
Chapter 9

Linear Higher Order Equations

IN THIS CHAPTER we extend the results obtained in Chapter 5 for linear second order equations

to linear higher order equations.

SECTION 9.1 presents a theoretical introduction to linear higher order equations.

SECTION 9.2 discusses higher order constant coefficient homogeneous equations.

SECTION 9.3 presents the method of undetermined coefficients for higher order equations.

SECTION 9.4 extends the method of variation of parameters to higher order equations.
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9.1 Introduction to Linear Higher Order Equations

An =th order differential equation is said to be linear if it can be written in the form

H (=) + ?1(G)H (=−1) + · · · + ?= (G)H = 5 (G). (9.1.1)

We considered equations of this form with = = 1 in Section 2.1 and with = = 2 in Chapter 5. In

this chapter = is an arbitrary positive integer.

In this section we sketch the general theory of linear =th order equations. Since this theory

has already been discussed for = = 2 in Sections 5.1 and 5.3, we’ll omit proofs.

For convenience, we consider linear differential equations written as

%0(G)H (=) + %1(G)H (=−1) + · · · + %= (G)H = � (G), (9.1.2)

which can be rewritten as (9.1.1) on any interval on which %0 has no zeros, with ?1 = %1/%0,

. . . , ?= = %=/%0 and 5 = �/%0. For simplicity, throughout this chapter we’ll abbreviate the left

side of (9.1.2) by !H; that is,

!H = %0H
(=) + %1H

(=−1) + · · · + %=H.
We say that the equation !H = � is normal on (0, 1) if %0, %1, . . . , %= and � are continuous on

(0, 1) and %0 has no zeros on (0, 1). If this is so then !H = � can be written as (9.1.1) with ?1,

. . . , ?= and 5 continuous on (0, 1).
The next theorem is analogous to Theorem 5.3.1.

Theorem 9.1.1 Suppose !H = � is normal on (0, 1), let G0 be a point in (0, 1), and let :0, :1,

. . . , :=−1 be arbitrary real numbers. Then the initial value problem

!H = �, H(G0) = :0, H′(G0) = :1, . . . , H (=−1) (G0) = :=−1

has a unique solution on (0, 1).

Homogeneous Equations

Eqn. (9.1.2) is said to be homogeneous if � ≡ 0 and nonhomogeneous otherwise. Since H ≡ 0 is

obviously a solution of !H = 0, we call it the trivial solution. Any other solution is nontrivial.

If H1, H2, . . . , H= are defined on (0, 1) and 21, 22, . . . , 2= are constants, then

H = 21H1 + 22H2 + · · · + 2=H= (9.1.3)

is a linear combination of {H1, H2 . . . , H=}. It’s easy to show that if H1, H2, . . . , H= are solutions

of !H = 0 on (0, 1), then so is any linear combination of {H1, H2, . . . , H=}. (See the proof of

Theorem 5.1.2.) We say that {H1, H2, . . . , H=} is a fundamental set of solutions of !H = 0 on (0, 1)
if every solution of !H = 0 on (0, 1) can be written as a linear combination of {H1, H2, . . . , H=},
as in (9.1.3). In this case we say that (9.1.3) is the general solution of !H = 0 on (0, 1).

It can be shown (Exercises 14 and 15) that if the equation !H = 0 is normal on (0, 1) then

it has infinitely many fundamental sets of solutions on (0, 1). The next definition will help to

identify fundamental sets of solutions of !H = 0.

We say that {H1, H2, . . . , H=} is linearly independent on (0, 1) if the only constants 21, 22, . . . ,

2= such that

21H1(G) + 22H2(G) + · · · + 2=H= (G) = 0, 0 < G < 1, (9.1.4)

are 21 = 22 = · · · = 2= = 0. If (9.1.4) holds for some set of constants 21, 22, . . . , 2= that are not

all zero, then {H1, H2, . . . , H=} is linearly dependent on (0, 1). The next theorem is analogous to

Theorem 5.1.3.
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Theorem 9.1.2 If !H = 0 is normal on (0, 1), then a set {H1, H2, . . . , H=} of = solutions of

!H = 0 on (0, 1) is a fundamental set if and only if it’s linearly independent on (0, 1).

Example 9.1.1 The equation

G3H′′′ − G2H′′ − 2GH′ + 6H = 0 (9.1.5)

is normal and has the solutions H1 = G2, H2 = G3, and H3 = 1/G on (−∞, 0) and (0,∞). Show

that {H1, H2, H3} is linearly independent on (−∞, 0) and (0,∞). Then find the general solution

of (9.1.5) on (−∞, 0) and (0,∞).

Solution Suppose

21G
2 + 22G

3 + 23

G
= 0 (9.1.6)

on (0,∞). We must show that 21 = 22 = 23 = 0. Differentiating (9.1.6) twice yields the system

21G
2 + 22G

3 + 23

G
= 0

221G + 322G
2 − 23

G2
= 0

221 + 622G +
223

G3
= 0.

(9.1.7)

If (9.1.7) holds for all G in (0,∞), then it certainly holds at G = 1; therefore,

21 + 22 + 23 = 0

221 + 322 − 23 = 0

221 + 622 + 223 = 0.

(9.1.8)

By solving this system directly, you can verify that it has only the trivial solution 21 = 22 = 23 =

0; however, for our purposes it’s more useful to recall from linear algebra that a homogeneous

linear system of = equations in = unknowns has only the trivial solution if its determinant is

nonzero. Since the determinant of (9.1.8) is
������

1 1 1

2 3 −1

2 6 2

������
=

������

1 0 0

2 1 −3

2 4 0

������
= 12,

it follows that (9.1.8) has only the trivial solution, so {H1, H2, H3} is linearly independent on

(0,∞). Now Theorem 9.1.2 implies that

H = 21G
2 + 22G

3 + 23

G

is the general solution of (9.1.5) on (0,∞). To see that this is also true on (−∞, 0), assume that

(9.1.6) holds on (−∞, 0). Setting G = −1 in (9.1.7) yields

21 − 22 − 23 = 0

−221 + 322 − 23 = 0

221 − 622 − 223 = 0.

Since the determinant of this system is
������

1 −1 −1

−2 3 −1

2 −6 −2

������
=

������

1 0 0

−2 1 −3

2 −4 0

������
= −12,

it follows that 21 = 22 = 23 = 0; that is, {H1, H2, H3} is linearly independent on (−∞, 0).
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Example 9.1.2 The equation

H (4) + H′′′ − 7H′′ − H′ + 6H = 0 (9.1.9)

is normal and has the solutions H1 = 4G , H2 = 4−G , H3 = 42G , and H4 = 4−3G on (−∞,∞). (Verify.)

Show that {H1, H2, H3, H4} is linearly independent on (−∞,∞). Then find the general solution of

(9.1.9).

Solution Suppose 21, 22, 23, and 24 are constants such that

214
G + 224

−G + 234
2G + 244

−3G
= 0 (9.1.10)

for all G. We must show that 21 = 22 = 23 = 24 = 0. Differentiating (9.1.10) three times yields

the system

214
G + 224

−G + 234
2G + 244

−3G
= 0

214
G − 224

−G + 2234
2G − 3244

−3G
= 0

214
G + 224

−G + 4234
2G + 9244

−3G
= 0

214
G − 224

−G + 8234
2G − 27244

−3G
= 0.

(9.1.11)

If (9.1.11) holds for all G, then it certainly holds for G = 0. Therefore

21 + 22 + 23 + 24 = 0

21 − 22 + 223 − 324 = 0

21 + 22 + 423 + 924 = 0

21 − 22 + 823 − 2724 = 0.

The determinant of this system is

��������

1 1 1 1

1 −1 2 −3

1 1 4 9

1 −1 8 −27

��������
=

��������

1 1 1 1

0 −2 1 −4

0 0 3 8

0 −2 7 −28

��������
=

������

−2 1 −4

0 3 8

−2 7 −28

������

=

������

−2 1 −4

0 3 8

0 6 −24

������
= −2

����
3 8

6 −24

���� = 240,

(9.1.12)

so the system has only the trivial solution 21 = 22 = 23 = 24 = 0. Now Theorem 9.1.2 implies

that

H = 214
G + 224

−G + 234
2G + 244

−3G

is the general solution of (9.1.9).

The Wronskian

We can use the method used in Examples 9.1.1 and 9.1.2 to test = solutions {H1, H2, . . . , H=}
of any =th order equation !H = 0 for linear independence on an interval (0, 1) on which the

equation is normal. Thus, if 21, 22 ,. . . , 2= are constants such that

21H1 + 22H2 + · · · + 2=H= = 0, 0 < G < 1,
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then differentiating = − 1 times leads to the = × = system of equations

21H1(G) + 22H2(G)+ · · · +2=H= (G) = 0

21H
′
1
(G) + 22H

′
2
(G)+ · · · +2=H′= (G) = 0

...

21H
(=−1)
1

(G) + 22H
(=−1)
2

(G)+ · · · +2=H (=−1)
= (G) = 0

(9.1.13)

for 21, 22, . . . , 2=. For a fixed G, the determinant of this system is

, (G) =

�����������

H1(G) H2(G) · · · H= (G)
H′

1
(G) H′

2
(G) · · · H′= (G)

...
...

. . .
...

H
(=−1)
1

(G) H
(=−1)
2

(G) · · · H
(=−1)
= (G)

�����������

.

We call this determinant the Wronskian of {H1, H2, . . . , H=}. If , (G) ≠ 0 for some G in (0, 1)
then the system (9.1.13) has only the trivial solution 21 = 22 = · · · = 2= = 0, and Theorem 9.1.2

implies that

H = 21H1 + 22H2 + · · · + 2=H=
is the general solution of !H = 0 on (0, 1).

The next theorem generalizes Theorem 5.1.4. The proof is sketched in (Exercises 17–20).

Theorem 9.1.3 Suppose the homogeneous linear =th order equation

%0(G)H (=) + %1(G)H (=−1) + · · · + %= (G)H = 0 (9.1.14)

is normal on (0, 1), let H1, H2, . . . , H= be solutions of (9.1.14) on (0, 1), and let G0 be in (0, 1).
Then the Wronskian of {H1, H2, . . . , H=} is given by

, (G) = , (G0) exp

{
−
∫ G

G0

%1(C)
%0(C)

3C

}
, 0 < G < 1. (9.1.15)

Therefore, either, has no zeros in (0, 1) or, ≡ 0 on (0, 1).

Formula (9.1.15) is Abel’s formula.

The next theorem is analogous to Theorem 5.1.6.

Theorem 9.1.4 Suppose !H = 0 is normal on (0, 1) and let H1, H2, . . . , H= be = solutions of

!H = 0 on (0, 1). Then the following statements are equivalent; that is, they are either all true

or all false:

(a) The general solution of !H = 0 on (0, 1) is H = 21H1 + 22H2 + · · · + 2=H=.

(b) {H1, H2, . . . , H=} is a fundamental set of solutions of !H = 0 on (0, 1).

(c) {H1, H2, . . . , H=} is linearly independent on (0, 1).

(d) The Wronskian of {H1, H2, . . . , H=} is nonzero at some point in (0, 1).

(e) The Wronskian of {H1, H2, . . . , H=} is nonzero at all points in (0, 1).

https://mathshistory.st-andrews.ac.uk/Biographies/Wronski/
https://mathshistory.st-andrews.ac.uk/Biographies/Abel/
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Example 9.1.3 In Example 9.1.1 we saw that the solutions H1 = G2, H2 = G3, and H3 = 1/G of

G3H′′′ − G2H′′ − 2GH′ + 6H = 0

are linearly independent on (−∞, 0) and (0,∞). Calculate the Wronskian of {H1, H2, H3}.

Solution If G ≠ 0, then

, (G) =

�����������

G2 G3 1

G

2G 3G2 − 1

G2

2 6G
2

G3

�����������

= 2G3

�����������

1 G
1

G3

2 3G − 1

G3

1 3G
1

G3

�����������

,

where we factored G2, G, and 2 out of the first, second, and third rows of , (G), respectively.

Adding the second row of the last determinant to the first and third rows yields

, (G) = 2G3

��������

3 4G 0

2 3G − 1

G3

3 6G 0

��������
= 2G3

(
1

G3

) ����
3 4G

3 6G

���� = 12G.

