤ =, the 8th row of,< is A8 if 8 ≠ <, and A′< if 8 = <.

(b) Use the equation . ′ = �. and the definition of matrix multiplication to show that

A′< = 0<1A1 + 0<2A2 + · · · + 0<=A=.

(c) Use properties of determinants to deduce from (b) that

det(,<) = 0<<,.

(d) Conclude from (a) and (c) that

,′
= (011 + 022 + · · · + 0==),,

and use this to show that if 0 < C0 < 1 then

, (C) = , (C0) exp

(∫ C

C0

[
011(B) + 022(B) + · · · + 0== (B)] 3B

)
, 0 < C < 1.

6. Suppose the = × = matrix � is continuous on (0, 1) and C0 is a point in (0, 1). Let . be a

fundamental matrix for y′ = �(C)y on (0, 1).

(a) Show that . (C0) is invertible.

(b) Show that if k is an arbitrary =-vector then the solution of the initial value problem

y′ = �(C)y, y(C0) = k

is

y = . (C).−1(C0)k.

7. Let

� =

[
2 4

4 2

]
, y1 =

[
46C

46C

]
, y2 =

[
4−2C

−4−2C

]
, k =

[
−3

9

]
.

(a) Verify that {y1, y2} is a fundamental set of solutions for y′ = �y.
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(b) Solve the initial value problem

y′ = �y, y(0) = k. (A)

(c) Use the result of Exercise 6(b) to find a formula for the solution of (A) for an arbitrary

initial vector k.

8. Repeat Exercise 7 with

� =

[
−2 −2

−5 1

]
, y1 =

[
4−4C

4−4C

]
, y2 =

[
−243C

543C

]
, k =

[
10

−4

]
.

9. Repeat Exercise 7 with

� =

[
−4 −10

3 7

]
, y1 =

[
−542C

342C

]
, y2 =

[
24C

−4C

]
, k =

[
−19

11

]
.

10. Repeat Exercise 7 with

� =

[
2 1

1 2

]
, y1 =

[
43C

43C

]
, y2 =

[
4C

−4C

]
, k =

[
2

8

]
.

11. Let

� =


3 −1 −1

−2 3 2

4 −1 −2


,

y1 =


42C

0

42C


, y2 =


43C

−43C

43C


, y3 =


4−C

−34−C

74−C


, k =


2

−7

20


.

(a) Verify that {y1, y2, y3} is a fundamental set of solutions for y′ = �y.

(b) Solve the initial value problem

y′ = �y, y(0) = k. (A)

(c) Use the result of Exercise 6(b) to find a formula for the solution of (A) for an arbitrary

initial vector k.

12. Repeat Exercise 11 with

� =


0 2 2

2 0 2

2 2 0


,

y1 =


−4−2C

0

4−2C


, y2 =


−4−2C

4−2C

0


, y3 =


44C

44C

44C


, k =


0

−9

12


.
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13. Repeat Exercise 11 with

� =


−1 2 3

0 1 6

0 0 −2


,

y1 =


4C

4C

0


, y2 =


4−C

0

0


, y3 =


4−2C

−24−2C

4−2C


, k =


5

5

−1


.

14. Suppose . and / are fundamental matrices for the = × = system y′ = �(C)y. Then some

of the four matrices ./−1, .−1/ , /−1. , /.−1 are necessarily constant. Identify them and

prove that they are constant.

15. Suppose the columns of an = × = matrix . are solutions of the = × = system y′ = �y and

� is an = × = constant matrix.

(a) Show that the matrix / = .� satisfies the differential equation /′ = �/ .

(b) Show that / is a fundamental matrix for y′ = �(C)y if and only if � is invertible and

. is a fundamental matrix for y′ = �(C)y.

16. Suppose the = × = matrix � = �(C) is continuous on (0, 1) and C0 is in (0, 1). For 8 = 1,

2, . . . , =, let y8 be the solution of the initial value problem y′8 = �(C)y8, y8 (C0) = e8, where

e1 =



1

0
...

0


, e2 =



0

1
...

0


, · · · e= =



0

0
...

1


;

that is, the 9 th component of e8 is 1 if 9 = 8, or 0 if 9 ≠ 8.

(a) Show that{y1, y2, . . . , y=} is a fundamental set of solutions of y′ = �(C)y on (0, 1).

(b) Conclude from (a) and Exercise 15 that y′ = �(C)y has infinitely many fundamental

sets of solutions on (0, 1).

17. Show that . is a fundamental matrix for the system y′ = �(C)y if and only if (.−1)) is a

fundamental matrix for y′ = −�) (C)y, where �) denotes the transpose of �. Hint: See

Exercise 11.

18. Let / be the fundamental matrix for the constant coefficient system y′ = �y such that

/ (0) = �.

(a) Show that / (C)/ (B) = / (C + B) for all B and C. Hint: For fixed B let Γ1(C) = / (C)/ (B)

and Γ2(C) = / (C + B). Show that Γ1 and Γ2 are both solutions of the matrix initial

value problem Γ′ = �Γ, Γ(0) = / (B). Then conclude from Theorem 10.2.1 that

Γ1 = Γ2.

(b) Show that (/ (C))−1 = / (−C).

(c) The matrix / defined above is sometimes denoted by 4C�. Discuss the motivation

for this notation.
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10.4 Constant Coefficient Homogeneous Systems I

We’ll now begin our study of the homogeneous system

y′ = �y, (10.4.1)

where � is an =×= constant matrix. Since � is continuous on (−∞,∞), Theorem 10.2.1 implies

that all solutions of (10.4.1) are defined on (−∞,∞). Therefore, when we speak of solutions of

y′ = �y, we’ll mean solutions on (−∞,∞).

In this section we assume that all the eigenvalues of � are real and that � has a set of = linearly

independent eigenvectors. In the next two sections we consider the cases where some of the

eigenvalues of � are complex, or where � does not have = linearly independent eigenvectors.

In Example 10.3.2 we showed that the vector functions

y1 =

[
−42C

242C

]
and y2 =

[
−4−C

4−C

]

form a fundamental set of solutions of the system

y′ =

[
−4 −3

6 5

]
y, (10.4.2)

but we did not show how we obtained y1 and y2 in the first place. To see how these solutions

can be obtained we write (10.4.2) as

H′
1

= −4H1 − 3H2

H′
2

= 6H1 + 5H2
(10.4.3)

and look for solutions of the form

H1 = G14
_C and H2 = G24

_C , (10.4.4)

where G1, G2, and _ are constants to be determined. Differentiating (10.4.4) yields

H′1 = _G14
_C and H′2 = _G24

_C .

Substituting this and (10.4.4) into (10.4.3) and canceling the common factor 4_C yields

−4G1 − 3G2 = _G1

6G1 + 5G2 = _G2.

For a given _, this is a homogeneous algebraic system, since it can be rewritten as

(−4 − _)G1 − 3G2 = 0

6G1 + (5 − _)G2 = 0.
(10.4.5)

The trivial solution G1 = G2 = 0 of this system isn’t useful, since it corresponds to the trivial

solution H1 ≡ H2 ≡ 0 of (10.4.3), which can’t be part of a fundamental set of solutions of (10.4.2).

Therefore we consider only those values of _ for which (10.4.5) has nontrivial solutions. These

are the values of _ for which the determinant of (10.4.5) is zero; that is,���� −4 − _ −3

6 5 − _

���� = (−4 − _)(5 − _) + 18

= _2 − _ − 2

= (_ − 2)(_ + 1) = 0,
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which has the solutions _1 = 2 and _2 = −1.

Taking _ = 2 in (10.4.5) yields

−6G1 − 3G2 = 0

6G1 + 3G2 = 0,

which implies that G1 = −G2/2, where G2 can be chosen arbitrarily. Choosing G2 = 2 yields the

solution H1 = −42C , H2 = 242C of (10.4.3). We can write this solution in vector form as

y1 =

[
−1

2

]
42C . (10.4.6)

Taking _ = −1 in (10.4.5) yields the system

−3G1 − 3G2 = 0

6G1 + 6G2 = 0,

so G1 = −G2. Taking G2 = 1 here yields the solution H1 = −4−C , H2 = 4−C of (10.4.3). We can

write this solution in vector form as

y2 =

[
−1

1

]
4−C . (10.4.7)

In (10.4.6) and (10.4.7) the constant coefficients in the arguments of the exponential functions

are the eigenvalues of the coefficient matrix in (10.4.2), and the vector coefficients of the

exponential functions are associated eigenvectors. This illustrates the next theorem.

Theorem 10.4.1 Suppose the = × = constant matrix � has = real eigenvalues _1, _2, . . . , _=
(which need not be distinct) with associated linearly independent eigenvectors x1, x2, . . . , x=.

Then the functions

y1 = x14
_1C , y2 = x24

_2C , . . . , y= = x=4
_=C

form a fundamental set of solutions of y′ = �y; that is, the general solution of this system is

y = 21x14
_1C + 22x24

_2C + · · · + 2=x=4
_=C .

Proof Differentiating y8 = x84
_8 C and recalling that �x8 = _8x8 yields

y′8 = _8x84
_8 C = �x84

_8C = �y8 .

This shows that y8 is a solution of y′ = �y.

The Wronskian of {y1, y2, . . . , y=} is

���������

G114
_1C G124

_2C · · · G1=4
_=C

G214
_1C G224

_2C · · · G2=4
_=C

...
...

. . .
...

G=14
_1C G=24

_2C · · · G==4
_=C

���������
= 4_1C4_2C · · · 4_=C

�����������

G11 G12 · · · G1=

G21 G22 · · · G2=

...
...

. . .
...

G=1 G=2 · · · G==

�����������
.

Since the columns of the determinant on the right are x1, x2, . . . , x=, which are assumed to

be linearly independent, the determinant is nonzero. Therefore Theorem 10.3.3 implies that

{y1, y2, . . . , y=} is a fundamental set of solutions of y′ = �y.
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Example 10.4.1

(a) Find the general solution of

y′ =

[
2 4

4 2

]
y. (10.4.8)

(b) Solve the initial value problem

y′ =

[
2 4

4 2

]
y, y(0) =

[
5

−1

]
. (10.4.9)

Solution (a) The characteristic polynomial of the coefficient matrix � in (10.4.8) is���� 2 − _ 4

4 2 − _

���� = (_ − 2)2 − 16

= (_ − 2 − 4)(_ − 2 + 4)

= (_ − 6)(_ + 2).

Hence, _1 = 6 and _2 = −2 are eigenvalues of �. To obtain the eigenvectors, we must solve the

system [
2 − _ 4

4 2 − _

] [
G1

G2

]
=

[
0

0

]
(10.4.10)

with _ = 6 and _ = −2. Setting _ = 6 in (10.4.10) yields[
−4 4

4 −4

] [
G1

G2

]
=

[
0

0

]
,

which implies that G1 = G2. Taking G2 = 1 yields the eigenvector

x1 =

[
1

1

]
,

so

y1 =

[
1

1

]
46C

is a solution of (10.4.8). Setting _ = −2 in (10.4.10) yields[
4 4

4 4

] [
G1

G2

]
=

[
0

0

]
,

which implies that G1 = −G2. Taking G2 = 1 yields the eigenvector

x2 =

[
−1

1

]
,

so

y2 =

[
−1

1

]
4−2C

is a solution of (10.4.8). From Theorem 10.4.1, the general solution of (10.4.8) is

y = 21y1 + 22y2 = 21

[
1

1

]
46C + 22

[
−1

1

]
4−2C . (10.4.11)
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Solution (b) To satisfy the initial condition in (10.4.9), we must choose 21 and 22 in (10.4.11)

so that

21

[
1

1

]
+ 22

[
−1

1

]
=

[
5

−1

]
.

