Chapter 9

Linear Higher Order Equations

IN THIS CHAPTER we extend the results obtained in Chapter 5 for linear second order equations
to linear higher order equations.

SECTION 9.1 presents a theoretical introduction to linear higher order equations.
SECTION 9.2 discusses higher order constant coefficient homogeneous equations.
SECTION 9.3 presents the method of undetermined coefficients for higher order equations.

SECTION 9.4 extends the method of variation of parameters to higher order equations.
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9.1 Introduction to Linear Higher Order Equations

An nth order differential equation is said to be /inear if it can be written in the form

Y+ 1)y ek pa(x)y = f(x). (9.1.1)

We considered equations of this form with n = 1 in Section 2.1 and with n = 2 in Chapter 5. In
this chapter » is an arbitrary positive integer.

In this section we sketch the general theory of linear nth order equations. Since this theory
has already been discussed for n = 2 in Sections 5.1 and 5.3, we’ll omit proofs.

For convenience, we consider linear differential equations written as

Po(x)y™ + Pi(x)y" D + ...+ P(x)y = F(x), (9.1.2)

which can be rewritten as (9.1.1) on any interval on which P( has no zeros, with p; = Py /Py,
... pn = Py/Pyand f = F/Py. For simplicity, throughout this chapter we’ll abbreviate the left
side of (9.1.2) by Ly; that is,

Ly = Poy(”) + Ply(”_l) + oo+ Pyy.

We say that the equation Ly = F is normal on (a, b) if Py, Py, ..., P, and F are continuous on
(a, b) and Py has no zeros on (a, b). If this is so then Ly = F can be written as (9.1.1) with p,
.., pp and f continuous on (a, b).
The next theorem is analogous to Theorem 5.3.1.

Theorem 9.1.1 Suppose Ly = F is normal on (a, b), let xy be a point in (a, b), and let ko, k1,
.., kn—1 be arbitrary real numbers. Then the initial value problem

Ly=F, y(x)=ko Y(x0)=ki..., y"D(xp) =k

has a unique solution on (a, b).

Homogeneous Equations

Eqn. (9.1.2) is said to be homogeneous if F = 0 and nonhomogeneous otherwise. Since y = 0 is
obviously a solution of Ly = 0, we call it the trivial solution. Any other solution is nontrivial.

If yi, y2, ..., y, are defined on (a, b) and cy, ¢a, ..., ¢, are constants, then
y=ciyr+cy2+ -+ Cpyn (9.1.3)
is a linear combination of {y1,y> ..., y,}. It’s easy to show that if yy, y», ..., y, are solutions

of Ly = 0 on (a, b), then so is any linear combination of {y{, y2,...,v,}. (See the proof of
Theorem 5.1.2.) We say that {yy, y2, ..., Y, } is afundamental set of solutions of Ly = O on (a, b)
if every solution of Ly = 0 on (a, b) can be written as a linear combination of {y, y2,..., yn},
as in (9.1.3). In this case we say that (9.1.3) is the general solution of Ly = 0 on (a, b).

It can be shown (Exercises 14 and 15) that if the equation Ly = 0 is normal on (a, b) then
it has infinitely many fundamental sets of solutions on (a, b). The next definition will help to
identify fundamental sets of solutions of Ly = 0.

We say that {y1, y2, ..., Y, } is linearly independent on (a, b) if the only constants c1, c3, . . .,
¢, such that

ciy1(x) +coya(x) + -+ cpyn(x) =0, a<x<b, (9.1.4)
arec; =cp=---=c, =0. If (9.1.4) holds for some set of constants ¢y, c3, ..., ¢, that are not
all zero, then {y1, y2, ..., Y, } is linearly dependent on (a, b). The next theorem is analogous to

Theorem 5.1.3.
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Theorem 9.1.2 If Ly = 0 is normal on (a,b), then a set {yi1,y2,...,yn} of n solutions of
Ly = 0on (a, b) is a fundamental set if and only if it’s linearly independent on (a, b).

Example 9.1.1 The equation

X3y — X2y = 2xy' + 6y =0 (9.1.5)
is normal and has the solutions y; = x2, y, = x>, and y3 = 1/x on (—c0,0) and (0, ). Show
that {y1, y2, y3} is linearly independent on (—co,0) and (0, c0). Then find the general solution
of (9.1.5) on (=0, 0) and (0, o).

Solution Suppose

el e+ 2 =0 (9.1.6)
X

on (0, c0). We must show that ¢; = ¢; = ¢3 = 0. Differentiating (9.1.6) twice yields the system

clxz+czx3+c—3 = 0
X
c
2c1x+3czx2—x—§ =0 (9.1.7)
2
2cl+6c2x+% = 0.
X

If (9.1.7) holds for all x in (0, o0), then it certainly holds at x = 1; therefore,

cr+ ¢+ ¢c3 = 0
2c1+3cp— ¢c3 = 0 (9.1.8)
261 + 6C2 + 26‘3 = 0.

By solving this system directly, you can verify that it has only the trivial solution ¢; = ¢2 = ¢3 =
0; however, for our purposes it’s more useful to recall from linear algebra that a homogeneous
linear system of n equations in n unknowns has only the trivial solution if its determinant is
nonzero. Since the determinant of (9.1.8) is

11 1 10 0
23 -1|=|21 -3|=12,
26 2 2 4 0

it follows that (9.1.8) has only the trivial solution, so {yi, y2, y3} is linearly independent on
(0, 00). Now Theorem 9.1.2 implies that

y=c1x? +cx’ + bt
X
is the general solution of (9.1.5) on (0, c0). To see that this is also true on (—o0, 0), assume that
(9.1.6) holds on (—c0,0). Setting x = —1 in (9.1.7) yields
cil— Cr— (€3 = 0
-2c1+3¢cp— ¢35 = 0
261 - 6C2 — 2C3 = 0.

Since the determinant of this system is

I -1 -1 I 0 O
-2 3 -1|=|-2 1 =-3]|=-12,
2 -6 -2 2 -4 0

it follows that ¢; = ¢ = ¢3 = 0; that is, {y1, y2, y3} is linearly independent on (—co, 0).
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Example 9.1.2 The equation

y B 4y Ty —y 46y =0 (9.1.9)
is normal and has the solutions y| = e, y» = ¢™, y3 = ¢**, and y4 = ¢ >* on (=00, 00). (Verify.)
Show that {y1, y2, y3, y4} is linearly independent on (—o0, o). Then find the general solution of
(9.1.9).

Solution Suppose ¢y, ¢, c3, and c4 are constants such that
cre’ + cre ™ + 3¢ +cae ¥ =0 (9.1.10)

for all x. We must show that ¢; = ¢ = ¢3 = ¢4 = 0. Differentiating (9.1.10) three times yields
the system
cref +cre™ + cze® +  cue”¥ =

cre’ — cre™ +2c3eX — 3cge™* =

S O O

C1€x+C2€_x+4C3€2x+ 9C4e—3x — (9111)
cie* —cre™ + 8czeX —27cie™™ = 0.
If (9.1.11) holds for all x, then it certainly holds for x = 0. Therefore
cir+cr+ 3+ ¢4 = 0
ci—cr+2c3— 3¢c4 = 0
ci+cr+4c3+ 9¢4 = 0
ci1—cr+8c3—27¢c4 = 0
The determinant of this system is
1 11 1 1 11 1
1-12-3_0-21-4_‘3;_;L
1 14 9 |0 03 8_—27—28
1 -1 8 =27 0 -2 7 =28 (9.1.12)
-2 1 -4
= 03 8 (=-2 Z _22 = 240,
0 6 -24

so the system has only the trivial solution ¢; = ¢2 = ¢3 = ¢4 = 0. Now Theorem 9.1.2 implies

that

y=cret +cre ™ + cze” + cpe”

is the general solution of (9.1.9).