Therefore, (G) ≠ 0 on (−∞, 0) and (0,∞).

Example 9.1.4 In Example 9.1.2 we saw that the solutions H1 = 4G , H2 = 4−G , H3 = 42G , and

H4 = 4−3G of

H (4) + H′′′ − 7H′′ − H′ + 6H = 0

are linearly independent on every open interval. Calculate the Wronskian of {H1, H2, H3, H4}.

Solution For all G,

, (G) =

��������

4G 4−G 42G 4−3G

4G −4−G 242G −34−3G

4G 4−G 442G 94−3G

4G −4−G 842G −274−3G

��������
.

Factoring the exponential common factor from each row yields

, (G) = 4−G

��������

1 1 1 1

1 −1 2 −3

1 1 4 9

1 −1 8 −27

��������
= 2404−G ,

from (9.1.12).

Remark: Under the assumptions of Theorem 9.1.4, it isn’t necessary to obtain a formula for

, (G). Just evaluate, (G) at a convenient point in (0, 1), as we did in Examples 9.1.1 and 9.1.2.

Theorem 9.1.5 Suppose !H = 0 is normal on (0, 1), 2 is in (0, 1), and U1, U2, . . . , U= are real

numbers, not all zero. If H1, H2, . . . , H= are solutions of !H = 0 such that

U1H8 (2) + U2H
′
8 (2) + · · · + U=H (=−1)

8
(2) = 0, 1 ≤ 8 ≤ =, (9.1.16)

Then {H1, H2, . . . H=} isn’t linearly independent on (0, 1).
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Proof Since U1, U2, . . . , U= are not all zero, (9.1.16) implies that

���������

H1(2) H′
1
(2) · · · H

(=−1)
1

(2)
H2(2) H′

2
(2) · · · H

(=−1)
2

(2)
...

...
. . .

...

H= (2) H′= (2) · · · H
(=−1)
= (2)

���������

= 0,

so ���������

H1(2) H2(2) · · · H= (2)
H′

1
(2) H′

2
(2) · · · H′= (2)

...
...

. . .
...

H
(=−1)
1

(2) H
(=−1)
2

(2) · · · H
(=−1)
= (2)

���������

= 0

and Theorem 9.1.4 implies the stated conclusion.

General Solution of a Nonhomogeneous Equation

The next theorem is analogous to Theorem 5.3.2. It shows how to find the general solution of

!H = � if we know a particular solution of !H = � and a fundamental set of solutions of the

complementary equation !H = 0.

Theorem 9.1.6 Suppose !H = � is normal on (0, 1). Let H? be a particular solution of !H = �

on (0, 1), and let {H1, H2, . . . , H=} be a fundamental set of solutions of the complementary

equation !H = 0 on (0, 1). Then H is a solution of !H = � on (0, 1) if and only if

H = H? + 21H1 + 22H2 + · · · + 2=H=,

where 21, 22, . . . , 2= are constants.

The next theorem is analogous to Theorem 5.3.3.

Theorem 9.1.7 [The Principle of Superposition] Suppose for each 8 = 1, 2, . . . , A, the function

H?8 is a particular solution of !H = �8 on (0, 1). Then

H? = H?1
+ H?2

+ · · · + H?A

is a particular solution of

!H = �1(G) + �2(G) + · · · + �A (G)

on (0, 1).

We’ll apply Theorems 9.1.6 and 9.1.7 throughout the rest of this chapter.

Exercises

1. Verify that the given function is the solution of the initial value problem.

(a) G3H′′′ − 3G2H′′ + 6GH′ − 6H = −24

G
, H(−1) = 0, H′(−1) = 0, H′′(−1) = 0;
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H = −6G − 8G2 − 3G3 + 1

G

(b) H′′′ − 1

G
H′′ − H′ + 1

G
H =

G2 − 4

G4
, H(1) = 3

2
, H′(1) = 1

2
, H′′(1) = 1;

H = G + 1

2G

(c) GH′′′ − H′′ − GH′ + H = G2, H(1) = 2, H′(1) = 5, H′′(1) = −1;

H = −G2 − 2 + 24(G−1) − 4−(G−1) + 4G

(d) 4G3H′′′ + 4G2H′′ − 5GH′ + 2H = 30G2, H(1) = 5, H′(1) = 17

2
;

H′′(1) = 63

4
; H = 2G2 ln G − G1/2 + 2G−1/2 + 4G2

(e) G4H (4) − 4G3H′′′ + 12G2H′′ − 24GH′ + 24H = 6G4, H(1) = −2,

H′(1) = −9, H′′(1) = −27, H′′′(1) = −52;

H = G4 ln G + G − 2G2 + 3G3 − 4G4

(f) GH (4) − H′′′ − 4GH′′ + 4H′ = 96G2, H(1) = −5, H′(1) = −24

H′′(1) = −36; H′′′(1) = −48; H = 9 − 12G + 6G2 − 8G3

2. Solve the initial value problem

G3H′′′ − G2H′′ − 2GH′ + 6H = 0, H(−1) = −4, H′(−1) = −14, H′′(−1) = −20.

Hint: See Example 9.1.1.

3. Solve the initial value problem

H (4) + H′′′ − 7H′′ − H′ + 6H = 0, H(0) = 5, H′(0) = −6, H′′(0) = 10, H′′′(0) = −36.

Hint: See Example 9.1.2.

4. Find solutions H1, H2, . . . , H= of the equation H (=) = 0 that satisfy the initial conditions

H
( 9)
8

(G0) =
{

0, 9 ≠ 8 − 1,

1, 9 = 8 − 1,
0 ≤ 9 ≤ = − 1, 1 ≤ 8 ≤ =.

5. (a) Verify that the function

H = 21G
3 + 22G

2 + 23

G

satisfies

G3H′′′ − G2H′′ − 2GH′ + 6H = 0 (A)
if 21, 22, and 23 are constants.

(b) Use (a) to find solutions H1, H2, and H3 of (A) such that

H1(1) = 1, H′
1
(1) = 0, H′′

1
(1) = 0

H2(1) = 0, H′
2
(1) = 1, H′′

2
(1) = 0

H3(1) = 0, H′
3
(1) = 0, H′′

3
(1) = 1.
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(c) Use (b) to find the solution of (A) such that

H(1) = :0, H′(1) = :1, H′′(1) = :2.

6. Verify that the given functions are solutions of the given equation, and show that they

form a fundamental set of solutions of the equation on any interval on which the equation

is normal.

(a) H′′′ + H′′ − H′ − H = 0; {4G , 4−G , G4−G}
(b) H′′′ − 3H′′ + 7H′ − 5H = 0; {4G , 4G cos 2G, 4G sin 2G}.
(c) GH′′′ − H′′ − GH′ + H = 0; {4G , 4−G , G}
(d) G2H′′′ + 2GH′′ − (G2 + 2)H′ = 0; {4G/G, 4−G/G, 1}
(e) (G2 − 2G + 2)H′′′ − G2H′′ + 2GH′ − 2H = 0; {G, G2, 4G}
(f) (2G − 1)H (4) − 4GH′′′ + (5 − 2G)H′′ + 4GH′ − 4H = 0; {G, 4G , 4−G , 42G}
(g) GH (4) − H′′′ − 4GH′′ + 4H′ = 0; {1, G2, 42G , 4−2G}

7. Find the Wronskian, of a set of three solutions of

H′′′ + 2GH′′ + 4GH′ − H = 0,

given that, (0) = 2.

8. Find the Wronskian, of a set of four solutions of

H (4) + (tan G)H′′′ + G2H′′ + 2GH = 0,

given that, (c/4) =  .

9. (a) Evaluate the Wronskian, {4G , G4G , G24G}. Evaluate, (0).
(b) Verify that H1, H2, and H3 satisfy

H′′′ − 3H′′ + 3H′ − H = 0. (A)

(c) Use, (0) from (a) and Abel’s formula to calculate, (G).
(d) What is the general solution of (A)?

10. Compute the Wronskian of the given set of functions.

(a) {1, 4G , 4−G} (b) {4G , 4G sin G, 4G cos G}
(c) {2, G + 1, G2 + 2} (d) {G, G ln G, 1/G}

(e) {1, G, G
2

2!
,
G3

3!
, · · · , G

=

=!
} (f) {4G , 4−G , G}

(g) {4G/G, 4−G/G, 1} (h) {G, G2, 4G}
(i) {G, G3, 1/G, 1/G2} (j) {4G , 4−G , G, 42G}
(k) {42G , 4−2G , 1, G2}
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11. Suppose !H = 0 is normal on (0, 1) and G0 is in (0, 1). Use Theorem 9.1.1 to show that

H ≡ 0 is the only solution of the initial value problem

!H = 0, H(G0) = 0, H′(G0) = 0, . . . , H (=−1) (G0) = 0,

on (0, 1).

12. Prove: If H1, H2, . . . , H= are solutions of !H = 0 and the functions

I8 =

=∑

9=1

08 9 H 9 , 1 ≤ 8 ≤ =,

form a fundamental set of solutions of !H = 0, then so do H1, H2, . . . , H=.

13. Prove: If

H = 21H1 + 22H2 + · · · + 2: H: + H?
is a solution of a linear equation !H = � for every choice of the constants 21, 22 ,. . . , 2: ,

then !H8 = 0 for 1 ≤ 8 ≤ : .

14. Suppose !H = 0 is normal on (0, 1) and let G0 be in (0, 1). For 1 ≤ 8 ≤ =, let H8 be the

solution of the initial value problem

!H8 = 0, H
( 9)
8

(G0) =
{

0, 9 ≠ 8 − 1,

1, 9 = 8 − 1,
0 ≤ 9 ≤ = − 1, 1 ≤ 8 ≤ =,

where G0 is an arbitrary point in (0, 1). Show that any solution of !H = 0 on (0, 1), can

be written as

H = 21H1 + 22H2 + · · · + 2=H=,
with 2 9 = H

( 9−1) (G0).

15. Suppose {H1, H2, . . . , H=} is a fundamental set of solutions of

%0(G)H (=) + %1(G)H (=−1) + · · · + %= (G)H = 0

on (0, 1), and let
I1 = 011H1 + 012H2 + · · · + 01=H=
I2 = 021H1 + 022H2 + · · · + 02=H=

...
...

...
...

I= = 0=1H1 + 0=2H2 + · · · + 0==H=,
where the {08 9 } are constants. Show that {I1, I2, . . . , I=} is a fundamental set of solutions

of the displayed equation if and only if the determinant

���������

011 012 · · · 01=

021 022 · · · 02=
...

...
. . .

...

0=1 0=2 · · · 0==

���������

is nonzero.Hint: The determinant of a product of = × = matrices equals the product of the

determinants.
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16. Show that {H1, H2, . . . , H=} is linearly dependent on (0, 1) if and only if at least one of the

functions H1, H2, . . . , H= can be written as a linear combination of the others on (0, 1).

Take the following as a hint in Exercises 17–19:

By the definition of determinant,

�����������

011 012 · · · 01=

021 022 · · · 02=

...
...

. . .
...

0=1 0=2 · · · 0==

�����������

=

∑
±01810282 · · · 0=8= ,

where the sum is over all permutations (81, 82, . . . , 8=) of (1, 2, . . . , =) and the choice of + or −
in each term depends only on the permutation associated with that term.

17. Prove: If

�(D1, D2, . . . , D=) =

��������������

011 012 · · · 01=

021 022 · · · 02=

...
...

. . .
...

0=−1,1 0=−1,2 · · · 0=−1,=

D1 D2 · · · D=

��������������

,

then

�(D1 + E1, D2 + E2, . . . , D= + E=) = �(D1, D2, . . . , D=) + �(E1, E2, . . . , E=).

18. Let

� =

�����������

511 512 · · · 51=

521 522 · · · 52=

...
...

. . .
...

5=1 5=2 · · · 5==

�����������

,

where 58 9 (1 ≤ 8, 9 ≤ =) is differentiable. Show that

�′
= �1 + �2 + · · · + �=,

where �8 is the determinant obtained by differentiating the 8th row of �.