This is equivalent to the system

21 − 22 = 5

21 + 22 = −1,

so 21 = 2, 22 = −3. Therefore the solution of (10.4.9) is

y = 2

[
1

1

]
46C − 3

[
−1

1

]
4−2C ,

or, in terms of components,

H1 = 246C + 34−2C , H2 = 246C − 34−2C .

Example 10.4.2

(a) Find the general solution of

y′ =


3 −1 −1

−2 3 2

4 −1 −2


y. (10.4.12)

(b) Solve the initial value problem

y′ =


3 −1 −1

−2 3 2

4 −1 −2


y, y(0) =


2

−1

8


. (10.4.13)

Solution (a) The characteristic polynomial of the coefficient matrix � in (10.4.12) is������
3 − _ −1 −1

−2 3 − _ 2

4 −1 −2 − _

������ = −(_ − 2)(_ − 3)(_ + 1).

Hence, the eigenvalues of � are _1 = 2, _2 = 3, and _3 = −1. To find the eigenvectors, we must

solve the system 
3 − _ −1 −1

−2 3 − _ 2

4 −1 −2 − _



G1

G2

G3


=


0

0

0


(10.4.14)

with _ = 2, 3, −1. With _ = 2, the augmented matrix of (10.4.14) is


1 −1 −1

... 0

−2 1 2
... 0

4 −1 −4
... 0


,
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which is row equivalent to 
1 0 −1

... 0

0 1 0
... 0

0 0 0
... 0


.

Hence, G1 = G3 and G2 = 0. Taking G3 = 1 yields

y1 =


1

0

1


42C

as a solution of (10.4.12). With _ = 3, the augmented matrix of (10.4.14) is


0 −1 −1

... 0

−2 0 2
... 0

4 −1 −5
... 0


,

which is row equivalent to 
1 0 −1

... 0

0 1 1
... 0

0 0 0
... 0


.

Hence, G1 = G3 and G2 = −G3. Taking G3 = 1 yields

y2 =


1

−1

1


43C

as a solution of (10.4.12). With _ = −1, the augmented matrix of (10.4.14) is


4 −1 −1

... 0

−2 4 2
... 0

4 −1 −1
... 0


,

which is row equivalent to 
1 0 −1

7

... 0

0 1 3
7

... 0

0 0 0
... 0


.

Hence, G1 = G3/7 and G2 = −3G3/7. Taking G3 = 7 yields

y3 =


1

−3

7


4−C

as a solution of (10.4.12). By Theorem 10.4.1, the general solution of (10.4.12) is

y = 21


1

0

1


42C + 22


1

−1

1


43C + 23


1

−3

7


4−C ,
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which can also be written as

y =


42C 43C 4−C

0 −43C −34−C

42C 43C 74−C



21

22

23


. (10.4.15)

Solution (b) To satisfy the initial condition in (10.4.13) we must choose 21, 22, 23 in (10.4.15)

so that 
1 1 1

0 −1 −3

1 1 7



21

22

23


=


2

−1

8


.

Solving this system yields 21 = 3, 22 = −2, 23 = 1. Hence, the solution of (10.4.13) is

y =


42C 43C 4−C

0 −43C −34−C

42C 43C 74−C




3

−2

1


= 3


1

0

1


42C − 2


1

−1

1


43C +


1

−3

7


4−C .

Example 10.4.3 Find the general solution of

y′ =


−3 2 2

2 −3 2

2 2 −3


y. (10.4.16)

Solution The characteristic polynomial of the coefficient matrix � in (10.4.16) is������
−3 − _ 2 2

2 −3 − _ 2

2 2 −3 − _

������ = −(_ − 1)(_ + 5)2.

Hence, _1 = 1 is an eigenvalue of multiplicity 1, while _2 = −5 is an eigenvalue of multiplicity

2. Eigenvectors associated with _1 = 1 are solutions of the system with augmented matrix


−4 2 2

... 0

2 −4 2
... 0

2 2 −4
... 0


,

which is row equivalent to 
1 0 −1

... 0

0 1 −1
... 0

0 0 0
... 0


.

Hence, G1 = G2 = G3, and we choose G3 = 1 to obtain the solution

y1 =


1

1

1


4C (10.4.17)
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of (10.4.16). Eigenvectors associated with _2 = −5 are solutions of the system with augmented

matrix 
2 2 2

... 0

2 2 2
... 0

2 2 2
... 0


.

Hence, the components of these eigenvectors need only satisfy the single condition

G1 + G2 + G3 = 0.

Since there’s only one equation here, we can choose G2 and G3 arbitrarily. We obtain one

eigenvector by choosing G2 = 0 and G3 = 1, and another by choosing G2 = 1 and G3 = 0. In both

cases G1 = −1. Therefore 
−1

0

1


and


−1

1

0


are linearly independent eigenvectors associated with _2 = −5, and the corresponding solutions

of (10.4.16) are

y2 =


−1

0

1


4−5C and y3 =


−1

1

0


4−5C .

Because of this and (10.4.17), Theorem 10.4.1 implies that the general solution of (10.4.16) is

y = 21


1

1

1


4C + 22


−1

0

1


4−5C + 23


−1

1

0


4−5C .

Geometric Properties of Solutions when = = 2

We’ll now consider the geometric properties of solutions of a 2 × 2 constant coefficient system[
H′

1

H′
2

]
=

[
011 012

021 022

] [
H1

H2

]
. (10.4.18)

It is convenient to think of a “H1-H2 plane," where a point is identified by rectangular coordinates

(H1, H2). If y =

[
H1

H2

]
is a non-constant solution of (10.4.18), then the point (H1(C), H2(C))

moves along a curve � in the H1-H2 plane as C varies from −∞ to ∞. We call � the trajectory of

y. (We also say that � is a trajectory of the system (10.4.18).) It’s important to note that � is the

trajectory of infinitely many solutions of (10.4.18), since if g is any real number, then y(C − g)

is a solution of (10.4.18) (Exercise 28(b)), and (H1(C − g), H2(C − g)) also moves along � as C

varies from −∞ to ∞. Moreover, Exercise 28(c) implies that distinct trajectories of (10.4.18)

can’t intersect, and that two solutions y1 and y2 of (10.4.18) have the same trajectory if and only

if y2(C) = y1(C − g) for some g.

From Exercise 28(a), a trajectory of a nontrivial solution of (10.4.18) can’t contain (0, 0),

which we define to be the trajectory of the trivial solution y ≡ 0. More generally, if y =

[
:1

:2

]
≠

0 is a constant solution of (10.4.18) (which could occur if zero is an eigenvalue of the matrix of

(10.4.18)), we define the trajectory of y to be the single point (:1, :2).
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To be specific, this is the question: What do the trajectories look like, and how are they

traversed? In this section we’ll answer this question, assuming that the matrix

� =

[
011 012

021 022

]

of (10.4.18) has real eigenvalues _1 and _2 with associated linearly independent eigenvectors x1

and x2. Then the general solution of (10.4.18) is

y = 21x14
_1C + 22x24

_2C . (10.4.19)

We’ll consider other situations in the next two sections.

We leave it to you (Exercise 35) to classify the trajectories of (10.4.18) if zero is an eigenvalue

of �. We’ll confine our attention here to the case where both eigenvalues are nonzero. In this

case the simplest situation is where _1 = _2 ≠ 0, so (10.4.19) becomes

y = (21x1 + 22x2)4
_1C .

Since x1 and x2 are linearly independent, an arbitrary vector x can be written as x = 21x1 + 22x2.

Therefore the general solution of (10.4.18) can be written as y = x4_1C where x is an arbitrary

2-vector, and the trajectories of nontrivial solutions of (10.4.18) are half-lines through (but not

including) the origin. The direction of motion is away from the origin if _1 > 0 (Figure 10.4.1),

toward it if _1 < 0 (Figure 10.4.2). (In these and the next figures an arrow through a point

indicates the direction of motion along the trajectory through the point.)

 y
1

 y
2

Figure 10.4.1 Trajectories of a 2 × 2 system

with a repeated positive eigenvalue

 y
1

 y
2

Figure 10.4.2 Trajectories of a 2 × 2 system

with a repeated negative eigenvalue

Now suppose _2 > _1, and let !1 and !2 denote lines through the origin parallel to x1 and x2,

respectively. By a half-line of !1 (or !2), we mean either of the rays obtained by removing the

origin from !1 (or !2).

Letting 22 = 0 in (10.4.19) yields y = 21x14
_1C . If 21 ≠ 0, the trajectory defined by this

solution is a half-line of !1. The direction of motion is away from the origin if _1 > 0, toward

the origin if _1 < 0. Similarly, the trajectory of y = 22x24
_2C with 22 ≠ 0 is a half-line of !2.

Henceforth, we assume that 21 and 22 in (10.4.19) are both nonzero. In this case, the trajectory

of (10.4.19) can’t intersect !1 or !2, since every point on these lines is on the trajectory of a

solution for which either 21 = 0 or 22 = 0. (Remember: distinct trajectories can’t intersect!).

Therefore the trajectory of (10.4.19) must lie entirely in one of the four open sectors bounded

by !1 and !2, but do not any point on !1 or !2. Since the initial point (H1(0), H2(0)) defined by

y(0) = 21x1 + 22x2



CHAPTER 10. LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS 552

is on the trajectory, we can determine which sector contains the trajectory from the signs of 21

and 22, as shown in Figure 10.4.3.

The direction of y(C) in (10.4.19) is the same as that of

4−_2Cy(C) = 21x14
−(_2−_1)C + 22x2 (10.4.20)

and of

4−_1Cy(C) = 21x1 + 22x24
(_2−_1)C . (10.4.21)

Since the right side of (10.4.20) approaches 22x2 as C → ∞, the trajectory is asymptotically

parallel to !2 as C → ∞. Since the right side of (10.4.21) approaches 21x1 as C → −∞, the

trajectory is asymptotically parallel to !1 as C → −∞.

The shape and direction of traversal of the trajectory of (10.4.19) depend upon whether _1 and

_2 are both positive, both negative, or of opposite signs. We’ll now analyze these three cases.

Henceforth ‖u‖ denote the length of the vector u.

 x
2

 x
1

 c
1
 > 0, c

2
 < 0

 c
1
 > 0, c

2
 > 0

 c
1
 < 0, c

2
 > 0

 c
1
 < 0, c

2
 < 0

 L
1

 L
2

Figure 10.4.3 Four open sectors bounded by !1

and !2

 y
1

 y
2

 L
1

 L
2

Figure 10.4.4 Two positive eigenvalues; motion

away from origin

Case 1: _2 > _1 > 0

Figure 10.4.4 shows some typical trajectories. In this case, limC→−∞ ‖y(C)‖ = 0, so the trajectory

is not only asymptotically parallel to !1 as C → −∞, but is actually asymptotically tangent to !1

at the origin. On the other hand, limC→∞ ‖y(C)‖ = ∞ and

lim
C→∞



y(C) − 22x24
_2C



 = lim
C→∞

‖21x14
_1C ‖ = ∞,

so, although the trajectory is asymptotically parallel to !2 as C → ∞, it’s not asymptotically

tangent to !2. The direction of motion along each trajectory is away from the origin.