The Wronskian

We can use the method used in Examples 9.1.1 and 9.1.2 to test n solutions {yi,y2,...,Vn}
of any nth order equation Ly = O for linear independence on an interval (a, b) on which the
equation is normal. Thus, if ¢y, ¢2 ,. .., ¢, are constants such that

ciyir+cyr+--+cyyn =0, a<x<b,
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then differentiating n — 1 times leads to the n X n system of equations

c1y1(x) + c2y2(x)+ -+ +epya(x) =0
c1yi(x) + 2y, (x)+ -0 +epy(x) =0
. (9.1.13)
ey ) ey o eyt @) =0
for ¢y, ¢z, ..., cp. For a fixed x, the determinant of this system is
yi(x) y2(x) o ya(x)
yi(x) Vo) e ()
W(x) =
-1 -1 -1
W@ ¥ @ e )
We call this determinant the Wronskian of {y1,y2,...,y.}. If W(x) # 0O for some x in (a, b)
then the system (9.1.13) has only the trivial solution ¢; = ¢; = --- = ¢, = 0, and Theorem 9.1.2

implies that
y=ciyirtcey2+ -+ Cayn

is the general solution of Ly = 0 on (a, b).
The next theorem generalizes Theorem 5.1.4. The proof is sketched in (Exercises 17-20).

Theorem 9.1.3 Suppose the homogeneous linear nth order equation
po(x)y(n) + Pl(X)y(n_l) 4.4+ P,(x)y=0 (9.1.14)

is normal on (a, b), let yy, y2, ..., yn be solutions of (9.1.14) on (a, b), and let xq be in (a, b).
Then the Wronskian of {y1, y2, ..., Yn} is given by

W(x) = W(xo) exp {— /X 28 dt}, a<x<b. (9.1.15)

Therefore, either W has no zeros in (a,b) or W = 0 on (a, b).

Formula (9.1.15) is Abel’s formula.
The next theorem is analogous to Theorem 5.1.6.

Theorem 9.1.4 Suppose Ly = 0 is normal on (a, b) and let yi, v, ..., y, be n solutions of
Ly = 0on (a,b). Then the following statements are equivalent; that is, they are either all true
or all false:

(a) The general solution of Ly = 0on (a,b) isy = c1y1 + cayr + -+ + Cpyn.
(b) {y1,y2,--.,Yn} is a fundamental set of solutions of Ly = 0 on (a, b).

(¢c) {y1,y2,...,Yn} is linearly independent on (a, b).

(d) The Wronskian of {y1,y2,...,Yn} is nonzero at some point in (a, b).

(e) The Wronskian of {y1,y2,...,Yn} is nonzero at all points in (a, b).


https://mathshistory.st-andrews.ac.uk/Biographies/Wronski/
https://mathshistory.st-andrews.ac.uk/Biographies/Abel/
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Example 9.1.3 In Example 9.1.1 we saw that the solutions y; = x2, y, = x°, and y3 = 1/x of

RIWZ/;

X7y —Xzy

144

—2xy"+6y =0

are linearly independent on (—o0, 0) and (0, c0). Calculate the Wronskian of {y1, y2, y3}.

Solution If x # 0, then

1 1
x2 x> — 1 x —
X x3
) 1 3 1
W(x): 2x 3x - =2x 2 3x -3 |’
P A
2 6x 3 1 3x 3

where we factored x2, x, and 2 out of the first, second, and third rows of W (x), respectively.
Adding the second row of the last determinant to the first and third rows yields

3 4 O
_ 3 1 _ 3 l 3 4x _
W(x)=2x"|2 3y -5 =2x (x3) 3 6 = 12x.
3 6x O

Therefore W(x) # 0 on (—c0,0) and (0, c0).

Example 9.1.4 In Example 9.1.2 we saw that the solutions y; = e*, y» = ¢™, y3 = ¢%*, and
y4 = e ¥ of
y(4) + ym _ 7y// _ y/ + 6_)/ =0

are linearly independent on every open interval. Calculate the Wronskian of {y, y2, y3, y4}.

Solution For all x,

e~ e er e—3x
| et —e™ 2eF 3
W(X) - P e 462)6 96—3X

—e™® 8eX —27e~

Factoring the exponential common factor from each row yields

I 11 1
1 -1 2 -3
— ,—X — —X
W(x) =e ) | 4 9= 240e™,
1 -1 8 =27
from (9.1.12).
Remark: Under the assumptions of Theorem 9.1.4, it isn’t necessary to obtain a formula for

W (x). Just evaluate W(x) at a convenient point in (a, b), as we did in Examples 9.1.1 and 9.1.2.

Theorem 9.1.5 Suppose Ly = 0 is normal on (a, b), c is in (a, b), and ay, a», . . ., a, are real
numbers, not all zero. If y1,y2, ..., y, are solutions of Ly = 0 such that
a1yi(c) + ayi(c) +--- + oz,,yfn_l)(c) =0, 1<i<n, (9.1.16)

Then {y1, y2,...yn} isn'’t linearly independent on (a, b).
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Proof Since a1, a», ..., @, are not all zero, (9.1.16) implies that
’ . (n—-1)
yi(e) ¥i(e) y% 1 (c)
(e) Yy(e) o],
yale) yple) oy “(c)
SO
yi(c) ya(e) =+ yalo)
y’l(C) y’z(C) y;(C) _
i ”(c) ¥ Do) e )

and Theorem 9.1.4 implies the stated conclusion.

General Solution of a Nonhomogeneous Equation

The next theorem is analogous to Theorem 5.3.2. It shows how to find the general solution of
Ly = F if we know a particular solution of Ly = F and a fundamental set of solutions of the
complementary equation Ly = 0.

Theorem 9.1.6 Suppose Ly = F is normal on (a, b). Lety, be a particular solution of Ly = F
on (a,b), and let {y1,y2,...,yn} be a fundamental set of solutions of the complementary
equation Ly = 0 on (a, b). Then y is a solution of Ly = F on (a, b) if and only if

y:yp+cly1+czy2+---+cnyn,
where c1, ca, . . ., Cp are constants.
The next theorem is analogous to Theorem 5.3.3.

Theorem 9.1.7 [The Principle of Superposition] Suppose for eachi =1, 2, ..., r, the function
Yp: 18 a particular solution of Ly = F; on (a, b). Then

Yp =Y ¥ Y+t Y,
is a particular solution of
Ly=Fi(x)+ Fy(x)+- -+ F.(x)
on (a,b).