19. Use Exercise 18 to show that if, is the Wronskian of the =-times differentiable functions

H1, H2, . . . , H=, then

,′
=

��������������

H1 H2 · · · H=

H′
1

H′
2

· · · H′=
...

...
. . .

...

H
(=−2)
1

H
(=−2)
2

· · · H
(=−2)
=

H
(=)
1

H
(=)
2

· · · H
(=)
=

��������������

.
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20. Use Exercises 17 and 19 to show that if, is the Wronskian of solutions {H1, H2, . . . , H=}
of the normal equation

%0(G)H (=) + %1(G)H (=−1) + · · · + %= (G)H = 0, (A)

then,′
= −%1,/%0. Derive Abel’s formula (Eqn. (9.1.15)) from this. Hint: Use (A) to

write H (=) in terms of H, H′, . . . , H (=−1) .

21. Prove Theorem 9.1.6.

22. Prove Theorem 9.1.7.

23. Show that if the Wronskian of the =-times continuously differentiable functions {H1, H2, . . . , H=}
has no zeros in (0, 1), then the differential equation obtained by expanding the determinant

�����������

H H1 H2 · · · H=

H′ H′
1

H′
2

· · · H′=
...

...
...

. . .
...

H (=) H
(=)
1

H
(=)
2

· · · H
(=)
=

�����������

= 0,

in cofactors of its first column is normal and has {H1, H2, . . . , H=} as a fundamental set of

solutions on (0, 1).

24. Use the method suggested by Exercise 23 to find a linear homogeneous equation such

that the given set of functions is a fundamental set of solutions on intervals on which the

Wronskian of the set has no zeros.

(a) {G, G2 − 1, G2 + 1} (b) {4G , 4−G , G}
(c) {4G , G4−G , 1} (d) {G, G2, 4G}
(e) {G, G2, 1/G} (f) {G + 1, 4G , 43G}
(g) {G, G3, 1/G, 1/G2} (h) {G, G ln G, 1/G, G2}
(i) {4G , 4−G , G, 42G} (j) {42G , 4−2G , 1, G2}

9.2 Higher Order Constant Coefficient Homogeneous Equa-

tions

If 00, 01, . . . , 0= are constants and 00 ≠ 0, then

00H
(=) + 01H

(=−1) + · · · + 0=H = � (G)

is said to be a constant coefficient equation. In this section we consider the homogeneous

constant coefficient equation

00H
(=) + 01H

(=−1) + · · · + 0=H = 0. (9.2.1)

Since (9.2.1) is normal on (−∞,∞), the theorems in Section 9.1 all apply with (0, 1) = (−∞,∞).
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As in Section 5.2, we call

?(A) = 00A
= + 01A

=−1 + · · · + 0= (9.2.2)

the characteristic polynomial of (9.2.1). We saw in Section 5.2 that when = = 2 the solutions

of (9.2.1) are determined by the zeros of the characteristic polynomial. This is also true when

= > 2, but the situation is more complicated in this case. Consequently, we take a different

approach here than in Section 5.2.

If : is a positive integer, let �: stand for the :-th derivative operator; that is

�: H = H (:) .

If

@(A) = 10A
< + 11A

<−1 + · · · + 1<
is an arbitrary polynomial, define the operator

@(�) = 10�
< + 11�

<−1 + · · · + 1<

such that

@(�)H = (10�
< + 11�

<−1 + · · · + 1<)H = 10H
(<) + 11H

(<−1) + · · · + 1<H

whenever H is a function with < derivatives. We call @(�) a polynomial operator.

With ? as in (9.2.2),

?(�) = 00�
= + 01�

=−1 + · · · + 0=,
so (9.2.1) can be written as ?(�)H = 0. If A is a constant then

?(�)4AG =

(
00�

=4AG + 01�
=−14AG + · · · + 0=4AG

)

= (00A
= + 01A

=−1 + · · · + 0=)4AG;

that is

?(�)(4AG) = ?(A)4AG .
This shows that H = 4AG is a solution of (9.2.1) if ?(A) = 0. In the simplest case, where ? has =

distinct real zeros A1, A2,. . . , A=, this argument yields = solutions

H1 = 4A1G , H2 = 4A2G , . . . , H= = 4
A=G .

It can be shown (Exercise 39) that the Wronskian of {4A1G , 4A2G , . . . , 4A=G} is nonzero if A1, A2,

. . . , A= are distinct; hence, {4A1G , 4A2G , . . . , 4A=G} is a fundamental set of solutions of ?(�)H = 0

in this case.

Example 9.2.1

(a) Find the general solution of

H′′′ − 6H′′ + 11H′ − 6H = 0. (9.2.3)

(b) Solve the initial value problem

H′′′ − 6H′′ + 11H′ − 6H = 0, H(0) = 4, H′(0) = 5, H′′(0) = 9. (9.2.4)
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Solution The characteristic polynomial of (9.2.3) is

?(A) = A3 − 6A2 + 11A − 6 = (A − 1)(A − 2)(A − 3).

Therefore {4G , 42G , 43G} is a set of solutions of (9.2.3). It is a fundamental set, since its Wronskian

is

, (G) =

������

4G 42G 43G

4G 242G 343G

4G 442G 943G

������
= 46G

������

1 1 1

1 2 3

1 4 9

������
= 246G

≠ 0.

Therefore the general solution of (9.2.3) is

H = 214
G + 224

2G + 234
3G . (9.2.5)

Solution (b) We must determine 21, 22 and 23 in (9.2.5) so that H satisfies the initial conditions

in (9.2.4). Differentiating (9.2.5) twice yields

H′ = 214
G + 2224

2G + 3234
3G

H′′ = 214
G + 4224

2G + 9234
3G .

(9.2.6)

Setting G = 0 in (9.2.5) and (9.2.6) and imposing the initial conditions yields

21 + 22 + 23 = 4

21 + 222 + 323 = 5

21 + 422 + 923 = 9.

The solution of this system is 21 = 4, 22 = −1, 23 = 1. Therefore the solution of (9.2.4) is

H = 44G − 42G + 43G

(Figure 9.2.1).

Now we consider the case where the characteristic polynomial (9.2.2) does not have = distinct

real zeros. For this purpose it is useful to define what we mean by a factorization of a polynomial

operator. We begin with an example.

Example 9.2.2 Consider the polynomial

?(A) = A3 − A2 + A − 1

and the associated polynomial operator

?(�) = �3 − �2 + � − 1.

Since ?(A) can be factored as

?(A) = (A − 1)(A2 + 1) = (A2 + 1)(A − 1),

it’s reasonable to expect that p(D) can be factored as

?(�) = (� − 1)(�2 + 1) = (�2 + 1)(� − 1). (9.2.7)

However, before we can make this assertion we must define what we mean by saying that two

operators are equal, and what we mean by the products of operators in (9.2.7). We say that two

operators are equal if they apply to the same functions and always produce the same result. The

definition of the products in (9.2.7) is this: if H is any three-times differentiable function then



CHAPTER 9. LINEAR HIGHER ORDER EQUATIONS 489

0.5 1 1.5 2.0 .0

100

200

300

400

500

600

700

 x

 y

Figure 9.2.1 H = 44G − 42G + 43G

(a) (� − 1)(�2 + 1)H is the function obtained by first applying �2 + 1 to H and then applying

� − 1 to the resulting function

(b) (�2 + 1)(� − 1)H is the function obtained by first applying � − 1 to H and then applying

�2 + 1 to the resulting function.

From (a),

(� − 1)(�2 + 1)H = (� − 1) [(�2 + 1)H]
= (� − 1)(H′′ + H) = � (H′′ + H) − (H′′ + H)
= (H′′′ + H′) − (H′′ + H)
= H′′′ − H′′ + H′ − H = (�3 − �2 + � − 1)H.

(9.2.8)

This implies that

(� − 1)(�2 + 1) = (�3 − �2 + � − 1).
From (b),

(�2 + 1)(� − 1)H = (�2 + 1) [(� − 1)H]
= (�2 + 1)(H′ − H) = �2(H′ − H) + (H′ − H)
= (H′′′ − H′′) + (H′ − H)
= H′′′ − H′′ + H′ − H = (�3 − �2 + � − 1)H,

(9.2.9)

(�2 + 1)(� − 1) = (�3 − �2 + � − 1),
which completes the justification of (9.2.7).

Example 9.2.3 Use the result of Example 9.2.2 to find the general solution of

H′′′ − H′′ + H′ − H = 0. (9.2.10)



CHAPTER 9. LINEAR HIGHER ORDER EQUATIONS 490

Solution From (9.2.8), we can rewrite (9.2.10) as

(� − 1)(�2 + 1)H = 0,

which implies that any solution of (�2 + 1)H = 0 is a solution of (9.2.10). Therefore H1 = cos G

and H2 = sin G are solutions of (9.2.10).

From (9.2.9), we can rewrite (9.2.10) as

(�2 + 1)(� − 1)H = 0,

which implies that any solution of (� − 1)H = 0 is a solution of (9.2.10). Therefore H3 = 4G is

a solution of (9.2.10).

The Wronskian of {cos G, sin G, 4G} is

, (G) =

������

cos G sin G 4G

− sin G cos G 4G

− cos G − sin G 4G

������
.

Since

, (0) =

������

1 0 1

0 1 1

−1 0 1

������
= 2,

{cos G, sin G, 4G} is linearly independent and

H = 21 cos G + 22 sin G + 234
G

is the general solution of (9.2.10).

Example 9.2.4 Find the general solution of

H (4) − 16H = 0. (9.2.11)

Solution The characteristic polynomial of (9.2.11) is

?(A) = A4 − 16 = (A2 − 4)(A2 + 4) = (A − 2)(A + 2)(A2 + 4).

By arguments similar to those used in Examples 9.2.2 and 9.2.3, it can be shown that (9.2.11)

can be written as

(�2 + 4)(� + 2)(� − 2)H = 0

or

(�2 + 4)(� − 2)(� + 2)H = 0

or

(� − 2)(� + 2)(�2 + 4)H = 0.

Therefore H is a solution of (9.2.11) if it’s a solution of any of the three equations

(� − 2)H = 0, (� + 2)H = 0, (�2 + 4)H = 0.

Hence, {42G , 4−2G , cos 2G, sin 2G} is a set of solutions of (9.2.11). The Wronskian of this set is

, (G) =

��������

42G 4−2G cos 2G sin 2G

242G −24−2G −2 sin 2G 2 cos 2G

442G 44−2G −4 cos 2G −4 sin 2G

842G −84−2G 8 sin 2G −8 cos 2G

��������
.
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Since

, (0) =

��������

1 1 1 0

2 −2 0 2

4 4 −4 0

8 −8 0 −8

��������
= −512,

{42G , 4−2G , cos 2G, sin 2G} is linearly independent, and

H = 214
2G + 224

−2G + 23 cos 2G + 24 sin 2G

is the general solution of (9.2.11).

It is known from algebra that every polynomial

?(A) = 00A
= + 01A

=−1 + · · · + 0=

with real coefficients can be factored as

?(A) = 00?1(A)?2(A) · · · ?: (A),

where no pair of the polynomials ?1, ?2, . . . , ?: has a common factor and each is either of the

form

? 9 (A) = (A − A 9 )< 9 , (9.2.12)

where A 9 is real and < 9 is a positive integer, or

? 9 (A) =
[
(A − _ 9 )2 + l2

9

]< 9

, (9.2.13)

where _ 9 and l 9 are real, l 9 ≠ 0, and < 9 is a positive integer. If (9.2.12) holds then A 9 is a real

zero of ?, while if (9.2.13) holds then _ 9 + 8l 9 and _ 9 − 8l 9 are complex conjugate zeros of ?.

In either case, < 9 is the multiplicity of the zero(s).

By arguments similar to those used in our examples, it can be shown that

?(�) = 00?1(�)?2(�) · · · ?: (�) (9.2.14)

and that the order of the factors on the right can be chosen arbitrarily. Therefore, if ? 9 (�)H = 0

for some 9 then ?(�)H = 0. To see this, we simply rewrite (9.2.14) so that ? 9 (�) is applied

first. Therefore the problem of finding solutions of ?(�)H = 0 with ? as in (9.2.14) reduces to

finding solutions of each of these equations

? 9 (�)H = 0, 1 ≤ 9 ≤ :,

where ? 9 is a power of a first degree term or of an irreducible quadratic. To find a fundamental set

of solutions {H1, H2, . . . , H=} of ?(�)H = 0, we find a fundamental set of solutions of each of the

equations and take {H1, H2, . . . , H=} to be the set of all functions in these separate fundamental

sets. In Exercise 40 we sketch the proof that {H1, H2, . . . , H=} is linearly independent, and

therefore a fundamental set of solutions of ?(�)H = 0.