Case 2: 0 > _2 > _1

Figure 10.4.5 shows some typical trajectories. In this case, limC→∞ ‖y(C)‖ = 0, so the trajectory

is asymptotically tangent to !2 at the origin as C → ∞. On the other hand, limC→−∞ ‖y(C)‖ = ∞

and

lim
C→−∞



y(C) − 21x14
_1C



 = lim
C→−∞

‖22x24
_2C ‖ = ∞,

so, although the trajectory is asymptotically parallel to !1 as C → −∞, it’s not asymptotically

tangent to it. The direction of motion along each trajectory is toward the origin.
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 y
1

 y
2

 L
1

 L
2

Figure 10.4.5 Two negative eigenvalues;

motion toward the origin

 y
1

 y
2

 L
1

 L
2

Figure 10.4.6 Eigenvalues of different signs

Case 3: _2 > 0 > _1

Figure 10.4.6 shows some typical trajectories. In this case,

lim
C→∞

‖y(C)‖ = ∞ and lim
C→∞



y(C) − 22x24
_2C



 = lim
C→∞

‖21x14
_1C ‖ = 0,

so the trajectory is asymptotically tangent to !2 as C → ∞. Similarly,

lim
C→−∞

‖y(C)‖ = ∞ and lim
C→−∞



y(C) − 21x14
_1C



 = lim
C→−∞

‖22x24
_2C ‖ = 0,

so the trajectory is asymptotically tangent to !1 as C → −∞. The direction of motion is toward

the origin on !1 and away from the origin on !2. The direction of motion along any other

trajectory is away from !1, toward !2.

Exercises

In Exercises 1–15 find the general solution.

1. y′ =

[
1 2

2 1

]
y

2. y′ =
1

4

[
−5 3

3 −5

]
y

3. y′ =
1

5

[
−4 3

−2 −11

]
y 4. y′ =

[
−1 −4

−1 −1

]
y

5. y′ =

[
2 −4

−1 −1

]
y 6. y′ =

[
4 −3

2 −1

]
y

7. y′ =

[
−6 −3

1 −2

]
y

8. y′ =


1 −1 −2

1 −2 −3

−4 1 −1


y

9. y′ =


−6 −4 −8

−4 0 −4

−8 −4 −6


y 10. y′ =


3 5 8

1 −1 −2

−1 −1 −1


y
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11. y′ =


1 −1 2

12 −4 10

−6 1 −7


y 12. y′ =


4 −1 −4

4 −3 −2

1 −1 −1


y

13. y′ =


−2 2 −6

2 6 2

−2 −2 2


y 14. y′ =


3 2 −2

−2 7 −2

−10 10 −5


y

15. y′ =


3 1 −1

3 5 1

−6 2 4


y

In Exercises 16–27 solve the initial value problem.

16. y′ =

[
−7 4

−6 7

]
y, y(0) =

[
2

−4

]

17. y′ =
1

6

[
7 2

−2 2

]
y, y(0) =

[
0

−3

]

18. y′ =

[
21 −12

24 −15

]
y, y(0) =

[
5

3

]

19. y′ =

[
−7 4

−6 7

]
y, y(0) =

[
−1

7

]

20. y′ =
1

6


1 2 0

4 −1 0

0 0 3


y, y(0) =


4

7

1


21. y′ =

1

3


2 −2 3

−4 4 3

2 1 0


y, y(0) =


1

1

5


22. y′ =


6 −3 −8

2 1 −2

3 −3 −5


y, y(0) =


0

−1

−1


23. y′ =

1

3


2 4 −7

1 5 −5

−4 4 −1


y, y(0) =


4

1

3


24. y′ =


3 0 1

11 −2 7

1 0 3


y, y(0) =


2

7

6


25. y′ =


−2 −5 −1

−4 −1 1

4 5 3


y, y(0) =


8

−10

−4


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26. y′ =


3 −1 0

4 −2 0

4 −4 2


y, y(0) =


7

10

2


27. y′ =


−2 2 6

2 6 2

−2 −2 2


y, y(0) =


6

−10

7


28. Let � be an = × = constant matrix. Then Theorem 10.2.1 implies that the solutions of

y′ = �y (A)

are all defined on (−∞,∞).

(a) Use Theorem 10.2.1 to show that the only solution of (A) that can ever equal the

zero vector is y ≡ 0.

(b) Suppose y1 is a solution of (A) and y2 is defined by y2(C) = y1(C − g), where g is an

arbitrary real number. Show that y2 is also a solution of (A).

(c) Suppose y1 and y2 are solutions of (A) and there are real numbers C1 and C2 such that

y1(C1) = y2(C2). Show that y2(C) = y1(C − g) for all C, where g = C2 − C1. Hint: Show

that y1(C − g) and y2(C) are solutions of the same initial value problem for (A), and

apply the uniqueness assertion of Theorem 10.2.1.

In Exercises 29- 34 describe and graph trajectories of the given system.

29. C/G y′ =

[
1 1

1 −1

]
y 30. C/G y′ =

[
−4 3

−2 −11

]
y

31. C/G y′ =

[
9 −3

−1 11

]
y 32. C/G y′ =

[
−1 −10

−5 4

]
y

33. C/G y′ =

[
5 −4

1 10

]
y 34. C/G y′ =

[
−7 1

3 −5

]
y

35. Suppose the eigenvalues of the 2 × 2 matrix � are _ = 0 and ` ≠ 0, with corresponding

eigenvectors x1 and x2. Let !1 be the line through the origin parallel to x1.

(a) Show that every point on !1 is the trajectory of a constant solution of y′ = �y.

(b) Show that the trajectories of nonconstant solutions of y′ = �y are half-lines parallel

to x2 and on either side of !1, and that the direction of motion along these trajectories

is away from !1 if ` > 0, or toward !1 if ` < 0.

The matrices of the systems in Exercises 36-41 are singular. Describe and graph the trajectories

of nonconstant solutions of the given systems.

36. C/G y′ =

[
−1 1

1 −1

]
y 37. C/G y′ =

[
−1 −3

2 6

]
y
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38. C/G y′ =

[
1 −3

−1 3

]
y 39. C/G y′ =

[
1 −2

−1 2

]
y

40. C/G y′ =

[
−4 −4

1 1

]
y 41. C/G y′ =

[
3 −1

−3 1

]
y

42. L Let % = %(C) and & = &(C) be the populations of two species at time C, and assume

that each population would grow exponentially if the other didn’t exist; that is, in the

absence of competition,

%′ = 0% and &′
= 1&, (A)

where 0 and 1 are positive constants. One way to model the effect of competition is to

assume that the growth rate of each population is reduced by an amount proportional to

the other population, so (A) is replaced by

%′ = 0% − U&

&′
= −V% + 1&,

where U and V are positive constants. (Since negative population doesn’t make sense, this

system holds only while % and & are both positive.) Now suppose %(0) = %0 > 0 and

&(0) = &0 > 0.

(a) For several choices of 0, 1, U, and V, verify experimentally (by graphing trajectories

of (A) in the %-& plane) that there’s a constant d > 0 (depending upon 0, 1, U, and

V) with the following properties:

(i) If&0 > d%0, then % reaches zero in finite time, during which& remains positive.

(ii) If&0 < d%0, then& reaches zero in finite time, during which % remains positive.

(b) Conclude from (a) that exactly one of the species becomes extinct in finite time if

&0 ≠ d%0. Determine experimentally what happens if &0 = d%0.

(c) Confirm your experimental results and determine d by expressing the eigenvalues

and associated eigenvectors of

� =

[
0 −U

−V 1

]

in terms of 0, 1, U, and V, and applying the geometric arguments developed at the

end of this section.

10.5 Constant Coefficient Homogeneous Systems II

We saw in Section 10.4 that if an = × = constant matrix � has = real eigenvalues _1, _2, . . . , _=
(which need not be distinct) with associated linearly independent eigenvectors x1, x2, . . . , x=,

then the general solution of y′ = �y is

y = 21x14
_1C + 22x24

_2C + · · · + 2=x=4
_=C .

In this section we consider the case where � has = real eigenvalues, but does not have = linearly

independent eigenvectors. It is shown in linear algebra that this occurs if and only if � has at
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least one eigenvalue of multiplicity A > 1 such that the associated eigenspace has dimension less

than A. In this case � is said to be defective. Since it’s beyond the scope of this book to give a

complete analysis of systems with defective coefficient matrices, we will restrict our attention

to some commonly occurring special cases.

Example 10.5.1 Show that the system

y′ =

[
11 −25

4 −9

]
y (10.5.1)

does not have a fundamental set of solutions of the form {x14
_1C , x24

_2C}, where _1 and _2

are eigenvalues of the coefficient matrix � of (10.5.1) and x1 and x2 are associated linearly

independent eigenvectors.

Solution The characteristic polynomial of � is���� 11 − _ −25

4 −9 − _

���� = (_ − 11)(_ + 9) + 100

= _2 − 2_ + 1 = (_ − 1)2.

Hence, _ = 1 is the only eigenvalue of �. The augmented matrix of the system (� − �)x = 0 is[
10 −25

... 0

4 −10
... 0

]
,

which is row equivalent to 
1 −

5

2

... 0

0 0
... 0


.

Hence, G1 = 5G2/2 where G2 is arbitrary. Therefore all eigenvectors of � are scalar multiples of

x1 =

[
5

2

]
, so � does not have a set of two linearly independent eigenvectors.

From Example 10.5.1, we know that all scalar multiples of y1 =

[
5

2

]
4C are solutions of

(10.5.1); however, to find the general solution we must find a second solution y2 such that

{y1, y2} is linearly independent. Based on your recollection of the procedure for solving a

constant coefficient scalar equation

0H′′ + 1H′ + 2H = 0

in the case where the characteristic polynomial has a repeated root, you might expect to obtain

a second solution of (10.5.1) by multiplying the first solution by C. However, this yields

y2 =

[
5

2

]
C4C , which doesn’t work, since

y′2 =

[
5

2

]
(C4C + 4C), while

[
11 −25

4 −9

]
y2 =

[
5

2

]
C4C .

The next theorem shows what to do in this situation.
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Theorem 10.5.1 Suppose the = × = matrix � has an eigenvalue _1 of multiplicity ≥ 2 and the

associated eigenspace has dimension 1; that is, all _1-eigenvectors of � are scalar multiples of

an eigenvector x. Then there are infinitely many vectors u such that

(� − _1�)u = x. (10.5.2)

Moreover, if u is any such vector then

y1 = x4_1C and y2 = u4_1C + xC4_1C (10.5.3)

are linearly independent solutions of y′ = �y.

A complete proof of this theorem is beyond the scope of this book. The difficulty is in proving

that there’s a vector u satisfying (10.5.2), since det(� − _1�) = 0. We’ll take this without proof

and verify the other assertions of the theorem.

We already know that y1 in (10.5.3) is a solution of y′ = �y. To see that y2 is also a solution,

we compute

y′2 − �y2 = _1u4_1C + x4_1C + _1xC4_1C − �u4_1C − �xC4_1C

= (_1u + x − �u)4_1C + (_1x − �x)C4_1C .

Since �x = _1x, this can be written as

y′2 − �y2 = − ((� − _1�)u − x) 4_1C ,

and now (10.5.2) implies that y′
2
= �y2.

To see that y1 and y2 are linearly independent, suppose 21 and 22 are constants such that

21y1 + 22y2 = 21x4_1C + 22(u4
_1C + xC4_1C) = 0. (10.5.4)

We must show that 21 = 22 = 0. Multiplying (10.5.4) by 4−_1C shows that

21x + 22(u + xC) = 0. (10.5.5)

By differentiating this with respect to C, we see that 22x = 0, which implies 22 = 0, because

x ≠ 0. Substituting 22 = 0 into (10.5.5) yields 21x = 0, which implies that 21 = 0, again because

x ≠ 0.