We’ll apply Theorems 9.1.6 and 9.1.7 throughout the rest of this chapter.
Exercises

1. Verity that the given function is the solution of the initial value problem.

24
(@) 7y =32y + 6xy' =6y = ——,  y(=1) =0,y (-1) =0, Y'(~1) =0
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1
y=—6x—8x>—3x + =

X
1 1 x2 -4 3 1
d) Y ==y =y +-y=—— y()=5 Y1)=5,y"(1)=1
X X X 2 2
1
= + —
y=x 2x

©xy” —y'—xy+y=x* y(1)=2, y(1)=5y'(1)=-1
y=—x>=242e0 ) _ om0 4 4y

17
(d) 4x3y” + 4x?y” — 5xy’ +2y = 30x%, y(1) =5, y'(1)= 5

63
y'(1) = 20 YT 2% Inx — x4 2x7 12 4 452

(e) x*y@ —4x3y” + 12x%y" — 24xy’ + 24y = 6x*,  y(1) = -2,
y()=-9, y'(1)=-27, y"(1) =-52;
y=x*Inx +x - 2x% 4+ 3x% — 4x*
() xy @ —y” —dxy” +4y =96x%, y(1) =-5, y'(1)=-24
y/(1) = =36; y”(1)=-48; y=9—12x+ 6x> - 8x°
2. Solve the initial value problem
X3y = X2y = 2xy' +6y =0, y(-1)=-4, y(-1)=-14, y’(-1)=-20.
Hint: See Example 9.1.1.
3. Solve the initial value problem

YAy =Ty =y +6y =0, y(0)=5 Y(0)=-6, »"(0)=10, y"(0)=-36.

Hint: See Example 9.1.2.

4. Find solutions yi, 2, ..., y, of the equation y(" = 0 that satisfy the initial conditions
; 0, j#i—-1,
Yy (x0) = I 0<j<n-1, 1<i<n.
L 1, j=i-1,

5. (a) Verify that the function

c3
y=cx® +cox? + =
X

satisfies

n

X3y —x2y" = 2xy +6y =0 (A)
if ¢1, ¢2, and c3 are constants.

(b) Use (a) to find solutions yi, y2, and y3 of (A) such that
yi(lh) =1, yi(1)=0, »{(1)=0

y(1) =0, yy(1)=1, yj(1)=0
y3(1) =0, y,(1)=0, y5(1)=1.
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(¢) Use (b) to find the solution of (A) such that

y(1) = ko, Y'(1)=ki, Y'(1)=ks.

6. Verify that the given functions are solutions of the given equation, and show that they
form a fundamental set of solutions of the equation on any interval on which the equation
is normal.

(a) y/// + y// _ y/ —y= O; {ex’ e—x’ xe—x}
(b)y” =3y"+7y =5y =0; {e*, e*cos2x, e sin2x}.
©@xy”" —y"—xy'+y=0; {e*, e, x}
(d) x2y"” +2xy" — (x> +2)y' =0; {e*/x, e¥/x, 1}
(€) (x2 =2x +2)y"” —x%y"” +2xy’ =2y =0; {x, x%, e*}
) (2x - l)y(4) —4xy"” + (5 -2x)y" +4xy' =4y =0; {x, €', e, e*)
(@ xy® —y” —4xy” +4y = 0;  {1,x?, €¥, e7>}
7. Find the Wronskian W of a set of three solutions of
y/// + zxy// + exy/ _ y — O’
given that W(0) = 2.

8. Find the Wronskian W of a set of four solutions of

4

y® + (tanx)y” + x2y" + 2xy = 0,
given that W(r/4) = K.

9. (a) Evaluate the Wronskian W {¢*, xe*, x?>¢*}. Evaluate W(0).
(b) Verify that y{, y,, and yj3 satisfy

Yy’ =3y"+3y -y =0. (A)

(c) Use W(0) from (a) and Abel’s formula to calculate W (x).
(d) What is the general solution of (A)?

10. Compute the Wronskian of the given set of functions.

(@) {1, &, e} (b) {€*, e*sinx, e¢*cosx}
© {2, x+1, x> +2} (d) {x, xInx, 1/x}
2 3 n
(e){l»x’ %’ %’ ) %} (f) {ex, e—x’ X}
(@) {e*/x, e™*/x, 1} (h) {x, x?, ¢}
@) {x, x, 1/x, 1/x*} () {e*, e, x, e}

(k) {62)6, e—2x, 1, x2}
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11. Suppose Ly = 0 is normal on (a, b) and xg is in (a, b). Use Theorem 9.1.1 to show that
y = 0 is the only solution of the initial value problem

Ly=0, y(x9) =0, y(xp)=0,..., y(”_l)(xo) =0,

on (a,b).
12. Prove: If yy, yo2, ..., y, are solutions of Ly = 0 and the functions
n
Zz—zaijyj’ 1<i<n,
j=1
form a fundamental set of solutions of Ly = 0, then so do yy, y2, ..., V.

13. Prove: If
y=ciyir+cy2+t---+cpYet+yp
is a solution of a linear equation Ly = F for every choice of the constants cy, ¢3 ,. .., ¢,
then Ly; =0 for 1 <i <k.

14. Suppose Ly = 0 is normal on (a, b) and let x¢ be in (a, b). For 1 < i < n, let y; be the
solution of the initial value problem

. 0, j#i—1,
Ly; =0, yfj)(xo):{l ] 1 0<j<n-1, 1<i<n,
s ]:l_ s

where x( is an arbitrary point in (a, b). Show that any solution of Ly = 0 on (a, b), can
be written as
y=cyir+tcey2+ -+ Cayn,

with c; = v (x).
15. Suppose {y1,y2,...,yn} is a fundamental set of solutions of
Po(x)y™ + Prx)y"™D 4 oo+ Py(x)y =0

on (a, b), and let
21 =anyitapy2+---+tawmyn
22 =azyrtaxyz+---+auy,

Zn = amy1tapy2+ -+ dppyn,

where the {a;;} are constants. Show that {z1, 22, . .., z,} is a fundamental set of solutions
of the displayed equation if and only if the determinant

ay app - di
azy az -+ A
apl Ap2 - dpp

is nonzero.Hint: The determinant of a product of n X n matrices equals the product of the
determinants.
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16. Show that {yy, y2, ..
functions yy, ya, . ..

Take the following as a hint in Exercises 17-19:

By the definition of determinant,

485

., Yn} is linearly dependent on (a, b) if and only if at least one of the
, Y can be written as a linear combination of the others on (a, b).

aly ai aip
azr az Aazn

= Z ialilaZiz o am'n’
anl anp2 Ann

where the sum is over all permutations (iy,ia,...,i,) of (1,2,...,n) and the choice of + or —

in each term depends only on the permutation associated with that term.

17. Prove: If

where f;; (1 <i, j < n) is differentiable. Show that

F’:F1+F2+"'+Fn’

where F; is the determinant obtained by differentiating the ith row of F.

ai ap ain
any an a2
A(l/il,l/lz, ceey un) =
anp-1,1 Aan-1,2 An—-1,n
ui un Un
then
A(uyr +vi,up +vo, ... iy +vy) = A(uy,un, ... uy) + A(Vi,vo, ..., vp).
18. Let
fm fi fin
L1 o fon
F = ,
fnl fn2 frm

. Use Exercise 18 to show that if W is the Wronskian of the n-times differentiable functions

Y1 Y2, - .., Yn, then

Y1

/

Y1

-2
yi?

e

Y2

’

Y2

-2
i

v

(n=2)
n

i
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20. Use Exercises 17 and 19 to show that if W is the Wronskian of solutions {yi, y2,..., yn}
of the normal equation

Po(x)y™ + Py (x)y"™V + .-+ Py (x)y = 0, (A)

then W = —P W /Py. Derive Abel’s formula (Eqn. (9.1.15)) from this. Hint: Use (A) to
write y™ in terms of y,y’, ...,y V.