To apply this procedure to general homogeneous constant coefficient equations, we must be

able to find fundamental sets of solutions of equations of the form

(� − 0)<H = 0

and [
(� − _)2 + l2

]<
H = 0,

where < is an arbitrary positive integer. The next two theorems show how to do this.
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Theorem 9.2.1 If < is a positive integer, then

{40G , G40G , . . . , G<−140G} (9.2.15)

is a fundamental set of solutions of

(� − 0)<H = 0. (9.2.16)

Proof We’ll show that if

5 (G) = 21 + 22G + · · · + 2<G<−1

is an arbitrary polynomial of degree ≤ < − 1, then H = 40G 5 is a solution of (9.2.16). First note

that if 6 is any differentiable function then

(� − 0)40G6 = �40G6 − 040G6 = 040G6 + 40G6′ − 040G6,

so

(� − 0)40G6 = 40G6′. (9.2.17)

Therefore

(� − 0)40G 5 = 40G 5 ′ (from (9.2.17) with 6 = 5 )

(� − 0)240G 5 = (� − 0)40G 5 ′ = 40G 5 ′′ (from (9.2.17) with 6 = 5 ′)
(� − 0)340G 5 = (� − 0)40G 5 ′′ = 40G 5 ′′′ (from (9.2.17) with 6 = 5 ′′)

...

(� − 0)<40G 5 = (� − 0)40G 5 (<−1)
= 40G 5 (<) (from (9.2.17) with 6 = 5 (<−1)).

Since 5 (<) = 0, the last equation implies that H = 40G 5 is a solution of (9.2.16) if 5 is any

polynomial of degree ≤ < − 1. In particular, each function in (9.2.15) is a solution of (9.2.16).

To see that (9.2.15) is linearly independent (and therefore a fundamental set of solutions of

(9.2.16)), note that if

214
0G + 22G4

0G + · · · + 2<G<−140G = 0

for all G in some interval (0, 1), then

21 + 22G + · · · + 2<G<−1
= 0

for all G in (0, 1). However, we know from algebra that if this polynomial has more than < − 1

zeros then 21 = 22 = · · · = 2< = 0.

Example 9.2.5 Find the general solution of

H′′′ + 3H′′ + 3H′ + H = 0. (9.2.18)

Solution The characteristic polynomial of (9.2.18) is

?(A) = A3 + 3A2 + 3A + 1 = (A + 1)3.

Therefore (9.2.18) can be written as

(� + 1)3H = 0,

so Theorem 9.2.1 implies that the general solution of (9.2.18) is

H = 4−G (21 + 22G + 23G
2).

The proof of the next theorem is sketched in Exercise 41.
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Theorem 9.2.2 If l ≠ 0 and < is a positive integer, then

{4_G coslG, G4_G coslG, . . . , G<−14_G coslG,

4_G sinlG, G4_G sinlG, . . . , G<−14_G sinlG}

is a fundamental set of solutions of

[(� − _)2 + l2]<H = 0.

Example 9.2.6 Find the general solution of

(�2 + 4� + 13)3H = 0. (9.2.19)

Solution The characteristic polynomial of (9.2.19) is

?(A) = (A2 + 4A + 13)3
=

(
(A + 2)2 + 9

)3

.

Therefore (9.2.19) can be written as

[(� + 2)2 + 9]3H = 0,

so Theorem 9.2.2 implies that the general solution of (9.2.19) is

H = (01 + 02G + 03G
2)4−2G cos 3G + (11 + 12G + 13G

2)4−2G sin 3G.

Example 9.2.7 Find the general solution of

H (4) + 4H′′′ + 6H′′ + 4H′ = 0. (9.2.20)

Solution The characteristic polynomial of (9.2.20) is

?(A) = A4 + 4A3 + 6A2 + 4A

= A (A3 + 4A2 + 6A + 4)
= A (A + 2)(A2 + 2A + 2)
= A (A + 2) [(A + 1)2 + 1] .

Therefore (9.2.20) can be written as

[(� + 1)2 + 1] (� + 2)�H = 0.

Fundamental sets of solutions of

[
(� + 1)2 + 1

]
H = 0, (� + 2)H = 0, and �H = 0.

are given by

{4−G cos G, 4−G sin G}, {4−2G}, and {1},
respectively. Therefore the general solution of (9.2.20) is

H = 4−G (21 cos G + 22 sin G) + 234
−2G + 24.
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Example 9.2.8 Find a fundamental set of solutions of

[(� + 1)2 + 1]2(� − 1)3(� + 1)�2H = 0. (9.2.21)

Solution A fundamental set of solutions of (9.2.21) can be obtained by combining fundamental

sets of solutions of [
(� + 1)2 + 1

]2
H = 0, (� − 1)3H = 0,

(� + 1)H = 0, and �2H = 0.

Fundamental sets of solutions of these equations are given by

{4−G cos G, G4−G cos G, 4−G sin G, G4−G sin G}, {4G , G4G , G24G},
{4−G}, and {1, G},

respectively. These ten functions form a fundamental set of solutions of (9.2.21).

Exercises

In Exercises 1–14 find the general solution.

1. H′′′ − 3H′′ + 3H′ − H = 0 2. H (4) + 8H′′ − 9H = 0

3. H′′′ − H′′ + 16H′ − 16H = 0 4. 2H′′′ + 3H′′ − 2H′ − 3H = 0

5. H′′′ + 5H′′ + 9H′ + 5H = 0 6. 4H′′′ − 8H′′ + 5H′ − H = 0

7. 27H′′′ + 27H′′ + 9H′ + H = 0 8. H (4) + H′′ = 0

9. H (4) − 16H = 0 10. H (4) + 12H′′ + 36H = 0

11. 16H (4) − 72H′′ + 81H = 0 12. 6H (4) + 5H′′′ + 7H′′ + 5H′ + H = 0

13. 4H (4) + 12H′′′ + 3H′′ − 13H′ − 6H = 0

14. H (4) − 4H′′′ + 7H′′ − 6H′ + 2H = 0

In Exercises 15–27 solve the initial value problem. Where indicated by C/G , graph the

solution.

15. H′′′ − 2H′′ + 4H′ − 8H = 0, H(0) = 2, H′(0) = −2, H′′(0) = 0

16. H′′′ + 3H′′ − H′ − 3H = 0, H(0) = 0, H′(0) = 14, H′′(0) = −40

17. C/G H′′′ − H′′ − H′ + H = 0, H(0) = −2, H′(0) = 9, H′′(0) = 4

18. C/G H′′′ − 2H′ − 4H = 0, H(0) = 6, H′(0) = 3, H′′(0) = 22
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19. C/G

3H′′′ − H′′ − 7H′ + 5H = 0, H(0) = 14

5
, H′(0) = 0, H′′(0) = 10

20. H′′′ − 6H′′ + 12H′ − 8H = 0, H(0) = 1, H′(0) = −1, H′′(0) = −4

21. 2H′′′ − 11H′′ + 12H′ + 9H = 0, H(0) = 6, H′(0) = 3, H′′(0) = 13

22. 8H′′′ − 4H′′ − 2H′ + H = 0, H(0) = 4, H′(0) = −3, H′′(0) = −1

23. H (4) − 16H = 0, H(0) = 2, H′(0) = 2, H′′(0) = −2, H′′′(0) = 0

24. H (4) − 6H′′′ + 7H′′ + 6H′ − 8H = 0, H(0) = −2, H′(0) = −8, H′′(0) = −14,

H′′′(0) = −62

25. 4H (4) − 13H′′ + 9H = 0, H(0) = 1, H′(0) = 3, H′′(0) = 1, H′′′(0) = 3

26. H (4) + 2H′′′ − 2H′′ − 8H′ − 8H = 0, H(0) = 5, H′(0) = −2, H′′(0) = 6, H′′′(0) = 8

27. C/G 4H (4) + 8H′′′ + 19H′′ + 32H′ + 12H = 0, H(0) = 3, H′(0) = −3, H′′(0) = −7

2
,

H′′′(0) = 31

4

28. Find a fundamental set of solutions of the given equation, and verify that it’s a fundamental

set by evaluating its Wronskian at G = 0.

(a) (� − 1)2(� − 2)H = 0 (b) (�2 + 4)(� − 3)H = 0

(c) (�2 + 2� + 2)(� − 1)H = 0 (d) �3(� − 1)H = 0

(e) (�2 − 1)(�2 + 1)H = 0 (f) (�2 − 2� + 2)(�2 + 1)H = 0

In Exercises 29–38 find a fundamental set of solutions.

29. (�2 + 6� + 13)(� − 2)2�3H = 0

30. (� − 1)2(2� − 1)3(�2 + 1)H = 0

31. (�2 + 9)3�2H = 0 32. (� − 2)3(� + 1)2�H = 0

33. (�2 + 1)(�2 + 9)2(� − 2)H = 034. (�4 − 16)2H = 0

35. (4�2 + 4� + 9)3H = 0 36. �3(� − 2)2(�2 + 4)2H = 0

37. (4�2 + 1)2(9�2 + 4)3H = 0 38.
[
(� − 1)4 − 16

]
H = 0

39. It can be shown that
��������������

1 1 · · · 1

01 02 · · · 0=

02
1

02
2

· · · 02
=

...
...

. . .
...

0=−1
1

0=−1
2

· · · 0=−1
=

��������������

=

∏

1≤8< 9≤=
(0 9 − 08), (A)
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where the left side is the Vandermonde determinant and the right side is the product of all

factors of the form (0 9 − 08) with 8 and 9 between 1 and = and 8 < 9 .

(a) Verify (A) for = = 2 and = = 3.

(b) Find the Wronskian of {401G , 402G , . . . , 40=G}.

40. A theorem from algebra says that if %1 and %2 are polynomials with no common factors

then there are polynomials &1 and &2 such that

&1%1 +&2%2 = 1.

This implies that

&1(�)%1(�)H +&2(�)%2(�)H = H
for every function H with enough derivatives for the left side to be defined.

(a) Use this to show that if %1 and %2 have no common factors and

%1(�)H = %2(�)H = 0

then H = 0.

(b) Suppose %1 and %2 are polynomials with no common factors. Let D1, . . . , DA
be linearly independent solutions of %1(�)H = 0 and let E1, . . . , EB be linearly

independent solutions of %2(�)H = 0. Use (a) to show that {D1, . . . , DA , E1, . . . , EB}
is a linearly independent set.

(c) Suppose the characteristic polynomial of the constant coefficient equation

00H
(=) + 01H

(=−1) + · · · + 0=H = 0 (A)

has the factorization

?(A) = 00?1(A)?2(A) · · · ?: (A),
where each ? 9 is of the form

? 9 (A) = (A − A 9 )= 9 or ? 9 (A) = [(A − _ 9 )2 + l2
9 ]< 9 (l 9 > 0)

and no two of the polynomials ?1, ?2, . . . , ?: have a common factor. Show that

we can find a fundamental set of solutions {H1, H2, . . . , H=} of (A) by finding a

fundamental set of solutions of each of the equations

? 9 (�)H = 0, 1 ≤ 9 ≤ :,

and taking {H1, H2, . . . , H=} to be the set of all functions in these separate fundamental

sets.

41. (a) Show that if

I = ?(G) coslG + @(G) sinlG, (A)
where ? and @ are polynomials of degree ≤ : , then

(�2 + l2)I = ?1(G) coslG + @1(G) sinlG,

where ?1 and @1 are polynomials of degree ≤ : − 1.

https://mathshistory.st-andrews.ac.uk/Biographies/Vandermonde/
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(b) Apply (a) < times to show that if I is of the form (A) where ? and @ are polynomials

of degree ≤ < − 1, then

(�2 + l2)<I = 0. (B)
(c) Use Eqn. (9.2.17) to show that if H = 4_GI then

[(� − _)2 + l2]<H = 4_G (�2 + l2)<I.