Example 10.5.2 Use Theorem 10.5.1 to find the general solution of the system

y′ =

[
11 −25

4 −9

]
y (10.5.6)

considered in Example 10.5.1.

Solution In Example 10.5.1 we saw that _1 = 1 is an eigenvalue of multiplicity 2 of the

coefficient matrix � in (10.5.6), and that all of the eigenvectors of � are multiples of

x =

[
5

2

]
.

Therefore

y1 =

[
5

2

]
4C
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is a solution of (10.5.6). From Theorem 10.5.1, a second solution is given by y2 = u4C + xC4C ,

where (� − �)u = x. The augmented matrix of this system is[
10 −25

... 5

4 −10
... 2

]
,

which is row equivalent to [
1 −5

2

... 1
2

0 0
... 0

]
.

Therefore the components of u must satisfy

D1 −
5

2
D2 =

1

2
,

where D2 is arbitrary. We choose D2 = 0, so that D1 = 1/2 and

u =

[
1
2

0

]
.

Thus,

y2 =

[
1

0

]
4C

2
+

[
5

2

]
C4C .

Since y1 and y2 are linearly independent by Theorem 10.5.1, they form a fundamental set of

solutions of (10.5.6). Therefore the general solution of (10.5.6) is

y = 21

[
5

2

]
4C + 22

( [
1

0

]
4C

2
+

[
5

2

]
C4C

)
.

Note that choosing the arbitrary constant D2 to be nonzero is equivalent to adding a scalar

multiple of y1 to the second solution y2 (Exercise 33).

Example 10.5.3 Find the general solution of

y′ =


3 4 −10

2 1 −2

2 2 −5


y. (10.5.7)

Solution The characteristic polynomial of the coefficient matrix � in (10.5.7) is������
3 − _ 4 −10

2 1 − _ −2

2 2 −5 − _

������ = −(_ − 1)(_ + 1)2.

Hence, the eigenvalues are _1 = 1 with multiplicity 1 and _2 = −1 with multiplicity 2.

Eigenvectors associated with _1 = 1 must satisfy (� − �)x = 0. The augmented matrix of this

system is 
2 4 −10

... 0

2 0 −2
... 0

2 2 −6
... 0


,
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which is row equivalent to 
1 0 −1

... 0

0 1 −2
... 0

0 0 0
... 0


.

Hence, G1 = G3 and G2 = 2G3, where G3 is arbitrary. Choosing G3 = 1 yields the eigenvector

x1 =


1

2

1


.

Therefore

y1 =


1

2

1


4C

is a solution of (10.5.7).

Eigenvectors associated with _2 = −1 satisfy (� + �)x = 0. The augmented matrix of this

system is 
4 4 −10

... 0

2 2 −2
... 0

2 2 −4
... 0


,

which is row equivalent to 
1 1 0

... 0

0 0 1
... 0

0 0 0
... 0


.

Hence, G3 = 0 and G1 = −G2, where G2 is arbitrary. Choosing G2 = 1 yields the eigenvector

x2 =


−1

1

0


,

so

y2 =


−1

1

0


4−C

is a solution of (10.5.7).

Since all the eigenvectors of � associated with _2 = −1 are multiples of x2, we must now use

Theorem 10.5.1 to find a third solution of (10.5.7) in the form

y3 = u4−C +


−1

1

0


C4−C , (10.5.8)

where u is a solution of (� + �)u = x2. The augmented matrix of this system is


4 4 −10

... −1

2 2 −2
... 1

2 2 −4
... 0


,
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which is row equivalent to 
1 1 0

... 1

0 0 1
... 1

2

0 0 0
... 0


.

Hence, D3 = 1/2 and D1 = 1 − D2, where D2 is arbitrary. Choosing D2 = 0 yields

u =


1

0
1
2


,

and substituting this into (10.5.8) yields the solution

y3 =


2

0

1


4−C

2
+


−1

1

0


C4−C

of (10.5.7).

Since the Wronskian of {y1, y2, y3} at C = 0 is������
1 −1 1

2 1 0

1 0 1
2

������ =
1

2
,

{y1, y2, y3} is a fundamental set of solutions of (10.5.7). Therefore the general solution of

(10.5.7) is

y = 21


1

2

1


4C + 22


−1

1

0


4−C + 23

©­«


2

0

1


4−C

2
+


−1

1

0


C4−C

ª®¬
.

Theorem 10.5.2 Suppose the = × = matrix � has an eigenvalue _1 of multiplicity ≥ 3 and the

associated eigenspace is one–dimensional; that is, all eigenvectors associated with _1 are scalar

multiples of the eigenvector x. Then there are infinitely many vectors u such that

(� − _1�)u = x, (10.5.9)

and, if u is any such vector, there are infinitely many vectors v such that

(� − _1�)v = u. (10.5.10)

If u satisfies (10.5.9) and v satisfies (10.5.10), then

y1 = x4_1C ,

y2 = u4_1C + xC4_1C , and

y3 = v4_1C + uC4_1C + x
C24_1C

2

are linearly independent solutions of y′ = �y.

Again, it’s beyond the scope of this book to prove that there are vectors u and v that satisfy

(10.5.9) and (10.5.10). Theorem 10.5.1 implies that y1 and y2 are solutions of y′ = �y. We

leave the rest of the proof to you (Exercise 34).
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Example 10.5.4 Use Theorem 10.5.2 to find the general solution of

y′ =


1 1 1

1 3 −1

0 2 2


y. (10.5.11)

Solution The characteristic polynomial of the coefficient matrix � in (10.5.11) is������
1 − _ 1 1

1 3 − _ −1

0 2 2 − _

������ = −(_ − 2)3.

Hence, _1 = 2 is an eigenvalue of multiplicity 3. The associated eigenvectors satisfy (�−2�)x =

0. The augmented matrix of this system is


−1 1 1

... 0

1 1 −1
... 0

0 2 0
... 0


,

which is row equivalent to 
1 0 −1

... 0

0 1 0
... 0

0 0 0
... 0


.

Hence, G1 = G3 and G2 = 0, so the eigenvectors are all scalar multiples of

x1 =


1

0

1


.

Therefore

y1 =


1

0

1


42C

is a solution of (10.5.11).

We now find a second solution of (10.5.11) in the form

y2 = u42C +


1

0

1


C42C ,

where u satisfies (� − 2�)u = x1. The augmented matrix of this system is


−1 1 1

... 1

1 1 −1
... 0

0 2 0
... 1


,



CHAPTER 10. LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS 563

which is row equivalent to 
1 0 −1

... −1
2

0 1 0
... 1

2

0 0 0
... 0


.

Letting D3 = 0 yields D1 = −1/2 and D2 = 1/2; hence,

u =
1

2


−1

1

0


and

y2 =


−1

1

0


42C

2
+


1

0

1


C42C

is a solution of (10.5.11).

We now find a third solution of (10.5.11) in the form

y3 = v42C +


−1

1

0


C42C

2
+


1

0

1


C242C

2

where v satisfies (� − 2�)v = u. The augmented matrix of this system is


−1 1 1

... −1
2

1 1 −1
... 1

2

0 2 0
... 0


,

which is row equivalent to 
1 0 −1

... 1
2

0 1 0
... 0

0 0 0
... 0


.

Letting E3 = 0 yields E1 = 1/2 and E2 = 0; hence,

v =
1

2


1

0

0


.

Therefore

y3 =


1

0

0


42C

2
+


−1

1

0


C42C

2
+


1

0

1


C242C

2

is a solution of (10.5.11). Since y1, y2, and y3 are linearly independent by Theorem 10.5.2, they

form a fundamental set of solutions of (10.5.11). Therefore the general solution of (10.5.11) is

y = 21


1

0

1


42C + 22

©­«

−1

1

0


42C

2
+


1

0

1


C42Cª®¬

+23
©­«


1

0

0


42C

2
+


−1

1

0


C42C

2
+


1

0

1


C242C

2

ª®¬
.
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Theorem 10.5.3 Suppose the = × = matrix � has an eigenvalue _1 of multiplicity ≥ 3 and the

associated eigenspace is two–dimensional; that is, all eigenvectors of � associated with _1

are linear combinations of two linearly independent eigenvectors x1 and x2. Then there are

constants U and V (not both zero) such that if

x3 = Ux1 + Vx2, (10.5.12)

then there are infinitely many vectors u such that

(� − _1�)u = x3. (10.5.13)

If u satisfies (10.5.13), then

y1 = x14
_1C ,

y2 = x24
_1C , and

y3 = u4_1C + x3C4
_1C , (10.5.14)

are linearly independent solutions of y′ = �y.

We omit the proof of this theorem.

Example 10.5.5 Use Theorem 10.5.3 to find the general solution of

y′ =


0 0 1

−1 1 1

−1 0 2


y. (10.5.15)

Solution The characteristic polynomial of the coefficient matrix � in (10.5.15) is������
−_ 0 1

−1 1 − _ 1

−1 0 2 − _

������ = −(_ − 1)3.

Hence, _1 = 1 is an eigenvalue of multiplicity 3. The associated eigenvectors satisfy (�−�)x = 0.

The augmented matrix of this system is


−1 0 1

... 0

−1 0 1
... 0

−1 0 1
... 0


,

which is row equivalent to 
1 0 −1

... 0

0 0 0
... 0

0 0 0
... 0


.

Hence, G1 = G3 and G2 is arbitrary, so the eigenvectors are of the form

x =


G3

G2

G3


= G3


1

0

1


+ G2


0

1

0


.
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Therefore the vectors

x1 =


1

0

1


and x2 =


0

1

0


(10.5.16)

form a basis for the eigenspace, and

y1 =


1

0

1


4C and y2 =


0

1

0


4C

are linearly independent solutions of (10.5.15).

To find a third linearly independent solution of (10.5.15), we must find constants U and V (not

both zero) such that the system

(� − �)u = Ux1 + Vx2 (10.5.17)

has a solution u. The augmented matrix of this system is


−1 0 1

... U

−1 0 1
... V

−1 0 1
... U


,

which is row equivalent to 
1 0 −1

... −U

0 0 0
... V − U

0 0 0
... 0


. (10.5.18)

Therefore (10.5.17) has a solution if and only if V = U, where U is arbitrary. If U = V = 1 then

(10.5.12) and (10.5.16) yield

x3 = x1 + x2 =


1

0

1


+


0

1

0


=


1

1

1


,

and the augmented matrix (10.5.18) becomes


1 0 −1

... −1

0 0 0
... 0

0 0 0
... 0


.

This implies that D1 = −1 + D3, while D2 and D3 are arbitrary. Choosing D2 = D3 = 0 yields

u =


−1

0

0


.

Therefore (10.5.14) implies that

y3 = u4C + x3C4
C
=


−1

0

0


4C +


1

1

1


C4C
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is a solution of (10.5.15). Since y1, y2, and y3 are linearly independent by Theorem 10.5.3, they

form a fundamental set of solutions for (10.5.15). Therefore the general solution of (10.5.15) is

y = 21


1

0

1


4C + 22


0

1

0


4C + 23

©­«

−1

0

0


4C +


1

1

1


C4C

ª®¬
.