21. Prove Theorem 9.1.6.
22. Prove Theorem 9.1.7.

23. Show thatif the Wronskian of the n-times continuously differentiable functions {y{, y2, ..., yu}
has no zeros in (a, b), then the differential equation obtained by expanding the determinant

y Y1 Y2 o Yn
YooYy Y, o
=0,
ym iy
in cofactors of its first column is normal and has {yi, y2, ..., y,} as a fundamental set of

solutions on (a, b).

24. Use the method suggested by Exercise 23 to find a linear homogeneous equation such
that the given set of functions is a fundamental set of solutions on intervals on which the
Wronskian of the set has no zeros.

@ {x, x> -1, x>+ 1} (b) {e*, e7*, x}

(c) {e*, xe™, 1} @) {x, x%, ¢*}

(e) {x, x2, 1/x} ) {x + 1, e, e*}

(@ {x, x3, 1/x, 1/x*} (h) {x, xInx, 1/x, x?}
@) {e*, e, x, e**} () {e*, e, 1, x*}

9.2 Higher Order Constant Coefficient Homogeneous Equa-
tions

If ag, ay, ..., a, are constants and ag # 0, then
aoy™ +ary" ™V + - +a,y = F(x)

is said to be a constant coefficient equation. In this section we consider the homogeneous
constant coefficient equation

a()y(n) + a]y(n_l) +---+ayy= 0. (921)

Since (9.2.1) is normal on (—o0, ), the theorems in Section 9.1 all apply with (a, b) = (—o0, 00).
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As in Section 5.2, we call
p(r) =apr" +air" '+ +a, (9.2.2)

the characteristic polynomial of (9.2.1). We saw in Section 5.2 that when n = 2 the solutions
of (9.2.1) are determined by the zeros of the characteristic polynomial. This is also true when
n > 2, but the situation is more complicated in this case. Consequently, we take a different
approach here than in Section 5.2.
If k is a positive integer, let D* stand for the k-th derivative operator; that is
D* y = y(k).
If
g(r) =bor™ +bir" + . + by,

is an arbitrary polynomial, define the operator
q(D) = boD™ + b1D" ' + -+ + by,
such that
q(D)y = (bgD™ + biD" " + - + b))y = boy"™ + b1y 4. 4 b,y

whenever y is a function with m derivatives. We call ¢(D) a polynomial operator.
With p as in (9.2.2),
p(D) = agD" + a; D" ' + .- + a,,

0 (9.2.1) can be written as p(D)y = 0. If r is a constant then

p(D)e™ = (aoD”e”‘ +a D" e+t ane”‘)

1

= (apgr"+air'" +---+ay)e’”;

that is
p(D)(e™) = p(r)e™.
This shows that y = ¢’* is a solution of (9.2.1) if p(r) = 0. In the simplest case, where p has n

distinct real zeros ry, ra,. . ., rp, this argument yields n solutions

yi=e"Y, yry=€*,..., y,=e".
It can be shown (Exercise 39) that the Wronskian of {e"'¥, ¢"?*, ..., e""*} is nonzero if ry, 1o,
..., Iy are distinct; hence, {e"*, 2%, ..., e'"*} is a fundamental set of solutions of p(D)y =0

in this case.

Example 9.2.1

(a) Find the general solution of

Y —6y” + 11y — 6y = 0. (9.2.3)

(b) Solve the initial value problem

v —6y" +11y =6y =0, y(0)=4, y(0)=5y”(0)=09. (9.2.4)
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Solution The characteristic polynomial of (9.2.3) is

p(r) = P—6r+11r-6= (r=1D(r-2)(r-3).

Therefore {¢*, e**, e3*} is a set of solutions of (9.2.3). It is a fundamental set, since its Wronskian
is
X ¥ e 1 11
W(x)=|e' 2% 33 |[=¢%|1 2 3|=2¢20.
e’ 4e* 93 1 49
Therefore the general solution of (9.2.3) is
y =cie’ + cre” + cze’”. (9.2.5)

Solution (b) We must determine ¢, ¢, and c3 in (9.2.5) so that y satisfies the initial conditions
in (9.2.4). Differentiating (9.2.5) twice yields

’

y c1e* +2cre® + 3cze™
144

y' = cie* + 4cpe® + 9cze’r.

(9.2.6)

Setting x = 0 1n (9.2.5) and (9.2.6) and imposing the initial conditions yields

ci+ ¢+ ¢c3 = 4
c1+2cr+3¢c3 = 5
ci+4cr)+93 = 9.

The solution of this system is ¢; = 4, ¢; = —1, ¢3 = 1. Therefore the solution of (9.2.4) is

y =4e* — e* 4 e

(Figure 9.2.1). [

Now we consider the case where the characteristic polynomial (9.2.2) does not have n distinct
real zeros. For this purpose it is useful to define what we mean by a factorization of a polynomial
operator. We begin with an example.

Example 9.2.2 Consider the polynomial
p(=r=rt+r-1
and the associated polynomial operator
p(D)=D*>-D*>+D-1.
Since p(r) can be factored as
p(r)=(r=-DE*+1) =+ 1) -1,
it’s reasonable to expect that p(D) can be factored as
p(D)=(D-1)(D*+1)=(D*>+1)(D-1). (9.2.7)

However, before we can make this assertion we must define what we mean by saying that two
operators are equal, and what we mean by the products of operators in (9.2.7). We say that two
operators are equal if they apply to the same functions and always produce the same result. The
definition of the products in (9.2.7) is this: if y is any three-times differentiable function then
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Figure 9.2.1 y = 4¢* — e* + ¥

(a) (D —1)(D?+ 1)y is the function obtained by first applying D> + 1 to y and then applying
D — 1 to the resulting function

(b) (D?+ 1)(D — 1)y is the function obtained by first applying D — 1 to y and then applying
D? + 1 to the resulting function.

From (a),

(D = 1)(D*+ 1)y (D= DI(D*+ 1)y]

(D-1D)("+y)=DR"+y) = (" +y)

— (ym + yl) _ (y// + y) (928)
y”’—y”+y’—y=(DS—D2+D—1)y.
This implies that
(D-1)(D*+1)=(D*-D*+D-1).
From (b),
(D>+1)(D -1y = (D*+1)[(D-1)y]
(D> +1)(y =) =D*(y' =y) + (y/ = y) 9.2.9)

= O"=y)+0' -y
y”’—y”+y’—y=(D3—D2+D—1)y’

(D*+1)(D-1)=(D*-D*+D-1),

which completes the justification of (9.2.7).
Example 9.2.3 Use the result of Example 9.2.2 to find the general solution of

7' =y"+y —y=0. (9.2.10)
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Solution From (9.2.8), we can rewrite (9.2.10) as
(D -1)(D*+1)y =0,

which implies that any solution of (D? + 1)y = 0 is a solution of (9.2.10). Therefore y; = cos x
and y, = sinx are solutions of (9.2.10).
From (9.2.9), we can rewrite (9.2.10) as

(D> +1)(D - 1)y =0,

which implies that any solution of (D — 1)y = 0 is a solution of (9.2.10). Therefore y3 = e* is
a solution of (9.2.10).
The Wronskian of {cos x, sinx, e¢*} is

COS X sinx e*
W(x) =| —sinx cosx e*
—cosx -—sinx e*

Since

1
w©O)=| 0
1

{cosx, sinx, e*} is linearly independent and

y = ¢1C08X + ¢psinx + cze*
is the general solution of (9.2.10).
Example 9.2.4 Find the general solution of

y® — 16y = 0. (9.2.11)

Solution The characteristic polynomial of (9.2.11) is
p(r)=r =16 = (P = (2 +4) = (r =2)(r +2) (> +4).