(d) Conclude from (b) and (c) that if ? and @ are arbitrary polynomials of degree ≤ <−1

then

H = 4_G (?(G) coslG + @(G) sinlG)
is a solution of

[(� − _)2 + l2]<H = 0. (C)
(e) Conclude from (d) that the functions

4_G coslG, G4_G coslG, . . . , G<−14_G coslG,

4_G sinlG, G4_G sinlG, . . . , G<−14_G sinlG
(D)

are all solutions of (C).

(f) Complete the proof of Theorem 9.2.2 by showing that the functions in (D) are linearly

independent.

42. (a) Use the trigonometric identities

cos(� + �) = cos � cos � − sin � sin �

sin(� + �) = cos � sin � + sin � cos �

to show that

(cos � + 8 sin �)(cos � + 8 sin �) = cos(� + �) + 8 sin(� + �).

(b) Apply (a) repeatedly to show that if = is a positive integer then

=∏

:=1

(cos �: + 8 sin �:) = cos(�1 + �2 + · · · + �=) + 8 sin(�1 + �2 + · · · + �=).

(c) Infer from (b) that if = is a positive integer then

(cos \ + 8 sin \)= = cos =\ + 8 sin =\. (A)

(d) Show that (A) also holds if = = 0 or a negative integer. Hint: Verify by direct

calculation that

(cos \ + 8 sin \)−1
= (cos \ − 8 sin \).

Then replace \ by −\ in (A).

(e) Now suppose = is a positive integer. Infer from (A) that if

I: = cos

(
2:c

=

)
+ 8 sin

(
2:c

=

)
, : = 0, 1, . . . , = − 1,

and

Z: = cos

(
(2: + 1)c

=

)
+ 8 sin

(
(2: + 1)c

=

)
, : = 0, 1, . . . , = − 1,

then

I=: = 1 and Z=: = −1, : = 0, 1, . . . , = − 1.

(Why don’t we also consider other integer values for :?)
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(f) Let d be a positive number. Use (e) to show that

I= − d = (I − d1/=I0)(I − d1/=I1) · · · (I − d1/=I=−1)

and

I= + d = (I − d1/=Z0)(I − d1/=Z1) · · · (I − d1/=Z=−1).

43. Use (e) of Exercise 42 to find a fundamental set of solutions of the given equation.

(a) H′′′ − H = 0 (b) H′′′ + H = 0

(c) H (4) + 64H = 0 (d) H (6) − H = 0

(e) H (6) + 64H = 0 (f)
[
(� − 1)6 − 1

]
H = 0

(g) H (5) + H (4) + H′′′ + H′′ + H′ + H = 0

44. An equation of the form

00G
=H (=) + 01G

=−1H (=−1) + · · · + 0=−1GH
′ + 0=H = 0, G > 0, (A)

where 00, 01, . . . , 0= are constants, is an Euler or equidimensional equation.

Show that if

G = 4C and . (C) = H(G(C)), (B)
then

G
3H

3G
=

3.

3C

G2 3
2H

3G2
=

32.

3C2
− 3.

3C

G3 3
3H

3G3
=

33.

3C3
− 3

32.

3C2
+ 2

3.

3C
.

In general, it can be shown that if A is any integer ≥ 2 then

GA
3A H

3GA
=
3A.

3CA
+ �1A

3A−1.

3CA−1
+ · · · + �A−1,A

3.

3C

where �1A , . . . , �A−1,A are integers. Use these results to show that the substitution (B)

transforms (A) into a constant coefficient equation for . as a function of C.

45. Use Exercise 44 to show that a function H = H(G) satisfies the equation

00G
3H′′′ + 01G

2H′′ + 02GH
′ + 03H = 0, (A)

on (0,∞) if and only if the function . (C) = H(4C) satisfies

00
33.

3C3
+ (01 − 300)

32.

3C2
+ (02 − 01 + 200)

3.

3C
+ 03. = 0.

Assuming that 00, 01, 02, 03 are real and 00 ≠ 0, find the possible forms for the general

solution of (A).
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9.3 Undetermined Coefficients for Higher Order Equations

In this section we consider the constant coefficient equation

00H
(=) + 01H

(=−1) + · · · + 0=H = � (G), (9.3.1)

where = ≥ 3 and � is a linear combination of functions of the form

4UG
(
?0 + ?1G + · · · + ?:G:

)

or

4_G
[(
?0 + ?1G + · · · + ?:G:

)
coslG +

(
@0 + @1G + · · · + @:G:

)
sinlG

]
.

From Theorem 9.1.6, the general solution of (9.3.1) is H = H? + H2, where H? is a particular

solution of (9.3.1) and H2 is the general solution of the complementary equation

00H
(=) + 01H

(=−1) + · · · + 0=H = 0.

In Section 9.2 we learned how to find H2. Here we will learn how to find H? when the forcing

function has the form stated above. The procedure that we use is a generalization of the method

that we used in Sections 5.4 and 5.5, and is again called method of undetermined coefficients.

Since the underlying ideas are the same as those in Sections 5.4 and 5.5, we’ll give an informal

presentation based on examples.

Forcing Functions of the Form 4UG
(
?0 + ?1G + · · · + ?:G:

)

We first consider equations of the form

00H
(=) + 01H

(=−1) + · · · + 0=H = 4UG
(
?0 + ?1G + · · · + ?:G:

)
.

Example 9.3.1 Find a particular solution of

H′′′ + 3H′′ + 2H′ − H = 4G (21 + 24G + 28G2 + 5G3). (9.3.2)

Solution Substituting

H = D4G ,

H′ = 4G (D′ + D),
H′′ = 4G (D′′ + 2D′ + D),
H′′′ = 4G (D′′′ + 3D′′ + 3D′ + D)

into (9.3.2) and canceling 4G yields

(D′′′ + 3D′′ + 3D′ + D) + 3(D′′ + 2D′ + D) + 2(D′ + D) − D = 21 + 24G + 28G2 + 5G3,

or

D′′′ + 6D′′ + 11D′ + 5D = 21 + 24G + 28G2 + 5G3. (9.3.3)

Since the unknown D appears on the left, we can see that (9.3.3) has a particular solution of the

form

D? = � + �G + �G2 + �G3.
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Then

D′? = � + 2�G + 3�G2

D′′? = 2� + 6�G

D′′′? = 6�.

Substituting from the last four equations into the left side of (9.3.3) yields

D′′′? + 6D′′? + 11D′? + 5D? = 6� + 6(2� + 6�G) + 11(� + 2�G + 3�G2)
+5(� + �G + �G2 + �G3)

= (5� + 11� + 12� + 6�) + (5� + 22� + 36�)G
+(5� + 33�)G2 + 5�G3.

Comparing coefficients of like powers of G on the right sides of this equation and (9.3.3) shows

that D? satisfies (9.3.3) if

5� = 5

5� + 33� = 28

5� + 22� + 36� = 24

5� + 11� + 12� + 6� = 21.

Solving these equations successively yields � = 1, � = −1, � = 2, � = 1. Therefore

D? = 1 + 2G − G2 + G3

is a particular solution of (9.3.3), so

H? = 4
GD? = 4

G (1 + 2G − G2 + G3)

is a particular solution of (9.3.2) (Figure 9.3.1).

Example 9.3.2 Find a particular solution of

H (4) − H′′′ − 6H′′ + 4H′ + 8H = 42G (4 + 19G + 6G2). (9.3.4)

Solution Substituting

H = D42G ,

H′ = 42G (D′ + 2D),
H′′ = 42G (D′′ + 4D′ + 4D),
H′′′ = 42G (D′′′ + 6D′′ + 12D′ + 8D),
H (4) = 42G (D(4) + 8D′′′ + 24D′′ + 32D′ + 16D)

into (9.3.4) and canceling 42G yields

(D(4) + 8D′′′ + 24D′′ + 32D′ + 16D) − (D′′′ + 6D′′ + 12D′ + 8D)
−6(D′′ + 4D′ + 4D) + 4(D′ + 2D) + 8D = 4 + 19G + 6G2,

or

D(4) + 7D′′′ + 12D′′ = 4 + 19G + 6G2. (9.3.5)
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Figure 9.3.1 H? = 4
G (1 + 2G − G2 + G3)

Since neither D nor D′ appear on the left, we can see that (9.3.5) has a particular solution of the

form

D? = �G2 + �G3 + �G4. (9.3.6)

Then

D′? = 2�G + 3�G2 + 4�G3

D′′? = 2� + 6�G + 12�G2

D′′′? = 6� + 24�G

D
(4)
? = 24�.

Substituting D′′?, D
′′′
? , and D

(4)
? into the left side of (9.3.5) yields

D
(4)
? + 7D′′′? + 12D′′? = 24� + 7(6� + 24�G) + 12(2� + 6�G + 12�G2)

= (24� + 42� + 24�) + (72� + 168�)G + 144�G2.

Comparing coefficients of like powers of G on the right sides of this equation and (9.3.5) shows

that D? satisfies (9.3.5) if

144� = 6

72� + 168� = 19

24� + 42� + 24� = 4.

Solving these equations successively yields � = 1/24, � = 1/6, � = −1/6. Substituting these

into (9.3.6) shows that

D? =
G2

24
(−4 + 4G + G2)

is a particular solution of (9.3.5), so

H? = 4
2GD? =

G242G

24
(−4 + 4G + G2)

is a particular solution of (9.3.4). (Figure 9.3.2).
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Figure 9.3.2 H? =
G242G

24
(−4 + 4G + G2)

Forcing Functions of the Form 4_G (%(G) coslG +&(G) sinlG)
We now consider equations of the form

00H
(=) + 01H

(=−1) + · · · + 0=H = 4_G (%(G) coslG +&(G) sinlG) ,

where % and & are polynomials.

Example 9.3.3 Find a particular solution of

H′′′ + H′′ − 4H′ − 4H = 4G [(5 − 5G) cos G + (2 + 5G) sin G] . (9.3.7)

Solution Substituting

H = D4G ,

H′ = 4G (D′ + D),
H′′ = 4G (D′′ + 2D′ + D),
H′′′ = 4G (D′′′ + 3D′′ + 3D′ + D)

into (9.3.7) and canceling 4G yields

(D′′′ + 3D′′ + 3D′ + D) + (D′′ + 2D′ + D) − 4(D′ + D) − 4D = (5 − 5G) cos G + (2 + 5G) sin G,

or

D′′′ + 4D′′ + D′ − 6D = (5 − 5G) cos G + (2 + 5G) sin G. (9.3.8)

Since cos G and sin G are not solutions of the complementary equation

D′′′ + 4D′′ + D′ − 6D = 0,
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a theorem analogous to Theorem 5.5.1 implies that (9.3.8) has a particular solution of the form

D? = (�0 + �1G) cos G + (�0 + �1G) sin G. (9.3.9)

Then

D′? = (�1 + �0 + �1G) cos G + (�1 − �0 − �1G) sin G,

D′′? = (2�1 − �0 − �1G) cos G − (2�1 + �0 + �1G) sin G,

D′′′? = −(3�1 + �0 + �1G) cos G − (3�1 − �0 − �1G) sin G,

so
D′′′? + 4D′′? + D′? − 6D? = − [10�0 + 2�1 − 8�1 + 10�1G] cos G

− [10�0 + 2�1 + 8�1 + 10�1G] sin G.

Comparing the coefficients of G cos G, G sin G, cos G, and sin G here with the corresponding

coefficients in (9.3.8) shows that D? is a solution of (9.3.8) if

−10�1 = −5

−10�1 = 5

−10�0 − 2�1 + 8�1 = 5

−10�0 − 2�1 − 8�1 = 2.

Solving the first two equations yields �1 = 1/2, �1 = −1/2. Substituting these into the last two

equations yields

−10�0 = 5 + 2�1 − 8�1 = 10

−10�0 = 2 + 2�1 + 8�1 = 5,

so �0 = −1, �0 = −1/2. Substituting �0 = −1, �1 = 1/2, �0 = −1/2, �1 = −1/2 into (9.3.9)

shows that

D? = −1

2
[(2 − G) cos G + (1 + G) sin G]

is a particular solution of (9.3.8), so

H? = 4
GD? = −4

G

2
[(2 − G) cos G + (1 + G) sin G]

is a particular solution of (9.3.7) (Figure 9.3.3).