Geometric Properties of Solutions when = = 2

We’ll now consider the geometric properties of solutions of a 2 × 2 constant coefficient system[
H′

1

H′
2

]
=

[
011 012

021 022

] [
H1

H2

]
(10.5.19)

under the assumptions of this section; that is, when the matrix

� =

[
011 012

021 022

]

has a repeated eigenvalue _1 and the associated eigenspace is one-dimensional. In this case we

know from Theorem 10.5.1 that the general solution of (10.5.19) is

y = 21x4_1C + 22(u4
_1C + xC4_1C), (10.5.20)

where x is an eigenvector of � and u is any one of the infinitely many solutions of

(� − _1�)u = x. (10.5.21)

We assume that _1 ≠ 0.

x

 u

 c
2
 > 0 c

2
 < 0

L

Positive Half−Plane

Negative Half−Plane

Figure 10.5.1 Positive and negative half-planes

Let ! denote the line through the origin parallel to x. By a half-line of ! we mean either of

the rays obtained by removing the origin from !. Eqn. (10.5.20) is a parametric equation of the

half-line of ! in the direction of x if 21 > 0, or of the half-line of ! in the direction of −x if

21 < 0. The origin is the trajectory of the trivial solution y ≡ 0.
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Henceforth, we assume that 22 ≠ 0. In this case, the trajectory of (10.5.20) can’t intersect !,

since every point of ! is on a trajectory obtained by setting 22 = 0. Therefore the trajectory of

(10.5.20) must lie entirely in one of the open half-planes bounded by !, but does not contain

any point on !. Since the initial point (H1(0), H2(0)) defined by y(0) = 21x + 22u is on the

trajectory, we can determine which half-plane contains the trajectory from the sign of 22, as

shown in Figure 10.5.1. For convenience we’ll call the half-plane where 22 > 0 the positive

half-plane. Similarly, the half- plane where 22 < 0 is the negative half-plane. You should

convince yourself (Exercise 35) that even though there are infinitely many vectors u that satisfy

(10.5.21), they all define the same positive and negative half-planes. In the figures simply regard

u as an arrow pointing to the positive half-plane, since we haven’t attempted to give u its proper

length or direction in comparison with x. For our purposes here, only the relative orientation

of x and u is important; that is, whether the positive half-plane is to the right of an observer

facing the direction of x (as in Figures 10.5.2 and 10.5.5), or to the left of the observer (as in

Figures 10.5.3 and 10.5.4).

Multiplying (10.5.20) by 4−_1C yields

4−_1Cy(C) = 21x + 22u + 22Cx.

Since the last term on the right is dominant when |C | is large, this provides the following

information on the direction of y(C):

(a) Along trajectories in the positive half-plane (22 > 0), the direction of y(C) approaches the

direction of x as C → ∞ and the direction of −x as C → −∞.

(b) Along trajectories in the negative half-plane (22 < 0), the direction of y(C) approaches the

direction of −x as C → ∞ and the direction of x as C → −∞.

Since

lim
C→∞

‖y(C)‖ = ∞ and lim
C→−∞

y(C) = 0 if _1 > 0,

or

lim
C→−∞

‖y(C)‖ = ∞ and lim
C→∞

y(C) = 0 if _1 < 0,

there are four possible patterns for the trajectories of (10.5.19), depending upon the signs of 22

and _1. Figures 10.5.2-10.5.5 illustrate these patterns, and reveal the following principle:

If _1 and 22 have the same sign then the direction of the trajectory approaches the direction

of −x as ‖y‖ → 0 and the direction of x as ‖y‖ → ∞. If _1 and 22 have opposite signs then the

direction of the trajectory approaches the direction of x as ‖y‖ → 0 and the direction of −x as

‖y‖ → ∞.

 y
1

 y
2

 u

 x

 L

Figure 10.5.2 Positive eigenvalue; motion away

from the origin

 y
1

 y
2

 u

 x

 L

Figure 10.5.3 Positive eigenvalue; motion away

from the origin
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 y
1

 y
2

 u

 x

 L

Figure 10.5.4 Negative eigenvalue; motion

toward the origin

 y
1

 y
2

 x

 L

 u

Figure 10.5.5 Negative eigenvalue; motion

toward the origin

Exercises

In Exercises 1–12 find the general solution.

1. y′ =

[
3 4

−1 7

]
y

2. y′ =

[
0 −1

1 −2

]
y

3. y′ =

[
−7 4

−1 −11

]
y 4. y′ =

[
3 1

−1 1

]
y

5. y′ =

[
4 12

−3 −8

]
y 6. y′ =

[
−10 9

−4 2

]
y

7. y′ =

[
−13 16

−9 11

]
y

8. y′ =


0 2 1

−4 6 1

0 4 2


y

9. y′ =
1

3


1 1 −3

−4 −4 3

−2 1 0


y 10. y′ =


−1 1 −1

−2 0 2

−1 3 −1


y

11. y′ =


4 −2 −2

−2 3 −1

2 −1 3


y 12. y′ =


6 −5 3

2 −1 3

2 1 1


y

In Exercises 13–23 solve the initial value problem.

13. y′ =

[
−11 8

−2 −3

]
y, y(0) =

[
6

2

]

14. y′ =

[
15 −9

16 −9

]
y, y(0) =

[
5

8

]
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15. y′ =

[
−3 −4

1 −7

]
y, y(0) =

[
2

3

]

16. y′ =

[
−7 24

−6 17

]
y, y(0) =

[
3

1

]

17. y′ =

[
−7 3

−3 −1

]
y, y(0) =

[
0

2

]

18. y′ =


−1 1 0

1 −1 −2

−1 −1 −1


y, y(0) =


6

5

−7


19. y′ =


−2 2 1

−2 2 1

−3 3 2


y, y(0) =


−6

−2

0


20. y′ =


−7 −4 4

−1 0 1

−9 −5 6


y, y(0) =


−6

9

−1


21. y′ =


−1 −4 −1

3 6 1

−3 −2 3


y, y(0) =


−2

1

3


22. y′ =


4 −8 −4

−3 −1 −3

1 −1 9


y, y(0) =


−4

1

−3


23. y′ =


−5 −1 11

−7 1 13

−4 0 8


y, y(0) =


0

2

2


The coefficient matrices in Exercises 24–32 have eigenvalues of multiplicity 3. Find the general

solution.

24. y′ =


5 −1 1

−1 9 −3

−2 2 4


y 25. y′ =


1 10 −12

2 2 3

2 −1 6


y

26. y′ =


−6 −4 −4

2 −1 1

2 3 1


y 27. y′ =


0 2 −2

−1 5 −3

1 1 1


y

28. y′ =


−2 −12 10

2 −24 11

2 −24 8


y 29. y′ =


−1 −12 8

1 −9 4

1 −6 1


y
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30. y′ =


−4 0 −1

−1 −3 −1

1 0 −2


y 31. y′ =


−3 −3 4

4 5 −8

2 3 −5


y

32. y′ =


−3 −1 0

1 −1 0

−1 −1 −2


y

33. Under the assumptions of Theorem 10.5.1, suppose u and û are vectors such that

(� − _1�)u = x and (� − _1�)û = x,

and let

y2 = u4_1C + xC4_1C and ŷ2 = û4_1C + xC4_1C .

Show that y2 − ŷ2 is a scalar multiple of y1 = x4_1C .

34. Under the assumptions of Theorem 10.5.2, let

y1 = x4_1C ,

y2 = u4_1C + xC4_1C , and

y3 = v4_1C + uC4_1C + x
C24_1C

2
.

Complete the proof of Theorem 10.5.2 by showing that y3 is a solution of y′ = �y and

that {y1, y2, y3} is linearly independent.

35. Suppose the matrix

� =

[
011 012

021 022

]
has a repeated eigenvalue _1 and the associated eigenspace is one-dimensional. Let x be

a _1-eigenvector of �. Show that if (� − _1�)u1 = x and (� − _1�)u2 = x, then u2 − u1

is parallel to x. Conclude from this that all vectors u such that (� − _1�)u = x define

the same positive and negative half-planes with respect to the line ! through the origin

parallel to x.

In Exercises 36- 45 plot trajectories of the given system.

36. C/G y′ =

[
−3 −1

4 1

]
y 37. C/G y′ =

[
2 −1

1 0

]
y

38. C/G y′ =

[
−1 −3

3 5

]
y 39. C/G y′ =

[
−5 3

−3 1

]
y

40. C/G y′ =

[
−2 −3

3 4

]
y 41. C/G y′ =

[
−4 −3

3 2

]
y

42. C/G y′ =

[
0 −1

1 −2

]
y 43. C/G y′ =

[
0 1

−1 2

]
y
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44. C/G y′ =

[
−2 1

−1 0

]
y 45. C/G y′ =

[
0 −4

1 −4

]
y

10.6 Constant Coefficient Homogeneous Systems III

We now consider the system y′ = �y, where � has a complex eigenvalue _ = U+ 8V with V ≠ 0.

We continue to assume that � has real entries, so the characteristic polynomial of � has real

coefficients. This implies that _ = U − 8V is also an eigenvalue of �.

An eigenvector x of � associated with _ = U + 8V will have complex entries, so we’ll write

x = u + 8v

where u and v have real entries; that is, u and v are the real and imaginary parts of x. Since

�x = _x,

�(u + 8v) = (U + 8V)(u + 8v). (10.6.1)

Taking complex conjugates here and recalling that � has real entries yields

�(u − 8v) = (U − 8V)(u − 8v),

which shows that x = u−8v is an eigenvector associated with _ = U−8V. The complex conjugate

eigenvalues _ and _ can be separately associated with linearly independent solutions y′ = �y;

however, we won’t pursue this approach, since solutions obtained in this way turn out to be

complex–valued. Instead, we’ll obtain solutions of y′ = �y in the form

y = 51u + 52v (10.6.2)

where 51 and 52 are real–valued scalar functions. The next theorem shows how to do this.

Theorem 10.6.1 Let � be an = × = matrix with real entries. Let _ = U + 8V (V ≠ 0) be a

complex eigenvalue of � and let x = u + 8v be an associated eigenvector, where u and v have

real components. Then u and v are both nonzero and

y1 = 4UC (u cos VC − v sin VC) and y2 = 4UC (u sin VC + v cos VC),

which are the real and imaginary parts of

4UC (cos VC + 8 sin VC)(u + 8v), (10.6.3)

are linearly independent solutions of y′ = �y.

Proof A function of the form (10.6.2) is a solution of y′ = �y if and only if

5 ′1u + 5 ′2v = 51�u + 52�v. (10.6.4)

Carrying out the multiplication indicated on the right side of (10.6.1) and collecting the real and

imaginary parts of the result yields

�(u + 8v) = (Uu − Vv) + 8(Uv + Vu).
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Equating real and imaginary parts on the two sides of this equation yields

�u = Uu − Vv

�v = Uv + Vu.

We leave it to you (Exercise 25) to show from this that u and v are both nonzero. Substituting

from these equations into (10.6.4) yields

5 ′1u + 5 ′2v = 51(Uu − Vv) + 52(Uv + Vu)

= (U 51 + V 52)u + (−V 51 + U 52)v.

This is true if

5 ′
1

= U 51 + V 52
5 ′
2

= −V 51 + U 52,
or, equivalently,

5 ′
1
− U 51 = V 52

5 ′
2
− U 52 = −V 51.

If we let 51 = 614
UC and 52 = 624

UC , where 61 and 62 are to be determined, then the last two

equations become

6′
1

= V62

6′
2

= −V61,

which implies that

6′′1 = V6′2 = −V261,

so

6′′1 + V261 = 0.

The general solution of this equation is

61 = 21 cos VC + 22 sin VC.

Moreover, since 62 = 6′
1
/V,

62 = −21 sin VC + 22 cos VC.