By arguments similar to those used in Examples 9.2.2 and 9.2.3, it can be shown that (9.2.11)
can be written as
(D> +4)(D+2)(D-2)y=0

or
(D*+4)(D-2)(D+2)y=0

or
(D -2)(D +2)(D*+4)y =0.

Therefore y is a solution of (9.2.11) if it’s a solution of any of the three equations

(D-2)y=0, (D+2)y=0, (D>+4)y=0.

—2x

Hence, {e2x ,e %, cos2x,sin2x} is a set of solutions of (9.2.11). The Wronskian of this set is

e e cos 2x sin 2x

2% _2¢™2 _2sin2x  2cos2x
4e  4e™* _4cos2x —4sin2x
8e?r —8e 8sin2x —8cos2x

W(x) =
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Since
1 1 1 0
2 =2 0 2
W(0) = 4 4 -4 0 =-512,
8 -8 0 -8

{e*, e™>*, cos 2x, sin 2x} is linearly independent, and

2x —2x

y=cire” +cpe " +¢3c082x + c48in2x

is the general solution of (9.2.11).
It is known from algebra that every polynomial

p(r)=ap" +air '+ +a,

with real coeflicients can be factored as

p(r) = aop1(r)p2(r) --- pi(r),

where no pair of the polynomials p, p2, ..., px has a common factor and each is either of the
form

pj(r) = (r- rj)mj, (9.2.12)

where r; is real and m; is a positive integer, or
A
pj(r) =|(r=4;)" +wj| (9.2.13)

where A; and w; are real, w; # 0, and m; is a positive integer. If (9.2.12) holds then r; is a real
zero of p, while if (9.2.13) holds then A; + iw; and A; — iw; are complex conjugate zeros of p.
In either case, m; is the multiplicity of the zero(s).

By arguments similar to those used in our examples, it can be shown that

p(D) = aop1(D)p2(D) -+ pr(D) (9.2.14)

and that the order of the factors on the right can be chosen arbitrarily. Therefore, if p;(D)y =0
for some j then p(D)y = 0. To see this, we simply rewrite (9.2.14) so that p;(D) is applied
first. Therefore the problem of finding solutions of p(D)y = 0 with p as in (9.2.14) reduces to
finding solutions of each of these equations

pj(D)y=0, 1<j<k,

where p ; is a power of a first degree term or of an irreducible quadratic. To find a fundamental set
of solutions {y1, y2, ..., y,} of p(D)y = 0, we find a fundamental set of solutions of each of the
equations and take {yi, y2,..., VY, } to be the set of all functions in these separate fundamental
sets. In Exercise 40 we sketch the proof that {yi,ys,...,y,} is linearly independent, and
therefore a fundamental set of solutions of p(D)y = 0.

To apply this procedure to general homogeneous constant coefficient equations, we must be
able to find fundamental sets of solutions of equations of the form

(D—-a)"y=0

and
[(D -2+ wz]my =0,

where m is an arbitrary positive integer. The next two theorems show how to do this.
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Theorem 9.2.1 If m is a positive integer, then
{e™, xe™, . .. ,xm_le“x} (9.2.15)
is a fundamental set of solutions of
(D-a)"y =0. (9.2.16)

Proof We’ll show that if

fx)=cr+eox+-+cpx™!

is an arbitrary polynomial of degree < m — 1, then y = e“* f is a solution of (9.2.16). First note
that if g is any differentiable function then

(D—-a)e™g=De""g—ae” g =ae®g+e“g —aeg,

o)
(D —-a)e*g=e"g. (9.2.17)
Therefore
(D—-a)e™f = e*f’ (from (9.2.17) with g = f)
(D-a)?e™f = (D-a)e™f =e™f” (from (9.2.17) with g = f)

(D—a)de™f = (D—a)e™f" =™ f" (from (9.2.17) with g = )

(D—a)y"e™f = (D—-a)e™ "D =% f(m (from (9.2.17) with g = f("~1),

Since f™ = 0, the last equation implies that y = e%* f is a solution of (9.2.16) if f is any
polynomial of degree < m — 1. In particular, each function in (9.2.15) is a solution of (9.2.16).
To see that (9.2.15) is linearly independent (and therefore a fundamental set of solutions of
(9.2.16)), note that if

cr1e®™ + coxe™ + -+ cpx™ e = 0

for all x in some interval (a, b), then
Cl+cax+-+eux™ =0

for all x in (a, b). However, we know from algebra that if this polynomial has more than m — 1
zerosthenc; =cp=---=¢,, = 0.

Example 9.2.5 Find the general solution of

Yy’ +3y"+3y +y=0. (9.2.18)

Solution The characteristic polynomial of (9.2.18) is
p(r)=r+3r +3r+1=(r+1)°.
Therefore (9.2.18) can be written as
(D +1)°y =0,
so Theorem 9.2.1 implies that the general solution of (9.2.18) is
y=e " (c1 +cax + c3x%). m

The proof of the next theorem is sketched in Exercise 41.
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Theorem 9.2.2 If w # 0 and m is a positive integer, then

{e™ cos wx, xe™ coswx, ..., x" et coswrx,

e sinwx, xe® sinwx, ..., x" e sinwx}
is a fundamental set of solutions of

[(D-2)?%+w?]™y =0.

Example 9.2.6 Find the general solution of

(D* +4D + 13)%y = 0. (9.2.19)

Solution The characteristic polynomial of (9.2.19) is

2 3 2 3

p(r) = (P +4r+13)° = (422 +9) .

Therefore (9.2.19) can be written as

[(D +2)*+9]°y =0,
so Theorem 9.2.2 implies that the general solution of (9.2.19) is

y = (a) + azx + azx?)e ¥ cos 3x + (by + box + b3x?)e > sin 3x.

Example 9.2.7 Find the general solution of

y(4) + 4y/” + 6y” + 4y/ =0. (9.220)

Solution The characteristic polynomial of (9.2.20) is

4 + 6r7 + 4r
= r(rP+4r +6r+4)
= r(r+2)(r*+2r+2)
= r(r+2)[(r+ D*+1].

p(r)

Therefore (9.2.20) can be written as
[(D+1)?>+1](D +2)Dy =0.
Fundamental sets of solutions of
[(D+1)*+1]y=0, (D+2)y=0, and Dy=0.

are given by
{e " cosx,e*sinx}, {e >}, and {1},

respectively. Therefore the general solution of (9.2.20) is

-2x

y=e(c1cosx + crsinx) + cze” " + cy.
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Example 9.2.8 Find a fundamental set of solutions of

[(D+1)?+1]*(D-1)*D+1)D?*y =0. (9.2.21)
Solution A fundamental set of solutions of (9.2.21) can be obtained by combining fundamental
sets of solutions of

[(D+1)2+1]°y=0, (D-1)% =0,
(D+1)y=0, and D?y=0.

Fundamental sets of solutions of these equations are given by

{e™* cosx,xe ™ cosx, e sinx,xe *sinx}, {e*,xe*,x%e*},

{e™*}, and {1,x},

respectively. These ten functions form a fundamental set of solutions of (9.2.21).

Exercises

In Exercises 1-14 find the general solution.