Example 9.3.4 Find a particular solution of

H′′′ + 4H′′ + 6H′ + 4H = 4−G [(1 − 6G) cos G − (3 + 2G) sin G] . (9.3.10)

Solution Substituting

H = D4−G ,

H′ = 4−G (D′ − D),
H′′ = 4−G (D′′ − 2D′ + D),
H′′′ = 4−G (D′′′ − 3D′′ + 3D′ − D)



CHAPTER 9. LINEAR HIGHER ORDER EQUATIONS 504

1 2 3 4

20

40

60

80

100

−20

 x

 y

Figure 9.3.3 H? = 4
GD? = −4

G

2
[(2 − G) cos G + (1 + G) sin G]

into (9.3.10) and canceling 4−G yields

(D′′′ − 3D′′ + 3D′ − D) + 4(D′′ − 2D′ + D) + 6(D′ − D) + 4D = (1 − 6G) cos G − (3 + 2G) sin G,

or

D′′′ + D′′ + D′ + D = (1 − 6G) cos G − (3 + 2G) sin G. (9.3.11)

Since cos G and sin G are solutions of the complementary equation

D′′′ + D′′ + D′ + D = 0,

a theorem analogous to Theorem 5.5.1 implies that (9.3.11) has a particular solution of the form

D? = (�0G + �1G
2) cos G + (�0G + �1G

2) sin G. (9.3.12)

Then

D′? = [�0 + (2�1 + �0)G + �1G
2] cos G + [�0 + (2�1 − �0)G − �1G

2] sin G,

D′′? = [2�1 + 2�0 − (�0 − 4�1)G − �1G
2] cos G

+[2�1 − 2�0 − (�0 + 4�1)G − �1G
2] sin G,

D′′′? = −[3�0 − 6�1 + (6�1 + �0)G + �1G
2] cos G

−[3�0 + 6�1 + (6�1 − �0)G − �1G
2] sin G,

so
D′′′? + D′′? + D′? + D? = −[2�0 − 2�0 − 2�1 − 6�1 + (4�1 − 4�1)G] cos G

−[2�0 + 2�0 − 2�1 + 6�1 + (4�1 + 4�1)G] sin G.

Comparing the coefficients of G cos G, G sin G, cos G, and sin G here with the corresponding

coefficients in (9.3.11) shows that D? is a solution of (9.3.11) if

−4�1 + 4�1 = −6

−4�1 − 4�1 = −2

−2�0 + 2�0 + 2�1 + 6�1 = 1

−2�0 − 2�0 − 6�1 + 2�1 = −3.
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Solving the first two equations yields �1 = 1, �1 = −1/2. Substituting these into the last two

equations yields

−2�0 + 2�0 = 1 − 2�1 − 6�1 = 2

−2�0 − 2�0 = −3 + 6�1 − 2�1 = 4,

1 2 3 4 5 6 7 8 9

0.1

0.2

−0.1

−0.2

−0.3

−0.4

−0.5

 x

 y

Figure 9.3.4 H? = −G4
−G

2
[(3 − 2G) cos G + (1 + G) sin G]

so �0 = −3/2 and �0 = −1/2. Substituting �0 = −3/2, �1 = 1, �0 = −1/2, �1 = −1/2 into

(9.3.12) shows that

D? = −G
2
[(3 − 2G) cos G + (1 + G) sin G]

is a particular solution of (9.3.11), so

H? = 4
−GD? = −G4

−G

2
[(3 − 2G) cos G + (1 + G) sin G]

(Figure 9.3.4) is a particular solution of (9.3.10).

Exercises

In Exercises 1–59 find a particular solution.

1. H′′′ − 6H′′ + 11H′ − 6H = −4−G (4 + 76G − 24G2)

2. H′′′ − 2H′′ − 5H′ + 6H = 4−3G (32 − 23G + 6G2)

3. 4H′′′ + 8H′′ − H′ − 2H = −4G (4 + 45G + 9G2)

4. H′′′ + 3H′′ − H′ − 3H = 4−2G (2 − 17G + 3G2)

5. H′′′ + 3H′′ − H′ − 3H = 4G (−1 + 2G + 24G2 + 16G3)
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6. H′′′ + H′′ − 2H = 4G (14 + 34G + 15G2)

7. 4H′′′ + 8H′′ − H′ − 2H = −4−2G (1 − 15G)

8. H′′′ − H′′ − H′ + H = 4G (7 + 6G)

9. 2H′′′ − 7H′′ + 4H′ + 4H = 42G (17 + 30G)

10. H′′′ − 5H′′ + 3H′ + 9H = 243G (11 − 24G2)

11. H′′′ − 7H′′ + 8H′ + 16H = 244G (13 + 15G)

12. 8H′′′ − 12H′′ + 6H′ − H = 4G/2(1 + 4G)

13. H (4) + 3H′′′ − 3H′′ − 7H′ + 6H = −4−G (12 + 8G − 8G2)

14. H (4) + 3H′′′ + H′′ − 3H′ − 2H = −342G (11 + 12G)

15. H (4) + 8H′′′ + 24H′′ + 32H′ = −164−2G (1 + G + G2 − G3)

16. 4H (4) − 11H′′ − 9H′ − 2H = −4G (1 − 6G)

17. H (4) − 2H′′′ + 3H′ − H = 4G (3 + 4G + G2)

18. H (4) − 4H′′′ + 6H′′ − 4H′ + 2H = 4G (24 + G + G4)

19. 2H (4) + 5H′′′ − 5H′ − 2H = 184G (5 + 2G)

20. H (4) + H′′′ − 2H′′ − 6H′ − 4H = −42G (4 + 28G + 15G2)

21. 2H (4) + H′′′ − 2H′ − H = 34−G/2(1 − 6G)

22. H (4) − 5H′′ + 4H = 4G (3 + G − 3G2)

23. H (4) − 2H′′′ − 3H′′ + 4H′ + 4H = 42G (13 + 33G + 18G2)

24. H (4) − 3H′′′ + 4H′ = 42G (15 + 26G + 12G2)

25. H (4) − 2H′′′ + 2H′ − H = 4G (1 + G)

26. 2H (4) − 5H′′′ + 3H′′ + H′ − H = 4G (11 + 12G)

27. H (4) + 3H′′′ + 3H′′ + H′ = 4−G (5 − 24G + 10G2)

28. H (4) − 7H′′′ + 18H′′ − 20H′ + 8H = 42G (3 − 8G − 5G2)

29. H′′′ − H′′ − 4H′ + 4H = 4−G [(16 + 10G) cos G + (30 − 10G) sin G]

30. H′′′ + H′′ − 4H′ − 4H = 4−G [(1 − 22G) cos 2G − (1 + 6G) sin 2G]

31. H′′′ − H′′ + 2H′ − 2H = 42G [(27 + 5G − G2) cos G + (2 + 13G + 9G2) sin G]

32. H′′′ − 2H′′ + H′ − 2H = −4G [(9 − 5G + 4G2) cos 2G − (6 − 5G − 3G2) sin 2G]

33. H′′′ + 3H′′ + 4H′ + 12H = 8 cos 2G − 16 sin 2G

34. H′′′ − H′′ + 2H = 4G [(20 + 4G) cos G − (12 + 12G) sin G]
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35. H′′′ − 7H′′ + 20H′ − 24H = −42G [(13 − 8G) cos 2G − (8 − 4G) sin 2G]

36. H′′′ − 6H′′ + 18H′ = −43G [(2 − 3G) cos 3G − (3 + 3G) sin 3G]

37. H (4) + 2H′′′ − 2H′′ − 8H′ − 8H = 4G (8 cos G + 16 sin G)

38. H (4) − 3H′′′ + 2H′′ + 2H′ − 4H = 4G (2 cos 2G − sin 2G)

39. H (4) − 8H′′′ + 24H′′ − 32H′ + 15H = 42G (15G cos 2G + 32 sin 2G)

40. H (4) + 6H′′′ + 13H′′ + 12H′ + 4H = 4−G [(4 − G) cos G − (5 + G) sin G]

41. H (4) + 3H′′′ + 2H′′ − 2H′ − 4H = −4−G (cos G − sin G)

42. H (4) − 5H′′′ + 13H′′ − 19H′ + 10H = 4G (cos 2G + sin 2G)

43. H (4) + 8H′′′ + 32H′′ + 64H′ + 39H = 4−2G [(4 − 15G) cos 3G − (4 + 15G) sin 3G]

44. H (4) − 5H′′′ + 13H′′ − 19H′ + 10H = 4G [(7 + 8G) cos 2G + (8 − 4G) sin 2G]

45. H (4) + 4H′′′ + 8H′′ + 8H′ + 4H = −24−G (cos G − 2 sin G)

46. H (4) − 8H′′′ + 32H′′ − 64H′ + 64H = 42G (cos 2G − sin 2G)

47. H (4) − 8H′′′ + 26H′′ − 40H′ + 25H = 42G [3 cos G − (1 + 3G) sin G]

48. H′′′ − 4H′′ + 5H′ − 2H = 42G − 44G − 2 cos G + 4 sin G

49. H′′′ − H′′ + H′ − H = 542G + 24G − 4 cos G + 4 sin G

50. H′′′ − H′ = −2(1 + G) + 44G − 64−G + 9643G

51. H′′′ − 4H′′ + 9H′ − 10H = 1042G + 204G sin 2G − 10

52. H′′′ + 3H′′ + 3H′ + H = 124−G + 9 cos 2G − 13 sin 2G

53. H′′′ + H′′ − H′ − H = 44−G (1 − 6G) − 2G cos G + 2(1 + G) sin G

54. H (4) − 5H′′ + 4H = −124G + 64−G + 10 cos G

55. H (4) − 4H′′′ + 11H′′ − 14H′ + 10H = −4G (sin G + 2 cos 2G)

56. H (4) + 2H′′′ − 3H′′ − 4H′ + 4H = 24G (1 + G) + 4−2G

57. H (4) + 4H = sinh G cos G − cosh G sin G

58. H (4) + 5H′′′ + 9H′′ + 7H′ + 2H = 4−G (30 + 24G) − 4−2G

59. H (4) − 4H′′′ + 7H′′ − 6H′ + 2H = 4G (12G − 2 cos G + 2 sin G)

In Exercises 60–68 find the general solution.

60. H′′′ − H′′ − H′ + H = 42G (10 + 3G)

61. H′′′ + H′′ − 2H = −43G (9 + 67G + 17G2)

62. H′′′ − 6H′′ + 11H′ − 6H = 42G (5 − 4G − 3G2)
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63. H′′′ + 2H′′ + H′ = −24−G (7 − 18G + 6G2)

64. H′′′ − 3H′′ + 3H′ − H = 4G (1 + G)

65. H (4) − 2H′′ + H = −4−G (4 − 9G + 3G2)

66. H′′′ + 2H′′ − H′ − 2H = 4−2G [(23 − 2G) cos G + (8 − 9G) sin G]

67. H (4) − 3H′′′ + 4H′′ − 2H′ = 4G [(28 + 6G) cos 2G + (11 − 12G) sin 2G]

68. H (4) − 4H′′′ + 14H′′ − 20H′ + 25H = 4G [(2 + 6G) cos 2G + 3 sin 2G]

In Exercises 69–74 solve the initial value problem and graph the solution.