Multiplying 61 and 62 by 4UC shows that

51 = 4UC ( 21 cos VC + 22 sin VC),

52 = 4UC (−21 sin VC + 22 cos VC).

Substituting these into (10.6.2) shows that

y = 4UC [(21 cos VC + 22 sin VC)u + (−21 sin VC + 22 cos VC)v]

= 214
UC (u cos VC − v sin VC) + 224

UC (u sin VC + v cos VC)
(10.6.5)

is a solution of y′ = �y for any choice of the constants 21 and 22. In particular, by first taking

21 = 1 and 22 = 0 and then taking 21 = 0 and 22 = 1, we see that y1 and y2 are solutions of

y′ = �y. We leave it to you to verify that they are, respectively, the real and imaginary parts of

(10.6.3) (Exercise 26), and that they are linearly independent (Exercise 27).

Example 10.6.1 Find the general solution of

y′ =

[
4 −5

5 −2

]
y. (10.6.6)
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Solution The characteristic polynomial of the coefficient matrix � in (10.6.6) is���� 4 − _ −5

5 −2 − _

���� = (_ − 1)2 + 16.

Hence, _ = 1+48 is an eigenvalue of �. The associated eigenvectors satisfy (� − (1 + 48) �) x =

0. The augmented matrix of this system is[
3 − 48 −5

... 0

5 −3 − 48
... 0

]
,

which is row equivalent to [
1 −3+48

5

... 0

0 0
... 0

]
.

Therefore G1 = (3 + 48)G2/5. Taking G2 = 5 yields G1 = 3 + 48, so

x =

[
3 + 48

5

]

is an eigenvector. The real and imaginary parts of

4C (cos 4C + 8 sin 4C)

[
3 + 48

5

]

are

y1 = 4C
[

3 cos 4C − 4 sin 4C

5 cos 4C

]
and y2 = 4C

[
3 sin 4C + 4 cos 4C

5 sin 4C

]
,

which are linearly independent solutions of (10.6.6). The general solution of (10.6.6) is

y = 214
C

[
3 cos 4C − 4 sin 4C

5 cos 4C

]
+ 224

C

[
3 sin 4C + 4 cos 4C

5 sin 4C

]
.

Example 10.6.2 Find the general solution of

y′ =

[
−14 39

−6 16

]
y. (10.6.7)

Solution The characteristic polynomial of the coefficient matrix � in (10.6.7) is���� −14 − _ 39

−6 16 − _

���� = (_ − 1)2 + 9.

Hence, _ = 1+38 is an eigenvalue of �. The associated eigenvectors satisfy (� − (1 + 38)�) x =

0. The augmented matrix of this system is[
−15 − 38 39

... 0

−6 15 − 38
... 0

]
,

which is row equivalent to [
1 −5+8

2

... 0

0 0
... 0

]
.
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Therefore G1 = (5 − 8)G2/2. Taking G2 = 2 yields G1 = 5 − 8, so

x =

[
5 − 8

2

]

is an eigenvector. The real and imaginary parts of

4C (cos 3C + 8 sin 3C)

[
5 − 8

2

]

are

y1 = 4C
[

sin 3C + 5 cos 3C

2 cos 3C

]
and y2 = 4C

[
− cos 3C + 5 sin 3C

2 sin 3C

]
,

which are linearly independent solutions of (10.6.7). The general solution of (10.6.7) is

y = 214
C

[
sin 3C + 5 cos 3C

2 cos 3C

]
+ 224

C

[
− cos 3C + 5 sin 3C

2 sin 3C

]
.

Example 10.6.3 Find the general solution of

y′ =


−5 5 4

−8 7 6

1 0 0


y. (10.6.8)

Solution The characteristic polynomial of the coefficient matrix � in (10.6.8) is������
−5 − _ 5 4

−8 7 − _ 6

1 0 −_

������ = −(_ − 2)(_2 + 1).

Hence, the eigenvalues of � are _1 = 2, _2 = 8, and _3 = −8. The augmented matrix of

(� − 2�)x = 0 is 
−7 5 4

... 0

−8 5 6
... 0

1 0 −2
... 0


,

which is row equivalent to 
1 0 −2

... 0

0 1 −2
... 0

0 0 0
... 0


.

Therefore G1 = G2 = 2G3. Taking G3 = 1 yields

x1 =


2

2

1


,

so

y1 =


2

2

1


42C
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is a solution of (10.6.8).

The augmented matrix of (� − 8�)x = 0 is


−5 − 8 5 4

... 0

−8 7 − 8 6
... 0

1 0 −8
... 0


,

which is row equivalent to 
1 0 −8

... 0

0 1 1 − 8
... 0

0 0 0
... 0


.

Therefore G1 = 8G3 and G2 = −(1 − 8)G3. Taking G3 = 1 yields the eigenvector

x2 =


8

−1 + 8

1


.

The real and imaginary parts of

(cos C + 8 sin C)


8

−1 + 8

1


are

y2 =


− sin C

− cos C − sin C

cos C


and y3 =


cos C

cos C − sin C

sin C


,

which are solutions of (10.6.8). Since the Wronskian of {y1, y2, y3} at C = 0 is������
2 0 1

2 −1 1

1 1 0

������ = 1,

{y1, y2, y3} is a fundamental set of solutions of (10.6.8). The general solution of (10.6.8) is

y = 21


2

2

1


42C + 22


− sin C

− cos C − sin C

cos C


+ 23


cos C

cos C − sin C

sin C


.

Example 10.6.4 Find the general solution of

y′ =


1 −1 −2

1 3 2

1 −1 2


y. (10.6.9)

Solution The characteristic polynomial of the coefficient matrix � in (10.6.9) is������
1 − _ −1 −2

1 3 − _ 2

1 −1 2 − _

������ = −(_ − 2)
(
(_ − 2)2 + 4

)
.
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Hence, the eigenvalues of � are _1 = 2, _2 = 2 + 28, and _3 = 2 − 28. The augmented matrix of

(� − 2�)x = 0 is 
−1 −1 −2

... 0

1 1 2
... 0

1 −1 0
... 0


,

which is row equivalent to 
1 0 1

... 0

0 1 1
... 0

0 0 0
... 0


.

Therefore G1 = G2 = −G3. Taking G3 = 1 yields

x1 =


−1

−1

1


,

so

y1 =


−1

−1

1


42C

is a solution of (10.6.9).

The augmented matrix of (� − (2 + 28)�) x = 0 is


−1 − 28 −1 −2

... 0

1 1 − 28 2
... 0

1 −1 −28
... 0


,

which is row equivalent to 
1 0 −8

... 0

0 1 8
... 0

0 0 0
... 0


.

Therefore G1 = 8G3 and G2 = −8G3. Taking G3 = 1 yields the eigenvector

x2 =


8

−8

1


.

The real and imaginary parts of

42C (cos 2C + 8 sin 2C)


8

−8

1


are

y2 = 42C


− sin 2C

sin 2C

cos 2C


and y3 = 42C


cos 2C

− cos 2C

sin 2C


,
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which are solutions of (10.6.9). Since the Wronskian of {y1, y2, y3} at C = 0 is������
−1 0 1

−1 0 −1

1 1 0

������ = −2,

{y1, y2, y3} is a fundamental set of solutions of (10.6.9). The general solution of (10.6.9) is

y = 21


−1

−1

1


42C + 224

2C


− sin 2C

sin 2C

cos 2C


+ 234

2C


cos 2C

− cos 2C

sin 2C


.

Geometric Properties of Solutions when = = 2

We’ll now consider the geometric properties of solutions of a 2 × 2 constant coefficient system[
H′

1

H′
2

]
=

[
011 012

021 022

] [
H1

H2

]
(10.6.10)

under the assumptions of this section; that is, when the matrix

� =

[
011 012

021 022

]

has a complex eigenvalue _ = U+ 8V (V ≠ 0) and x = u+ 8v is an associated eigenvector, where u

and v have real components. We choose the eigenvalue with V > 0. To describe the trajectories

accurately it’s necessary to introduce a new rectangular coordinate system in the H1-H2 plane.

This raises a point that hasn’t come up before: It is always possible to choose x so that (u, v) = 0.

A special effort is required to do this, since not every eigenvector has this property. However, if

we know an eigenvector that doesn’t, we can multiply it by a suitable complex constant to obtain

one that does. To see this, note that if x is a _-eigenvector of � and : is an arbitrary real number,

then

x1 = (1 + 8:)x = (1 + 8:)(u + 8v) = (u − :v) + 8(v + :u)

is also a _-eigenvector of �, since

�x1 = �((1 + 8:)x) = (1 + 8:)�x = (1 + 8:)_x = _((1 + 8:)x) = _x1.

The real and imaginary parts of x1 are

u1 = u − :v and v1 = v + :u, (10.6.11)

so

(u1, v1) = (u − :v, v + :u) = −
[
(u, v):2 + (‖v‖2 − ‖u‖2): − (u, v)

]
.

Therefore (u1, v1) = 0 if

(u, v):2 + (‖v‖2 − ‖u‖2): − (u, v) = 0. (10.6.12)

If (u, v) ≠ 0 we can use the quadratic formula to find two real values of : such that (u1, v1) = 0

(Exercise 28).
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Example 10.6.5 In Example 10.6.1 we found the eigenvector

x =

[
3 + 48

5

]
=

[
3

5

]
+ 8

[
4

0

]

for the matrix of the system (10.6.6). Here u =

[
3

5

]
and v =

[
4

0

]
are not orthogonal, since

(u, v) = 12. Since ‖v‖2 − ‖u‖2 = −18, (10.6.12) is equivalent to

2:2 − 3: − 2 = 0.

The zeros of this equation are :1 = 2 and :2 = −1/2. Letting : = 2 in (10.6.11) yields

u1 = u − 2v =

[
−5

5

]
and v1 = v + 2u =

[
10

10

]
,

and (u1, v1) = 0. Letting : = −1/2 in (10.6.11) yields

u1 = u +
v

2
=

[
5

5

]
and v1 = v −

u

2
=

1

2

[
−5

5

]
,

and again (u1, v1) = 0.

(The numbers don’t always work out as nicely as in this example. You’ll need a calculator or

computer to do Exercises 29-40.)

Henceforth, we’ll assume that (u, v) = 0. Let U and V be unit vectors in the directions of u

and v, respectively; that is, U = u/‖u‖ and V = v/‖v‖. The new rectangular coordinate system

will have the same origin as the H1-H2 system. The coordinates of a point in this system will

be denoted by (I1, I2), where I1 and I2 are the displacements in the directions of U and V,

respectively.

From (10.6.5), the solutions of (10.6.10) are given by

y = 4UC [(21 cos VC + 22 sin VC)u + (−21 sin VC + 22 cos VC)v] . (10.6.13)

For convenience, let’s call the curve traversed by 4−UCy(C) a shadow trajectory of (10.6.10).

Multiplying (10.6.13) by 4−UC yields

4−UCy(C) = I1(C)U + I2(C)V,

where

I1(C) = ‖u‖(21 cos VC + 22 sin VC)

I2(C) = ‖v‖(−21 sin VC + 22 cos VC).