L y”=3y"+3y' =y =0 2. y@ +8y" -9y =0
3. yl// _ y/l + 16y/ _ 16y — O 4. 2y/// + 3y// _ 2yl _ 3y —_ O
5. ylll + Sylf + 9yl + Sy — 0 6. 4ylll _ 8yll + Sy/ _ y — 0

7. 279" +27y" +9y +y=0 8 y@W 4y =0
9.y —16y =0 10. y@ +12y” +36y = 0

11. 16y —72y” + 81y =0 12. 6y@ +5y” +7y" +5y' +y =0
13. 4y® +12y” +3y” — 13y’ =6y =0
14. y(4) _ 4y/// + 7y// _ 6}7/ + 2y — 0

In Exercises 15-27 solve the initial value problem. Where indicated by , graph the
solution.

15. v =2y" +4y" =8y =0, y(0)=2, y(0)=-2,y"(0)=0
16. y” +3y”" —y =3y =0, y(0)=0, y'(0)=14, y”(0)=-40
17. Y=y =y +y=0, y(0)=-2, y(0)=9, y"(0)=4

18. Yy’ =2y =4y =0, y(0)=6, y(0)=3, y"(0) =22
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19.

20.
21.
22,
23.
24.

25.
26.

27.

28.

V244 124 ’ 14 4 "
3y =y" =Ty +5y =0, y(0)=g, y'(0) =0, y"(0)=10
Y’ =6y”"+12y' =8y =0, y(0)=1, »y'(0)=-1, y"(0)=-4
2y = 11y" + 12y’ +9y =0, y(0)=6, y'(0)=3, y”’(0)=13
8y —4y" =2y"+y =0, y(0)=4, y(0)=-3, y'(0)=-1
y# —16y =0, y(0)=2, y'(0) =2, y"(0) =-2, y”(0) =0

YW =6y +Ty" + 6y =8y =0, y(0)=-2, y'(0)=-8, y"(0)=-14,
y”(0) = 62

4yW —13y7+9y=0, y(0)=1, y(0)=3, y(0)=1, y”(0) =3
y® 42y —2y” =8y =8y =0, y(0)=5 y(0)=-2, »'(0)=6, y”(0) =8

7
4y @+ 8y” +19y" 432 +12y =0, y(0) =3, Y(0) =-3, y'(0) = -,
31
n 0 —
y"(0) =

Find a fundamental set of solutions of the given equation, and verify that it’s a fundamental
set by evaluating its Wronskian at x = 0.

(@ (D-1)*(D-2)y=0 (b) (D> +4)(D =3)y =0
(© (D*+2D+2)(D-1)y=0 @D (D-1)y=0
() (D>-1)(D*>+1)y=0 () (D> -2D +2)(D*+ 1)y =0

In Exercises 29-38 find a fundamental set of solutions.

29.
30.

31.

33.

3s.

37.
39.

(D?>+6D +13)(D —2)’D*y =0
(D-122D-1)3D*+1)y=0

(D> +9)’D*y =0 32. (D-2(D+1)>’Dy=0
(D2 +1)(D*+9)>(D - 2)y =3%. (D*-16)>y =0
(4D% +4D +9)3y =0 36. D3(D -2)*>(D*+4)’y =0

(4D*+1)2(9D* +4)’°y =0 38. [(D-1)*-16]y=0

It can be shown that

1 1 1
a an an
2 2 2
ayp ay o 4y | = 1_[ (aj —a;), (A)

1<i<j<n




CHAPTER9. LINEAR HIGHER ORDER EQUATIONS 496

40.

41.

where the left side is the Vandermonde determinant and the right side is the product of all
factors of the form (a; — a;) withi and j between 1 andn and i < j.

(a) Verity (A) forn =2 and n = 3.
(b) Find the Wronskian of {e%*, e%*, ..., e%*}.

A theorem from algebra says that if P; and P, are polynomials with no common factors
then there are polynomials Q; and Q5 such that

Q1P +02P> = 1.

This implies that
Q1(D)P1(D)y + Q2(D)P(D)y =y

for every function y with enough derivatives for the left side to be defined.

(a) Use this to show that if P; and P, have no common factors and

Py (D)y = P2(D)y =0

then y = 0.

(b) Suppose P; and P; are polynomials with no common factors. Let uy, ..., u,
be linearly independent solutions of P{(D)y = 0 and let vy, ..., vy be linearly
independent solutions of P(D)y = 0. Use (a) to show that {uy,...,u,,vy,...,Vvs}

is a linearly independent set.

(¢) Suppose the characteristic polynomial of the constant coefficient equation

has the factorization
p(r) = aopi(r)pa(r) - -~ pi(r),
where each p; is of the form
pi(r)=(r=r)"orp;(r)=[(r=2,)+wi]™ (w;>0)

and no two of the polynomials pi, ps, ..., px have a common factor. Show that
we can find a fundamental set of solutions {yy, y2,...,y,} of (A) by finding a
fundamental set of solutions of each of the equations

p;(D)y=0, 1<j<k,

and taking {y1, y2, ..., Yy, } to be the set of all functions in these separate fundamental
sets.

(a) Show that if
z = p(x) cos wx + ¢g(x) sin wx, (A)

where p and ¢ are polynomials of degree < k, then
(D? + w?)z = p1(x) cos wx + ¢ (x) sin wx,

where p; and ¢ are polynomials of degree < k — 1.


https://mathshistory.st-andrews.ac.uk/Biographies/Vandermonde/
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42.

(b) Apply (a) m times to show that if z is of the form (A) where p and ¢ are polynomials
of degree < m — 1, then
(D? + w?)"z = 0. (B)

(¢) Use Eqn. (9.2.17) to show that if y = ez then
[(D = 2)? + w*]"y = ¥ (D? + )"z
(d) Conclude from (b) and (c) that if p and ¢ are arbitrary polynomials of degree < m — 1

then
y = e (p(x) cos wx + g(x) sin wx)

is a solution of

[(D - 2)*+w?]"y =0. (©)
(e) Conclude from (d) that the functions
e™ cos wx, xe™ coswx, ..., x" e coswx, (D)
e™ sin wx, xe™ sinwx, ..., x" e sinwx

are all solutions of (C).
(f) Complete the proof of Theorem 9.2.2 by showing that the functions in (D) are linearly
independent.

(a) Use the trigonometric identities

cos(A + B)
sin(A + B)

cosAcosB —sinAsin B

cosAsinB + sin Acos B

to show that
(cosA +isinA)(cos B +isinB) =cos(A + B) +isin(A + B).

(b) Apply (a) repeatedly to show that if n is a positive integer then

l—[(cosAk +isinAg) =cos(Aj+Ar+---+A,) +isin(Aj+ Ay +---+ A,).
k=1

(¢) Infer from (b) that if n is a positive integer then

(cos@ +isinf)" = cosnb +isinnd. (A)

(d) Show that (A) also holds if n = 0 or a negative integer. Hint: Verify by direct
calculation that
(cos @ +isinf)~! = (cos@ —isinb).
Then replace 6 by —0 in (A).
(e) Now suppose n is a positive integer. Infer from (A) that if
2k 2k
2k :cos(—”) +isin(—"), k=0,1,...,n—1,
n n

and

2 1 2 1
{k:cos(y)+isin(y), k=0,1,....,n—-1,

then
z’,lzl and {,’f:—l, k=0,1,...,n—1.

(Why don’t we also consider other integer values for k?)
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(f) Let p be a positive number. Use (e) to show that

' =p=(z-p""20)z=p""21) (2= p""201)

and
=== p"0) (2= p ).