69. C/G H′′′ − 2H′′ − 5H′ + 6H = 24G (1 − 6G), H(0) = 2, H′(0) = 7, H′′(0) = 9

70. C/G H′′′ − H′′ − H′ + H = −4−G (4 − 8G), H(0) = 2, H′(0) = 0, H′′(0) = 0

71. C/G 4H′′′ − 3H′ − H = 4−G/2(2 − 3G), H(0) = −1, H′(0) = 15, H′′(0) = −17

72. C/G H (4) + 2H′′′ + 2H′′ + 2H′ + H = 4−G (20 − 12G), H(0) = 3, H′(0) = −4, H′′(0) =

7, H′′′(0) = −22

73. C/G H′′′ + 2H′′ + H′ + 2H = 30 cos G − 10 sin G, H(0) = 3, H′(0) = −4, H′′(0) = 16

74. C/G H (4) − 3H′′′+ 4H′′− 2H′ = −24G (cos G − sin G), H(0) = 2, H′(0) = 0, H′′(0) = −1,

H′′′(0) = −5

75. Prove: A function H is a solution of the constant coefficient nonhomogeneous equation

00H
(=) + 01H

(=−1) + · · · + 0=H = 4UG� (G) (A)

if and only if H = D4UG , where D satisfies the differential equation

00D
(=) + ? (=−1) (U)

(= − 1)! D
(=−1) + ? (=−2) (U)

(= − 2)! D
(=−2) + · · · + ?(U)D = � (G) (B)

and

?(A) = 00A
= + 01A

=−1 + · · · + 0=
is the characteristic polynomial of the complementary equation

00H
(=) + 01H

(=−1) + · · · + 0=H = 0.

76. Prove:

(a) The equation

00D
(=) + ? (=−1) (U)

(= − 1)! D
(=−1) + ? (=−2) (U)

(= − 2)! D
(=−2) + · · · + ?(U)D

=
(
?0 + ?1G + · · · + ?:G:

)
coslG

+
(
@0 + @1G + · · · + @:G:

)
sinlG

(A)

has a particular solution of the form

D? = G
<
(
D0 + D1G + · · · + D:G:

)
coslG +

(
E0 + E1G + · · · + E:G:

)
sinlG.



CHAPTER 9. LINEAR HIGHER ORDER EQUATIONS 509

(b) If _ + 8l is a zero of ? with multiplicity < ≥ 1, then (A) can be written as

0(D′′ + l2D) =
(
?0 + ?1G + · · · + ?:G:

)
coslG +

(
@0 + @1G + · · · + @:G:

)
sinlG,

which has a particular solution of the form

D? = * (G) coslG ++ (G) sinlG,

where

* (G) = D0G + D1G
2 + · · · + D:G:+1, + (G) = E0G + E1G

2 + · · · + E:G:+1

and
0(*′′(G) + 2l+ ′(G)) = ?0 + ?1G + · · · + ?:G:

0(+ ′′(G) − 2l*′(G)) = @0 + @1G + · · · + @:G: .

9.4 Variation of Parameters for Higher Order Equations

Derivation of the method

We assume throughout this section that the nonhomogeneous linear equation

%0(G)H (=) + %1(G)H (=−1) + · · · + %= (G)H = � (G) (9.4.1)

is normal on an interval (0, 1). We’ll abbreviate this equation as !H = �, where

!H = %0(G)H (=) + %1(G)H (=−1) + · · · + %= (G)H.

When we speak of solutions of this equation and its complementary equation !H = 0, we

mean solutions on (0, 1). We’ll show how to use the method of variation of parameters to

find a particular solution of !H = �, provided that we know a fundamental set of solutions

{H1, H2, . . . , H=} of !H = 0.

We seek a particular solution of !H = � in the form

H? = D1H1 + D2H2 + · · · + D=H= (9.4.2)

where {H1, H2, . . . , H=} is a known fundamental set of solutions of the complementary equation

%0(G)H (=) + %1(G)H (=−1) + · · · + %= (G)H = 0

and D1, D2, . . . , D= are functions to be determined. We begin by imposing the following = − 1

conditions on D1, D2, . . . , D=:

D′
1
H1 + D′2H2+ · · · +D′=H= = 0

D′
1
H′

1
+ D′

2
H′

2
+ · · · +D′=H′= = 0

...

D′
1
H
(=−2)
1

+ D′
2
H
(=−2)
2

+ · · · +D′=H
(=−2)
= = 0.

(9.4.3)
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These conditions lead to simple formulas for the first = − 1 derivatives of H?:

H
(A)
? = D1H

(A)
1

+ D2H
(A)
2

+ · · · + D=H (A)= , 0 ≤ A ≤ = − 1. (9.4.4)

These formulas are easy to remember, since they look as though we obtained them by differen-

tiating (9.4.2) = − 1 times while treating D1, D2, . . . , D= as constants. To see that (9.4.3) implies

(9.4.4), we first differentiate (9.4.2) to obtain

H′? = D1H
′
1 + D2H

′
2 + · · · + D=H′= + D′1H1 + D′2H2 + · · · + D′=H=,

which reduces to

H′? = D1H
′
1 + D2H

′
2 + · · · + D=H′=

because of the first equation in (9.4.3). Differentiating this yields

H′′? = D1H
′′
1 + D2H

′′
2 + · · · + D=H′′= + D′1H

′
1 + D

′
2H

′
2 + · · · + D′=H′=,

which reduces to

H′′? = D1H
′′
1 + D2H

′′
2 + · · · + D=H′′=

because of the second equation in (9.4.3). Continuing in this way yields (9.4.4).

The last equation in (9.4.4) is

H
(=−1)
? = D1H

(=−1)
1

+ D2H
(=−1)
2

+ · · · + D=H (=−1)
= .

Differentiating this yields

H
(=)
? = D1H

(=)
1

+ D2H
(=)
2

+ · · · + D=H (=)= + D′1H
(=−1)
1

+ D′2H
(=−1)
2

+ · · · + D′=H
(=−1)
= .

Substituting this and (9.4.4) into (9.4.1) yields

D1!H1 + D2!H2 + · · · + D=!H= + %0(G)
(
D′1H

(=−1)
1

+ D′2H
(=−1)
2

+ · · · + D′=H
(=−1)
=

)
= � (G).

Since !H8 = 0 (1 ≤ 8 ≤ =), this reduces to

D′1H
(=−1)
1

+ D′2H
(=−1)
2

+ · · · + D′=H
(=−1)
= =

� (G)
%0(G)

.

Combining this equation with (9.4.3) shows that

H? = D1H1 + D2H2 + · · · + D=H=

is a solution of (9.4.1) if

D′
1
H1 + D′2H2+ · · · +D′=H= = 0

D′
1
H′

1
+ D′

2
H′

2
+ · · · +D′=H′= = 0

...

D′
1
H
(=−2)
1

+ D′
2
H
(=−2)
2

+ · · · +D′=H
(=−2)
= = 0

D′
1
H
(=−1)
1

+ D′
2
H
(=−1)
2

+ · · · +D′=H
(=−1)
= = �/%0,
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which can be written in matrix form as



H1 H2 · · · H=

H′
1

H′
2

· · · H′=
...

...
. . .

...

H
(=−2)
1

H
(=−2)
2

· · · H
(=−2)
=

H
(=−1)
1

H
(=−1)
2

· · · H
(=−1)
=





D′
1

D′
2
...

D′
=−1

D′=



=



0

0
...

0

�/%0



. (9.4.5)

The determinant of this system is the Wronskian , of the fundamental set of solutions

{H1, H2, . . . , H=}, which has no zeros on (0, 1), by Theorem 9.1.4. Solving (9.4.5) by Cramer’s

rule yields

D′9 = (−1)=− 9
�, 9

%0,
, 1 ≤ 9 ≤ =, (9.4.6)

where, 9 is the Wronskian of the set of functions obtained by deleting H 9 from {H1, H2, . . . , H=}
and keeping the remaining functions in the same order. Equivalently, , 9 is the determinant

obtained by deleting the last row and 9-th column of, .

Having obtained D′
1
, D′

2
, . . . , D′=, we can integrate to obtain D1, D2, . . . , D=. As in Sec-

tion 5.7, we take the constants of integration to be zero, and we drop any linear combination of

{H1, H2, . . . , H=} that may appear in H?.

Remark: For efficiency, it’s best to compute ,1, ,2, . . . , ,= first, and then compute , by

expanding in cofactors of the last row; thus,

, =

=∑

9=1

(−1)=− 9 H (=−1)
9

, 9 .

Third Order Equations

If = = 3, then

, =

��������

H1 H2 H3

H′
1

H′
2

H′
3

H′′
1

H′′
2

H′′
3

��������
.

Therefore

,1 =

�����
H2 H3

H′
2
H′

3

�����
, ,2 =

�����
H1 H3

H′
1
H′

3

�����
, ,3 =

�����
H1 H2

H′
1
H′

2

�����
,

and (9.4.6) becomes

D′1 =
�,1

%0,
, D′2 = −�,2

%0,
, D′3 =

�,3

%0,
. (9.4.7)

Example 9.4.1 Find a particular solution of

GH′′′ − H′′ − GH′ + H = 8G24G , (9.4.8)

given that H1 = G, H2 = 4G , and H3 = 4−G form a fundamental set of solutions of the complemen-

tary equation. Then find the general solution of (9.4.8).
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Solution We seek a particular solution of (9.4.8) of the form

H? = D1G + D24
G + D34

−G .

The Wronskian of {H1, H2, H3} is

, (G) =

������

G 4G 4−G

1 4G −4−G
0 4G 4−G

������
,

so

,1 =

����
4G 4−G

4G −4−G
���� = −2,

,2 =

����
G 4−G

1 −4−G
���� = −4−G (G + 1),

,3 =

����
G 4G

1 4G

���� = 4
G (G − 1).

Expanding, by cofactors of the last row yields

, = 0,1 − 4G,2 + 4−G,3 = 0(−2) − 4G (−4−G (G + 1)) + 4−G4G (G − 1) = 2G.

Since � (G) = 8G24G and %0(G) = G,

�

%0,
=

8G24G

G · 2G
= 44G .

Therefore, from (9.4.7)

D′1 = 44G,1 = 44G (−2) = −84G ,

D′2 = −44G,2 = −44G (−4−G (G + 1)) = 4(G + 1),
D′3 = 44G,3 = 44G (4G (G − 1)) = 442G (G − 1).

Integrating and taking the constants of integration to be zero yields

D1 = −84G , D2 = 2(G + 1)2, D3 = 42G (2G − 3).

Hence,

H? = D1H1 + D2H2 + D3H3

= (−84G)G + 4G (2(G + 1)2) + 4−G
(
42G (2G − 3)

)

= 4G (2G2 − 2G − 1).

Since −4G is a solution of the complementary equation, we redefine

H? = 2G4G (G − 1).

Therefore the general solution of (9.4.8) is

H = 2G4G (G − 1) + 21G + 224
G + 234

−G .
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Fourth Order Equations

If = = 4, then

, =

����������

H1 H2 H3 H4

H′
1

H′
2

H′
3

H′
4

H′′
1

H′′
2

H′′
3

H′′
4

H′′′
1

H′′′
2

H′′′
3

H′′′
4

����������

,

Therefore

,1 =

��������

H2 H3 H4

H′
2

H′
3

H′
4

H′′
2

H′′
3

H′′
4

��������
, ,2 =

��������

H1 H3 H4

H′
1

H′
3

H′
4

H′′
1

H′′
3

H′′
4

��������
,

,3 =

��������

H1 H2 H4

H′
1

H′
2

H′
4

H′′
1

H′′
2

H′′
4

��������
, ,4 =

��������

H1 H2 H3

H′
1

H′
2

H′
3

H′′
1

H′′
2

H′′
3

��������
,

and (9.4.6) becomes

D′1 = −�,1

%0,
, D′2 =

�,2

%0,
, D′3 = −�,3

%0,
, D′4 =

�,4

%0,
. (9.4.9)

Example 9.4.2 Find a particular solution of

G4H (4) + 6G3H′′′ + 2G2H′′ − 4GH′ + 4H = 12G2, (9.4.10)

given that H1 = G, H2 = G2, H3 = 1/G and H4 = 1/G2 form a fundamental set of solutions of the

complementary equation. Then find the general solution of (9.4.10) on (−∞, 0) and (0,∞).

Solution We seek a particular solution of (9.4.10) of the form

H? = D1G + D2G
2 + D3

G
+ D4

G2
.

The Wronskian of {H1, H2, H3, H4} is

, (G) =

����������

G G2 1/G 1/G2

1 2G −1/G2 −2/G3

0 2 2/G3 6/G4

0 0 −6/G4 −24/G5

����������

,
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so

,1 =

�������

G2 1/G 1/G2

2G −1/G2 −2/G3

2 2/G3 6/G4

�������
= −12

G4
,

,2 =

�������

G 1/G 1/G2

1 −1/G2 −2/G3

0 2/G3 6/G4

�������
= − 6

G5
,

,3 =

�������

G G2 1/G2

1 2G −2/G3

0 2 6/G4

�������
=

12

G2
,

,4 =

�������

G G2 1/G
1 2G −1/G2

0 2 2/G3

�������
=

6

G
.