Therefore
(I1(C))

2

‖u‖2
+

(I2(C))
2

‖v‖2
= 22

1 + 2
2
2

(verify!), which means that the shadow trajectories of (10.6.10) are ellipses centered at the

origin, with axes of symmetry parallel to U and V. Since

I′1 =
V‖u‖

‖v‖
I2 and I′2 = −

V‖v‖

‖u‖
I1,
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the vector from the origin to a point on the shadow ellipse rotates in the same direction that V

would have to be rotated by c/2 radians to bring it into coincidence with U (Figures 10.6.1 and

10.6.2).

 y
1

 y
2

 V

 U

Figure 10.6.1 Shadow trajectories traversed

clockwise

 y
1

 y
2

 U

 V

Figure 10.6.2 Shadow trajectories traversed

counterclockwise

If U = 0, then any trajectory of (10.6.10) is a shadow trajectory of (10.6.10); therefore, if

_ is purely imaginary, then the trajectories of (10.6.10) are ellipses traversed periodically as

indicated in Figures 10.6.1 and 10.6.2.

If U > 0, then

lim
C→∞

‖y(C)‖ = ∞ and lim
C→−∞

y(C) = 0,

so the trajectory spirals away from the origin as C varies from −∞ to ∞. The direction of the

spiral depends upon the relative orientation of U and V, as shown in Figures 10.6.3 and 10.6.4.

If U < 0, then

lim
C→−∞

‖y(C)‖ = ∞ and lim
C→∞

y(C) = 0,

so the trajectory spirals toward the origin as C varies from −∞ to ∞. Again, the direction of the

spiral depends upon the relative orientation of U and V, as shown in Figures 10.6.5 and 10.6.6.

 y
1

 y
2

 V

 U

Figure 10.6.3 U > 0; trajectory spiraling

outward

 y
1

 y
2

 U

 V

Figure 10.6.4 U > 0; trajectory spiraling

outward
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 y
1

 y
2

 V

 U

Figure 10.6.5 U < 0; trajectory spiraling inward

 y
1

 y
2

 U

 V

Figure 10.6.6 U < 0; trajectory spiraling inward

Exercises

In Exercises 1–16 find the general solution.

1. y′ =

[
−1 2

−5 5

]
y

2. y′ =

[
−11 4

−26 9

]
y

3. y′ =

[
1 2

−4 5

]
y 4. y′ =

[
5 −6

3 −1

]
y

5. y′ =


3 −3 1

0 2 2

5 1 1


y 6. y′ =


−3 3 1

1 −5 −3

−3 7 3


y

7. y′ =


2 1 −1

0 1 1

1 0 1


y 8. y′ =


−3 1 −3

4 −1 2

4 −2 3


y

9. y′ =

[
5 −4

10 1

]
y 10. y′ =

1

3

[
7 −5

2 5

]
y

11. y′ =

[
3 2

−5 1

]
y 12. y′ =

[
34 52

−20 −30

]
y

13. y′ =


1 1 2

1 0 −1

−1 −2 −1


y 14. y′ =


3 −4 −2

−5 7 −8

−10 13 −8


y

15. y′ =


6 0 −3

−3 3 3

1 −2 6


y 16. y′ =


1 2 −2

0 2 −1

1 0 0


y
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In Exercises 17–24 solve the initial value problem.

17. y′ =

[
4 −6

3 −2

]
y, y(0) =

[
5

2

]

18. y′ =

[
7 15

−3 1

]
y, y(0) =

[
5

1

]

19. y′ =

[
7 −15

3 −5

]
y, y(0) =

[
17

7

]

20. y′ =
1

6

[
4 −2

5 2

]
y, y(0) =

[
1

−1

]

21. y′ =


5 2 −1

−3 2 2

1 3 2


y, y(0) =


4

0

6


22. y′ =


4 4 0

8 10 −20

2 3 −2


y, y(0) =


8

6

5


23. y′ =


1 15 −15

−6 18 −22

−3 11 −15


y, y(0) =


15

17

10


24. y′ =


4 −4 4

−10 3 15

2 −3 1


y, y(0) =


16

14

6


25. Suppose an = × = matrix � with real entries has a complex eigenvalue _ = U + 8V (V ≠ 0)

with associated eigenvector x = u + 8v, where u and v have real components. Show that

u and v are both nonzero.

26. Verify that

y1 = 4UC (u cos VC − v sin VC) and y2 = 4UC (u sin VC + v cos VC),

are the real and imaginary parts of

4UC (cos VC + 8 sin VC)(u + 8v).

27. Show that if the vectors u and v are not both 0 and V ≠ 0 then the vector functions

y1 = 4UC (u cos VC − v sin VC) and y2 = 4UC (u sin VC + v cos VC)

are linearly independent on every interval. Hint: There are two cases to consider: (i)

{u, v} linearly independent, and (ii) {u, v} linearly dependent. In either case, exploit the

linear independence of {cos VC, sin VC} on every interval.

28. Suppose u =

[
D1

D2

]
and v =

[
E1

E2

]
are not orthogonal; that is, (u, v) ≠ 0.
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(a) Show that the quadratic equation

(u, v):2 + (‖v‖2 − ‖u‖2): − (u, v) = 0

has a positive root :1 and a negative root :2 = −1/:1.

(b) Let u
(1)

1
= u − :1v, v

(1)

1
= v + :1u, u

(2)

1
= u − :2v, and v

(2)

1
= v + :2u, so that

(u
(1)

1
, v

(1)

1
) = (u

(2)

1
, v

(2)

1
) = 0, from the discussion given above. Show that

u
(2)

1
=

v
(1)

1

:1

and v
(2)

1
= −

u
(1)

1

:1

.

(c) Let U1, V1, U2, and V2 be unit vectors in the directions of u
(1)

1
, v

(1)

1
, u

(2)

1
, and v

(2)

1
,

respectively. Conclude from (b) that U2 = V1 and V2 = −U1, and that therefore

the counterclockwise angles from U1 to V1 and from U2 to V2 are both c/2 or both

−c/2.

In Exercises 29-32 find vectors U and V parallel to the axes of symmetry of the trajectories, and

plot some typical trajectories.

29. C/G y′ =

[
3 −5

5 −3

]
y 30. C/G y′ =

[
−15 10

−25 15

]
y

31. C/G y′ =

[
−4 8

−4 4

]
y 32. C/G y′ =

[
−3 −15

3 3

]
y

In Exercises 33-40 find vectors U and V parallel to the axes of symmetry of the shadow

trajectories, and plot a typical trajectory.

33. C/G y′ =

[
−5 6

−12 7

]
y 34. C/G y′ =

[
5 −12

6 −7

]
y

35. C/G y′ =

[
4 −5

9 −2

]
y 36. C/G y′ =

[
−4 9

−5 2

]
y

37. C/G y′ =

[
−1 10

−10 −1

]
y 38. C/G y′ =

[
−1 −5

20 −1

]
y

39. C/G y′ =

[
−7 10

−10 9

]
y 40. C/G y′ =

[
−7 6

−12 5

]
y

10.7 Variation of Parameters for Nonhomogeneous Linear

Systems

We now consider the nonhomogeneous linear system

y′ = �(C)y + f (C),
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where � is an = × = matrix function and f is an =-vector forcing function. Associated with this

system is the complementary system y′ = �(C)y.

The next theorem is analogous to Theorems 5.3.2 and 9.1.5. It shows how to find the general

solution of y′ = �(C)y + f (C) if we know a particular solution of y′ = �(C)y + f (C) and a

fundamental set of solutions of the complementary system. We leave the proof as an exercise

(Exercise 21).

Theorem 10.7.1 Suppose the =×=matrix function � and the =-vector function f are continuous

on (0, 1). Let y? be a particular solution of y′ = �(C)y+ f (C) on (0, 1), and let {y1, y2, . . . , y=}

be a fundamental set of solutions of the complementary equation y′ = �(C)y on (0, 1). Then y

is a solution of y′ = �(C)y + f (C) on (0, 1) if and only if

y = y? + 21y1 + 22y2 + · · · + 2=y=,

where 21, 22, . . . , 2= are constants.

Finding a Particular Solution of a Nonhomogeneous System

We now discuss an extension of the method of variation of parameters to linear nonhomogeneous

systems. This method will produce a particular solution of a nonhomogeneous system y′ =

�(C)y + f (C) provided that we know a fundamental matrix for the complementary system. To

derive the method, suppose . is a fundamental matrix for the complementary system; that is,

. =



H11 H12 · · · H1=

H21 H22 · · · H2=
...

...
. . .

...

H=1 H=2 · · · H==


,

where

y1 =



H11

H21
...

H=1


, y2 =



H12

H22
...

H=2


, · · · , y= =



H1=

H2=
...

H==


is a fundamental set of solutions of the complementary system. In Section 10.3 we saw that

. ′ = �(C). . We seek a particular solution of

y′ = �(C)y + f (C) (10.7.1)

of the form

y? = .u, (10.7.2)

where u is to be determined. Differentiating (10.7.2) yields

y′? = . ′u + .u′

= �.u + .u′ (since . ′ = �. )

= �y? + .u′ (since .u = y?).

Comparing this with (10.7.1) shows that y? = .u is a solution of (10.7.1) if and only if

.u′
= f.
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Thus, we can find a particular solution y? by solving this equation for u′, integrating to obtain

u, and computing .u. We can take all constants of integration to be zero, since any particular

solution will suffice.

Exercise 22 sketches a proof that this method is analogous to the method of variation of

parameters discussed in Sections 5.7 and 9.4 for scalar linear equations.

Example 10.7.1

(a) Find a particular solution of the system

y′ =

[
1 2

2 1

]
y +

[
244C

44C

]
, (10.7.3)

which we considered in Example 10.2.1.

(b) Find the general solution of (10.7.3).

Solution (a) The complementary system is

y′ =

[
1 2

2 1

]
y. (10.7.4)

The characteristic polynomial of the coefficient matrix is���� 1 − _ 2

2 1 − _

���� = (_ + 1)(_ − 3).

Using the method of Section 10.4, we find that

y1 =

[
43C

43C

]
and y2 =

[
4−C

−4−C

]

are linearly independent solutions of (10.7.4). Therefore

. =

[
43C 4−C

43C −4−C

]

is a fundamental matrix for (10.7.4). We seek a particular solution y? = .u of (10.7.3), where

.u′ = f; that is, [
43C 4−C

43C −4−C

] [
D′

1

D′
2

]
=

[
244C

44C

]
.

The determinant of . is the Wronskian���� 43C 4−C

43C −4−C

���� = −242C .

By Cramer’s rule,

D′
1

= −
1

242C

���� 244C 4−C

44C −4−C

���� =
343C

242C
=

3

2
4C ,

D′
2

= −
1

242C

���� 43C 244C

43C 44C

���� =
47C

242C
=

1

2
45C .
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Therefore

u′
=

1

2

[
34C

45C

]
.

Integrating and taking the constants of integration to be zero yields

u =
1

10

[
154C

45C

]
,

so

y? = .u =
1

10

[
43C 4−C

43C −4−C

] [
154C

45C

]
=

1

5

[
844C

744C

]

is a particular solution of (10.7.3).

Solution (b) From Theorem 10.7.1, the general solution of (10.7.3) is

y = y? + 21y1 + 22y2 =
1

5

[
844C

744C

]
+ 21

[
43C

43C

]
+ 22

[
4−C

−4−C

]
, (10.7.5)

which can also be written as

y =
1

5

[
844C

744C

]
+

[
43C 4−C

43C −4−C

]
c,

where c is an arbitrary constant vector.

Writing (10.7.5) in terms of coordinates yields

H1 =
8

5
44C + 214

3C + 224
−C

H2 =
7

5
44C + 214

3C − 224
−C ,

so our result is consistent with Example 10.2.1.

If � isn’t a constant matrix, it’s usually difficult to find a fundamental set of solutions for

the system y′ = �(C)y. It is beyond the scope of this text to discuss methods for doing

this. Therefore, in the following examples and in the exercises involving systems with variable

coefficient matrices we’ll provide fundamental matrices for the complementary systems without

explaining how they were obtained.