43. Use (e) of Exercise 42 to find a fundamental set of solutions of the given equation.

44.

45.

@y”-y=0 (b) y”"+y=0
(©) y@ +64y =0 @y®-y=0
(e) y'© + 64y =0 ® [(D-1°-1]y=0

@y +yD +y" 4y +y +y =0

An equation of the form

aoxy™ + a;x" Iy 4k aixy +any =0, x>0, (A)
where ag, ai, ..., a, are constants, is an Euler or equidimensional equation.
Show that if
x=¢ and Y(r) = y(x(2)), (B)
then
dy dY
x— = —
dx dt
dx? dr? dt
R QN N
dx3 dr’ dr? dt’

In general, it can be shown that if 7 is any integer > 2 then

dy dY d-y dy
r o — DR —
Y T T Tt Ay
where Ay, ..., A1, are integers. Use these results to show that the substitution (B)

transforms (A) into a constant coefficient equation for Y as a function of 7.

Use Exercise 44 to show that a function y = y(x) satisfies the equation
aox>y"” + aix®y” + arxy’ + azy = 0, (A)

on (0, co) if and only if the function Y (z) = y(e’) satisfies

3 2

ap— + (a; — 3a0)ﬁ

dY
Odl‘3 +(a2—a1 +2a0)E+a3Y:O.

Assuming that ag, ay, az, a3 are real and ag # 0, find the possible forms for the general
solution of (A).
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9.3 Undetermined Coeflicients for Higher Order Equations
In this section we consider the constant coefficient equation
aoy™ +ary" YV + . v a,y = F(x), (9.3.1)
where n > 3 and F is a linear combination of functions of the form
e (Po tpix+--t kak)

or
™ [(po +pixH-- +pkxk) COS wx + (qo Fgix+---+ quk) sinwx] .

From Theorem 9.1.6, the general solution of (9.3.1) is y = y,, + y., where y, is a particular
solution of (9.3.1) and y. is the general solution of the complementary equation

apy™ + a1y VY +.. 44,y =0.

In Section 9.2 we learned how to find y.. Here we will learn how to find y, when the forcing
function has the form stated above. The procedure that we use is a generalization of the method
that we used in Sections 5.4 and 5.5, and is again called method of undetermined coefficients.
Since the underlying ideas are the same as those in Sections 5.4 and 5.5, we’ll give an informal
presentation based on examples.

Forcing Functions of the Form ¢ (pg + p1x + - - - + pyx¥)
We first consider equations of the form
aoy(”) + aly("_l) +- 4 ayy = e (po +pix+---+ pkxk) .

Example 9.3.1 Find a particular solution of

V" +3y" +2y —y = (21 + 24x + 28x% + 5x7). (9.3.2)

Solution Substituting

X

y = ue,
y = e (u +u),
y' = e (u” +2u’ +u),
y” = e*(u” +3u” +3u’ +u)

into (9.3.2) and canceling e* yields
W +3u” +3u +u) + 3" +2u +u) + 2’ +u) —u =21 + 24x + 28x% + 5x°,

or
u” +6u” + 114 +5u = 21 + 24x + 28x> + 5x°. (9.3.3)

Since the unknown u appears on the left, we can see that (9.3.3) has a particular solution of the
form
up = A + Bx + Cx* + Dx°.
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Then

u’ B +2Cx + 3Dx?
u;,' 2C + 6Dx
u;' = 6D.

Substituting from the last four equations into the left side of (9.3.3) yields

44

) + 6uy + 11, + Su,, 6D + 6(2C + 6Dx) + 11(B + 2Cx + 3Dx?)
+5(A + Bx + Cx* + Dx%)
(5A+11B+12C +6D) + (5B +22C +36D)x

+(5C +33D)x* + 5Dx°.

Comparing coefficients of like powers of x on the right sides of this equation and (9.3.3) shows
that u,, satisfies (9.3.3) if

5D = 5

5C+33D = 28

5B+22C +36D = 24
SA+11B+12C+ 6D = 2I.

Solving these equations successively yields D = 1, C = -1, B = 2, A = 1. Therefore
up =1 +2x —x? +x°
is a particular solution of (9.3.3), so
yp = eu, =" (1+2x —x* +x%)
is a particular solution of (9.3.2) (Figure 9.3.1).
Example 9.3.2 Find a particular solution of

y(4) _y/// _ 6y// + 4y/ + 8y — er(4 +19x + 6X2). (934)

Solution Substituting

2x

y = ue™,
Yy o= ¥ +2u),

Yy = ¥ (u” + 4 + du),

y”, = ezx(u'” + 614” + 121/!/ + 81/1),

y B = (W 4 8u” + 24u” + 32u” + 16u)
into (9.3.4) and canceling e** yields

(™ + 8u™ + 24u” + 32u’ + 16u) — (" + 6u” + 12’ + 8u)
—6(u” + 4u’ +4u) + 4’ +2u) + 8u =4 + 19x + 6x2,

or
u® + 7u” +12u” = 4 + 19x + 6x7%. (9.3.5)
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Figure 9.3.1 y, = €*(1 + 2x — x> + x3)

Since neither u nor u” appear on the left, we can see that (9.3.5) has a particular solution of the
form

up = Ax* + Bx® + Cx*, (9.3.6)
Then
u, = 2Ax+3Bx*+4Cx’
u; = 2A+6Bx + 12Cx?
u;;’ = 6B +24Cx
ul) = 24c.

Substituting /), u’7’, and u$,” into the left side of (9.3.5) yields

”n

; 24C +7(6B + 24Cx) + 12(2A + 6Bx + 12Cx?)

(24A + 42B + 24C) + (72B + 168C)x + 144Cx>.

ug,4) +7u” + 12u;;

Comparing coefficients of like powers of x on the right sides of this equation and (9.3.5) shows
that u,, satisfies (9.3.5) if

144C = 6
72B +168C = 19
24A +42B+ 24C = 4.

Solving these equations successively yields C = 1/24, B = 1/6, A = —1/6. Substituting these

into (9.3.6) shows that
2

Uy, = )26—4(—4 +4x + x?)

is a particular solution of (9.3.5), so

’ X2 €2x

yp=eup=— (=4 + 4x + x?)

is a particular solution of (9.3.4). (Figure 9.3.2).
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S (At x?)

Figure 932y, =

Forcing Functions of the Form e* (P(x) cos wx + Q(x) sin wx)

We now consider equations of the form

aoy™ +ay™ D + ..+ a,y = e (P(x) cos wx + Q(x) sinwx) ,
where P and Q are polynomials.
Example 9.3.3 Find a particular solution of

Y7 +y" =4y —4y = *[(5 - 5x) cosx + (2 + 5x) sinx]. (9.3.7)

Solution Substituting

X

y = ue",
y = e“(u' +u),
y' = e"(u” +2u’ +u),
y"” o= X" +3u” +3u’ +u)

into (9.3.7) and canceling e¢* yields
(" +3u” +3u" +u)+ ("’ +2u" +u) —4(u +u) —4u = (5 -5x) cosx + (2 + 5x) sinx,

or
u” +4u” +u’ —6u = (5-5x)cosx + (2 + 5x) sinx. (9.3.8)

Since cos x and sinx are not solutions of the complementary equation

u” +4u”" +u - 6u =0,
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a theorem analogous to Theorem 5.5.1 implies that (9.3.8) has a particular solution of the form

up, = (Ap+ Arx) cosx + (B + Byx) sinx. (9.3.9)
Then
u), = (A1 + Bo + Bix) cosx + (B1 — Ag — Ayx) sinx,
u;; = (231 —Ap— Alx) COoSX — (2A1 + By + le) sin x,
l/l;/ =—3A;1+ By + B]X) CoSx — (331 - Ao — A]X) sin x,
SO
u;’ +4ug + u;) - 6u, = —[10Ag+2A; -8B+ 10A1x]cosx

- [IOBO +2B) +8A + 1031)6] sinx.