Expanding, by cofactors of the last row yields

, = −0,1 + 0,2 −
(
− 6

G4

)
,3 +

(
−24

G5

)
,4

=
6

G4

12

G2
− 24

G5

6

G
= −72

G6
.

Since � (G) = 12G2 and %0(G) = G4,

�

%0,
=

12G2

G4

(
− G

6

72

)
= −G

4

6
.

Therefore, from (9.4.9),

D′1 = −
(
−G

4

6

)
,1 =

G4

6

(
−12

G4

)
= −2,

D′2 = − G
4

6
,2 = −G

4

6

(
− 6

G5

)
=

1

G
,

D′3 = −
(
−G

4

6

)
,3 =

G4

6

12

G2
= 2G2,

D′4 = − G
4

6
,4 = −G

4

6

6

G
= −G3.

Integrating these and taking the constants of integration to be zero yields

D1 = −2G, D2 = ln |G |, D3 =
2G3

3
, D4 = −G

4

4
.
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Hence,

H? = D1H1 + D2H2 + D3H3 + D4H4

= (−2G)G + (ln |G |)G2 + 2G3

3

1

G
+
(
−G

4

4

)
1

G2

= G2 ln |G | − 19G2

12
.

Since −19G2/12 is a solution of the complementary equation, we redefine

H? = G
2 ln |G |.

Therefore

H = G2 ln |G | + 21G + 22G
2 + 23

G
+ 24

G2

is the general solution of (9.4.10) on (−∞, 0) and (0,∞).

Exercises

In Exercises 1–21 find a particular solution, given the fundamental set of solutions of the

complementary equation.

1. G3H′′′ − G2(G + 3)H′′ + 2G(G + 3)H′ − 2(G + 3)H = −4G4; {G, G2, G4G}

2. H′′′ + 6GH′′ + (6 + 12G2)H′ + (12G + 8G3)H = G1/24−G
2

; {4−G2

, G4−G
2

, G24−G
2}

3. G3H′′′ − 3G2H′′ + 6GH′ − 6H = 2G; {G, G2, G3}

4. G2H′′′ + 2GH′′ − (G2 + 2)H′ = 2G2; {1, 4G/G, 4−G/G}

5. G3H′′′ − 3G2(G + 1)H′′ + 3G(G2 + 2G + 2)H′ − (G3 + 3G2 + 6G + 6)H = G44−3G;

{G4G , G24G , G34G}

6. G(G2 − 2)H′′′ + (G2 − 6)H′′ + G(2 − G2)H′ + (6 − G2)H = 2(G2 − 2)2; {4G , 4−G , 1/G}

7. GH′′′ − (G − 3)H′′ − (G + 2)H′ + (G − 1)H = −44−G; {4G , 4G/G, 4−G/G}

8. 4G3H′′′ + 4G2H′′ − 5GH′ + 2H = 30G2; {
√
G, 1/

√
G, G2}

9. G(G2 − 1)H′′′ + (5G2 + 1)H′′ + 2GH′ − 2H = 12G2; {G, 1/(G − 1), 1/(G + 1)}

10. G(1 − G)H′′′ + (G2 − 3G + 3)H′′ + GH′ − H = 2(G − 1)2; {G, 1/G, 4G/G}

11. G3H′′′ + G2H′′ − 2GH′ + 2H = G2; {G, G2, 1/G}

12. GH′′′ − H′′ − GH′ + H = G2; {G, 4G , 4−G}

13. GH (4) + 4H′′′ = 6 ln |G |; {1, G, G2, 1/G}

14. 16G4H (4) + 96G3H′′′ + 72G2H′′ − 24GH′ + 9H = 96G5/2; {
√
G, 1/

√
G, G3/2, G−3/2}

15. G(G2 − 6)H (4) + 2(G2 − 12)H′′′ + G(6 − G2)H′′ + 2(12 − G2)H′ = 2(G2 − 6)2;

{1, 1/G, 4G , 4−G}
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16. G4H (4) − 4G3H′′′ + 12G2H′′ − 24GH′ + 24H = G4; {G, G2, G3, G4}

17. G4H (4) − 4G3H′′′ + 2G2(6 − G2)H′′ + 4G(G2 − 6)H′ + (G4 − 4G2 + 24)H = 4G54G;

{G4G , G24G , G4−G , G24−G}

18. G4H (4) + 6G3H′′′ + 2G2H′′ − 4GH′ + 4H = 12G2; {G, G2, 1/G, 1/G2}

19. GH (4) + 4H′′′ − 2GH′′ − 4H′ + GH = 44G; {4G , 4−G , 4G/G, 4−G/G}

20. GH (4)+(4−6G)H′′′+(13G−18)H′′+(26−12G)H′+(4G−12)H = 34G; {4G , 42G , 4G/G, 42G/G}

21. G4H (4) − 4G3H′′′ + G2(12 − G2)H′′ + 2G(G2 − 12)H′ + 2(12 − G2)H = 2G5; {G, G2, G4G , G4−G}

In Exercises 22–33 solve the initial value problem, given the fundamental set of solutions of the

complementary equation. Where indicated by C/G , graph the solution.

22. C/G G3H′′′−2G2H′′+3GH′−3H = 4G, H(1) = 4, H′(1) = 4, H′′(1) = 2; {G, G3, G ln G}

23. G3H′′′−5G2H′′+14GH′−18H = G3, H(1) = 0, H′(1) = 1, H′′(1) = 7; {G2, G3, G3 ln G}

24. (5 − 6G)H′′′ + (12G − 4)H′′ + (6G − 23)H′ + (22 − 12G)H = −(6G − 5)24G

H(0) = −4, H′(0) = −3

2
, H′′(0) = −19; {4G , 42G , G4−G}

25. G3H′′′ − 6G2H′′ + 16GH′ − 16H = 9G4, H(1) = 2, H′(1) = 1, H′′(1) = 5;

{G, G4, G4 ln |G |}

26. C/G (G2 − 2G + 2)H′′′ − G2H′′ + 2GH′ − 2H = (G2 − 2G + 2)2, H(0) = 0, H′(0) = 5,

H′′(0) = 0; {G, G2, 4G}

27. G3H′′′ + G2H′′ − 2GH′ + 2H = G(G + 1), H(−1) = −6, H′(−1) = 43

6
, H′′(−1) = −5

2
;

{G, G2, 1/G}

28. (3G − 1)H′′′ − (12G − 1)H′′ + 9(G + 1)H′ − 9H = 24G (3G − 1)2, H(0) = 3

4
,

H′(0) = 5

4
, H′′(0) = 1

4
; {G + 1, 4G , 43G}

29. C/G (G2 − 2)H′′′ − 2GH′′ + (2 − G2)H′ + 2GH = 2(G2 − 2)2, H(0) = 1, H′(0) = −5,

H′′(0) = 5; {G2, 4G , 4−G}

30. C/G G4H (4) + 3G3H′′′ − G2H′′ + 2GH′ − 2H = 9G2, H(1) = −7, H′(1) = −11, H′′(1) =
−5, H′′′(1) = 6; {G, G2, 1/G, G ln G}

31. (2G − 1)H (4) − 4GH′′′ + (5 − 2G)H′′ + 4GH′ − 4H = 6(2G − 1)2, H(0) = 55

4
, H′(0) = 0,

H′′(0) = 13, H′′′(0) = 1; {G, 4G , 4−G , 42G}

32. 4G4H (4)+24G3H′′′+23G2H′′−GH′+H = 6G, H(1) = 2, H′(1) = 0, H′′(1) = 4, H′′′(1) =
−37

4
; {G,

√
G, 1/G, 1/

√
G}
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33. G4H (4) + 5G3H′′′ − 3G2H′′ − 6GH′ + 6H = 40G3, H(−1) = −1, H′(−1) = −7,

H′′(−1) = −1, H′′′(−1) = −31; {G, G3, 1/G, 1/G2}

34. Suppose the equation

%0(G)H (=) + %1(G)H (=−1) + · · · + %= (G)H = � (G) (A)

is normal on an interval (0, 1). Let {H1, H2, . . . , H=} be a fundamental set of solutions of

its complementary equation on (0, 1), let , be the Wronskian of {H1, H2, . . . , H=}, and

let , 9 be the determinant obtained by deleting the last row and the 9-th column of , .

Suppose G0 is in (0, 1), let

D 9 (G) = (−1) (=− 9)
∫ G

G0

� (C), 9 (C)
%0(C), (C) 3C, 1 ≤ 9 ≤ =,

and define

H? = D1H1 + D2H2 + · · · + D=H=.

(a) Show that H? is a solution of (A) and that

H
(A)
? = D1H

(A)
1

+ D2H
(A)
2

+ · · · + D=H (A)= , 1 ≤ A ≤ = − 1,

and

H
(=)
? = D1H

(=)
1

+ D2H
(=)
2

+ · · · + D=H (=)= + �

%0

.

Hint: See the derivation of the method of variation of parameters at the beginning

of the section.

(b) Show that H? is the solution of the initial value problem

%0(G)H (=) + %1(G)H (=−1) + · · · + %= (G)H = � (G),
H(G0) = 0, H′(G0) = 0, . . . , H (=−1) (G0) = 0.

(c) Show that H? can be written as

H? (G) =
∫ G

G0

� (G, C)� (C) 3C,

where

� (G, C) = 1

%0(C), (C)

��������������

H1(C) H2(C) · · · H= (C)
H′

1
(C) H′

2
(C) · · · H′= (C)

...
...

. . .
...

H
(=−2)
1

(C) H
(=−2)
2

(C) · · · H
(=−2)
= (C)

H1(G) H2(G) · · · H= (G)

��������������

,

which is called the Green’s function for (A).

https://mathshistory.st-andrews.ac.uk/Biographies/Green/
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(d) Show that

m 9� (G, C)
mG 9

=
1

%0(C), (C)

��������������

H1(C) H2(C) · · · H= (C)
H′

1
(C) H′

2
(C) · · · H′= (C)

...
...

. . .
...

H
(=−2)
1

(C) H
(=−2)
2

(C) · · · H
(=−2)
= (C)

H
( 9)
1

(G) H
( 9)
2

(G) · · · H
( 9)
= (G)

��������������

, 0 ≤ 9 ≤ =.

(e) Show that if 0 < C < 1 then

m 9� (G, C)
mG 9

����
G=C

=




0, 0 ≤ 9 ≤ = − 2,

1

%0(C)
, 9 = = − 1.

(f) Show that

H
( 9)
? (G) =




∫ G

G0

m 9� (G, C)
mG 9

� (C) 3C, 1 ≤ 9 ≤ = − 1,

� (G)
%0(G)

+
∫ G

G0

m (=)� (G, C)
mG=

� (C) 3C, 9 = =.

In Exercises 35–42 use the method suggested by Exercise 34 to find a particular solution in the

form H? =

∫ G
G0
� (G, C)� (C) 3C, given the indicated fundamental set of solutions. Assume that G

and G0 are in an interval on which the equation is normal.

35. H′′′ + 2H′′ − H′ − 2H = � (G); {4G , 4−G , 4−2G}

36. G3H′′′ + G2H′′ − 2GH′ + 2H = � (G); {G, G2, 1/G}

37. G3H′′′ − G2(G + 3)H′′ + 2G(G + 3)H′ − 2(G + 3)H = � (G); {G, G2, G4G}

38. G(1 − G)H′′′ + (G2 − 3G + 3)H′′ + GH′ − H = � (G); {G, 1/G, 4G/G}

39. H (4) − 5H′′ + 4H = � (G); {4G , 4−G , 42G , 4−2G}

40. GH (4) + 4H′′′ = � (G); {1, G, G2, 1/G}

41. G4H (4) + 6G3H′′′ + 2G2H′′ − 4GH′ + 4H = � (G); {G, G2, 1/G, 1/G2}

42. GH (4) − H′′′ − 4GH′′ + 4H′ = � (G); {1, G2, 42G , 4−2G}