Example 10.7.2 Find a particular solution of

y′ =

[
2 24−2C

242C 4

]
y +

[
1

1

]
, (10.7.6)

given that

. =

[
44C −1

46C 42C

]

is a fundamental matrix for the complementary system.

Solution We seek a particular solution y? = .u of (10.7.6) where .u′ = f; that is,[
44C −1

46C 42C

] [
D′

1

D′
2

]
=

[
1

1

]
.
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The determinant of . is the Wronskian���� 44C −1

46C 42C

���� = 246C .

By Cramer’s rule,

D′
1

=
1

246C

���� 1 −1

1 42C

���� =
42C + 1

246C
=

4−4C + 4−6C

2

D′
2

=
1

246C

���� 44C 1

46C 1

���� =
44C − 46C

246C
=

4−2C − 1

2
.

Therefore

u′
=

1

2

[
4−4C + 4−6C

4−2C − 1

]
.

Integrating and taking the constants of integration to be zero yields

u = −
1

24

[
34−4C + 24−6C

64−2C + 12C

]
,

so

y? = .u = −
1

24

[
44C −1

46C 42C

] [
34−4C + 24−6C

64−2C + 12C

]
=

1

24

[
44−2C + 12C − 3

−342C (4C + 1) − 8

]

is a particular solution of (10.7.6).

Example 10.7.3 Find a particular solution of

y′ = −
2

C2

[
C −3C2

1 −2C

]
y + C2

[
1

1

]
, (10.7.7)

given that

. =

[
2C 3C2

1 2C

]

is a fundamental matrix for the complementary system on (−∞, 0) and (0,∞).

Solution We seek a particular solution y? = .u of (10.7.7) where .u′ = f; that is,[
2C 3C2

1 2C

] [
D′

1

D′
2

]
=

[
C2

C2

]
.

The determinant of . is the Wronskian ���� 2C 3C2

1 2C

���� = C2.
By Cramer’s rule,

D′
1

=
1

C2

���� C2 3C2

C2 2C

���� =
2C3 − 3C4

C2
= 2C − 3C2,

D′
2

=
1

C2

���� 2C C2

1 C2

���� =
2C3 − C2

C2
= 2C − 1.



CHAPTER 10. LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS 587

Therefore

u′
=

[
2C − 3C2

2C − 1

]
.

Integrating and taking the constants of integration to be zero yields

u =

[
C2 − C3

C2 − C

]
,

so

y? = .u =

[
2C 3C2

1 2C

] [
C2 − C3

C2 − C

]
=

[
C3(C − 1)

C2(C − 1)

]

is a particular solution of (10.7.7).

Example 10.7.4

(a) Find a particular solution of

y′ =


2 −1 −1

1 0 −1

1 −1 0


y +


4C

0

4−C


. (10.7.8)

(b) Find the general solution of (10.7.8).

Solution (a) The complementary system for (10.7.8) is

y′ =


2 −1 −1

1 0 −1

1 −1 0


y. (10.7.9)

The characteristic polynomial of the coefficient matrix is������
2 − _ −1 −1

1 −_ −1

1 −1 −_

������ = −_(_ − 1)2.

Using the method of Section 10.4, we find that

y1 =


1

1

1


, y2 =


4C

4C

0


, and y3 =


4C

0

4C


are linearly independent solutions of (10.7.9). Therefore

. =


1 4C 4C

1 4C 0

1 0 4C


is a fundamental matrix for (10.7.9). We seek a particular solution y? = .u of (10.7.8), where

.u′ = f; that is, 
1 4C 4C

1 4C 0

1 0 4C



D′

1

D′
2

D′
3


=


4C

0

4−C


.
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The determinant of . is the Wronskian������
1 4C 4C

1 4C 0

1 0 4C

������ = −42C .

Thus, by Cramer’s rule,

D′
1

= −
1

42C

������
4C 4C 4C

0 4C 0

4−C 0 4C

������ = −
43C − 4C

42C
= 4−C − 4C

D′
2

= −
1

42C

������
1 4C 4C

1 0 0

1 4−C 4C

������ = −
1 − 42C

42C
= 1 − 4−2C

D′
3

= −
1

42C

������
1 4C 4C

1 4C 0

1 0 4−C

������ =
42C

42C
= 1.

Therefore

u′
=


4−C − 4C

1 − 4−2C

1


.

Integrating and taking the constants of integration to be zero yields

u =



−4C − 4−C

4−2C

2
+ C

C


,

so

y? = .u =


1 4C 4C

1 4C 0

1 0 4C




−4C − 4−C

4−2C

2
+ C

C


=



4C (2C − 1) −
4−C

2

4C (C − 1) −
4−C

2
4C (C − 1) − 4−C


is a particular solution of (10.7.8).

Solution (b) From Theorem 10.7.1 the general solution of (10.7.8) is

y = y? + 21y1 + 22y2 + 23y3 =



4C (2C − 1) −
4−C

2

4C (C − 1) −
4−C

2
4C (C − 1) − 4−C


+ 21


1

1

1


+ 22


4C

4C

0


+ 23


4C

0

4C


,

which can be written as

y = y? + .c =



4C (2C − 1) −
4−C

2

4C (C − 1) −
4−C

2
4C (C − 1) − 4−C


+


1 4C 4C

1 4C 0

1 0 4C


c

where c is an arbitrary constant vector.
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Example 10.7.5 Find a particular solution of

y′ =
1

2


3 4−C −42C

0 6 0

−4−2C 4−3C −1


y +


1

4C

4−C


, (10.7.10)

given that

. =


4C 0 42C

0 43C 43C

4−C 1 0


is a fundamental matrix for the complementary system.

Solution We seek a particular solution of (10.7.10) in the form y? = .u, where .u′ = f; that is,


4C 0 42C

0 43C 43C

4−C 1 0



D′

1

D′
2

D′
3


=


1

4C

4−C


.

The determinant of . is the Wronskian������
4C 0 42C

0 43C 43C

4−C 1 0

������ = −244C .

By Cramer’s rule,

D′
1

= −
1

244C

������
1 0 42C

4C 43C 43C

4−C 1 0

������ =
44C

244C
=

1

2

D′
2

= −
1

244C

������
4C 1 42C

0 4C 43C

4−C 4−C 0

������ =
43C

244C
=

1

2
4−C

D′
3

= −
1

244C

������
4C 0 1

0 43C 4C

4−C 1 4−C

������ = −
43C − 242C

244C
=

24−2C − 4−C

2
.

Therefore

u′
=

1

2


1

4−C

24−2C − 4−C


.

Integrating and taking the constants of integration to be zero yields

u =
1

2


C

−4−C

4−C − 4−2C


,

so

y? = .u =
1

2


4C 0 42C

0 43C 43C

4−C 1 0




C

−4−C

4−C − 4−2C


=

1

2


4C (C + 1) − 1

−4C

4−C (C − 1)


is a particular solution of (10.7.10).



CHAPTER 10. LINEAR SYSTEMS OF DIFFERENTIAL EQUATIONS 590

Exercises

In Exercises 1–10 find a particular solution.

1. y′ =

[
−1 −4

−1 −1

]
y +

[
2144C

84−3C

]
2. y′ =

1

5

[
−4 3

−2 −11

]
y +

[
5043C

104−3C

]

3. y′ =

[
1 2

2 1

]
y +

[
1

C

]
4. y′ =

[
−4 −3

6 5

]
y +

[
2

−24C

]

5. y′ =

[
−6 −3

1 −2

]
y +

[
44−3C

44−5C

]
6. y′ =

[
0 1

−1 0

]
y +

[
1

C

]

7. y′ =


3 1 −1

3 5 1

−6 2 4


y +


3

6

3


8. y′ =


3 −1 −1

−2 3 2

4 −1 −2


y +


1

4C

4C


9. y′ =


−3 2 2

2 −3 2

2 2 −3


y +


4C

4−5C

4C


10. y′ =

1

3


1 1 −3

−4 −4 3

−2 1 0


y +


4C

4C

4C


In Exercises 11–20 find a particular solution, given that . is a fundamental matrix for the

complementary system.

11. y′ =
1

C

[
1 C

−C 1

]
y + C

[
cos C

sin C

]
; . = C

[
cos C sin C

− sin C cos C

]

12. y′ =
1

C

[
1 C

C 1

]
y +

[
C

C2

]
; . = C

[
4C 4−C

4C −4−C

]

13. y′ =
1

C2 − 1

[
C −1

−1 C

]
y + C

[
1

−1

]
; . =

[
C 1

1 C

]

14. y′ =
1

3

[
1 −24−C

24C −1

]
y +

[
42C

4−2C

]
; . =

[
2 4−C

4C 2

]

15. y′ =
1

2C4

[
3C3 C6

1 −3C3

]
y +

1

C

[
C2

1

]
; . =

1

C2

[
C3 C4

−1 C

]

16. y′ =


1

C − 1
−
4−C

C − 1
4C

C + 1

1

C + 1


y +

[
C2 − 1

C2 − 1

]
; . =

[
C 4−C

4C C

]
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17. y′ =
1

C


1 1 0

0 2 1

−2 2 2


y +


1

2

1


. =


C2 C3 1

C2 2C3 −1

0 2C3 2


18. y′ =


3 4C 42C

4−C 2 4C

4−2C 4−C 1


y +


43C

0

0


; . =


45C 42C 0

44C 0 4C

43C −1 −1


19. y′ =

1

C


1 C 0

0 1 C

0 −C 1


y +


C

C

C


; . = C


1 cos C sin C

0 − sin C cos C

0 − cos C − sin C


20. y′ = −

1

C


4−C −C 1 − 4−C

4−C 1 −C − 4−C

4−C −C 1 − 4−C


y +

1

C


4C

0

4C


; . =

1

C


4C 4−C C

4C −4−C 4−C

4C 4−C 0


21. Prove Theorem 10.7.1.

22. (a) Convert the scalar equation

%0(C)H
(=) + %1(C)H

(=−1) + · · · + %= (C)H = � (C) (A)

into an equivalent = × = system

y′ = �(C)y + f (C). (B)

(b) Suppose (A) is normal on an interval (0, 1) and {H1, H2, . . . , H=} is a fundamental

set of solutions of

%0(C)H
(=) + %1(C)H

(=−1) + · · · + %= (C)H = 0 (C)

on (0, 1). Find a corresponding fundamental matrix . for

y′ = �(C)y (D)

on (0, 1) such that

H = 21H1 + 22H2 + · · · + 2=H=

is a solution of (C) if and only if y = .c with

c =



21

22
...

2=


is a solution of (D).

(c) Let H? = D1H1 + D2H2 + · · · + D=H= be a particular solution of (A), obtained by the

method of variation of parameters for scalar equations as given in Section 9.4, and

define

u =



D1

D2
...

D=


.

Show that y? = .u is a solution of (B).
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(d) Let y? = .u be a particular solution of (B), obtained by the method of variation of

parameters for systems as given in this section. Show that H? = D1H1+D2H2+· · ·+D=H=
is a solution of (A).

23. Suppose the =× = matrix function � and the =–vector function f are continuous on (0, 1).

Let C0 be in (0, 1), let k be an arbitrary constant vector, and let . be a fundamental matrix

for the homogeneous system y′ = �(C)y. Use variation of parameters to show that the

solution of the initial value problem

y′ = �(C)y + f (C), y(C0) = k

is

y(C) = . (C)

(
.−1(C0)k +

∫ C

C0

.−1(B)f (B) 3B

)
.