Comparing the coefficients of x cosx, xsinx, cosx, and sinx here with the corresponding
coefficients in (9.3.8) shows that u,, is a solution of (9.3.8) if

~104; = -5
~10B; = 5
—10A0—2A1+831 = 5
—-10Byg—2B; —-8A; = 2.

Solving the first two equations yields A = 1/2, By = —1/2. Substituting these into the last two
equations yields

—10Ag = 5+2A;-8B; =10
—IOBO = 2+231 +8A1 =5,

so Ag = —1, Bp = —1/2. Substituting Ag = -1, Ay = 1/2, By = —-1/2, B; = —1/2 into (9.3.9)

shows that :
up = -3 [(2—=x)cosx + (1+x)sinx]

is a particular solution of (9.3.8), so

ex

yp=€eu,= ~5 [(2—x)cosx + (1 +x)sinx]

is a particular solution of (9.3.7) (Figure 9.3.3).

Example 9.3.4 Find a particular solution of

Y7 +4y" +6y +4y = [(1 —6x)cosx — (3 +2x)sinx] . (9.3.10)

Solution Substituting

—X

y = ue™,
Y o= W ),
y' o= e (" -2u' +u),

y” = e (" —-3u” +3u’ —u)
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100

80

60 -

20 -

Figure 9.3.3 y, = e'u, = —% [(2=x)cosx + (1+x)sinx]

into (9.3.10) and canceling e™ yields
(" =3u” +3u" —u) +4w” —2u" +u) + 6(u’ —u) +4u = (1 — 6x) cosx — (3 + 2x) sinx,

or
u” +u” +u +u=(1-6x)cosx — (3 +2x)sinx. (9.3.11)

Since cos x and sin x are solutions of the complementary equation
u” +u” +u +u=0,
a theorem analogous to Theorem 5.5.1 implies that (9.3.11) has a particular solution of the form
up = (Aox + A1x?) cosx + (Box + Bix?) sinx. (9.3.12)
Then
W, = [Ag+ (2A1 + Bo)x + Bix*] cosx + [By + (2B1 — Ag)x — A1x?] sinx,
uy = [2A1+2Bo— (Ag—4B1)x — Aix*] cosx
+[2B] — 240 — (Bg + 4A)x — B1x?] sinx,
u” = —[3A¢—6B; + (641 + By)x + B1x*] cosx
—[3By + 641 + (6B — Ag)x — A;x?] sinx,

)
u;;’ + u;; + Lt;7 tu, = —[2A0 - ZB() - 2A1 - 6Bl + (4A1 - 4Bl)x] COS X

—[230 +2A0— 2B + 6A; + (431 + 4A1)x] sinx.
Comparing the coefficients of x cosx, xsinx, cosx, and sinx here with the corresponding
coefficients in (9.3.11) shows that u, is a solution of (9.3.11) if

—-4A1+4B; = -6
—-4A, -4B, = -2
—2A0+2By+2A1+6B; = 1

—2A¢0—2By—-6A; +2B; = -3.
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Solving the first two equations yields A; = 1, B; = —1/2. Substituting these into the last two
equations yields

—2A0+2By = 1-2A;-6B; =2
—2A0 - 2BO = -3+ 6A1 - 2B1 =4,
y
A
0.2 -
0.1
1 1 1 1 1 1 1 ’) X
1 2 3 4 5 6 7 8 9
-0.1
-0.2
-0.3+
-0.4
05+
: xe™* :
Figure 9.3.4y, = - [(3—2x)cosx + (1 +x)sinx]

so Ag = —3/2 and By = —1/2. Substituting Ag = -3/2, Ay =1, By = —1/2, B; = —1/2 into
(9.3.12) shows that

up = —g [(3—2x)cosx + (1 +x)sinx]
is a particular solution of (9.3.11), so

xe

yp=eu, = - [(3—=2x)cosx + (1 +x)sinx]

(Figure 9.3.4) is a particular solution of (9.3.10).

Exercises
In Exercises 1-59 find a particular solution.

L y” —6y” + 11y — 6y = —e (4 + 76x — 24x?)
y" =2y” =5y + 6y = (32 - 23x + 6x?)
4y" +8y” —y =2y = —e* (4 + 45x + 9x?)

V"7 +3y" =y =3y =e (2 - 17x + 3x?)

U A

V7 +3y" —y =3y = e"(=1 + 2x + 24x% + 16x7)
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© ® 2@

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22,
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.

Y +y" =2y = (14 + 34x + 15x%)

4y" +8y" —y' =2y = —e~>(1 — 15x)

' =y" =y +y=e"(7+6x)

29" —T7y" + 4y + 4y = (17 + 30x)

y" =5y" + 3y +9y = 2e¥(11 - 24x?)

Y =Ty" + 8y + 16y = 2¢* (13 + 15x)

8y = 12y" + 6y’ —y = €*/2(1 + 4x)

y @ 397 3y — 7y + 6y = —e (12 + 8x — 8x?)

y & £ 39" 4y =3y =2y = =3e%(11 + 12x)

y @ + 8y +24y” + 32y = =167 (1 + x + x> — x°)

4y® — 11y” =9y’ — 2y = —e*(1 - 6x)

y® =2y 13y —y = (3 + 4x + x?)

y &) 4y 4 6y — 4y + 2y = (24 + x + x7)

2@ 4 5y — 5y —2y = 18¢*(5 + 2x)

y® 4y —2y" — 6y — 4y = —e¥ (4 + 28x + 15x2)

2y@ 4y 2y —y = 3¢/2(1 - 6x)

Y@ Z 597 + 4y = ¥(3 + x — 3x2)

y& =2y 3y + 4y + 4y = 2 (13 + 33x + 18x2)

y W =3y + 4y’ = ¥ (15 + 26x + 12x?)

YW =2y 42y —y = (1 +x)

2y 5y £ 3y +y —y = eX(11 + 12x)

y @ 13y +3y" +y = e7¥(5 — 24x + 10x2)

y& 7y £ 18y” — 20y + 8y = (3 — 8x — 5x2)

y” —y" -4y +4y = e [(16 + 10x) cos x + (30 — 10x) sinx]
7 +y" =4y —4y = e [(1 —22x) cos 2x — (1 + 6x) sin 2x]
V7 =y 42y =2y = X [(27 + 5x — x%) cos x + (2 + 13x + 9x?) sinx]
V"7 =2y" +y =2y = —€*[(9 — Sx + 4x?) cos 2x — (6 — 5x — 3x?) sin 2x]
y” +3y”" +4y" + 12y = 8cos2x — 16 sin 2x

" —=y" +2y = *[(20 + 4x) cosx — (12 + 12x) sin x]
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3s.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52,
53.
54.
SS.
56.
57.
58.
59.

V" = Ty" + 20y — 24y = —e?*[(13 — 8x) cos 2x — (8 — 4x) sin 2x]

V" —6y” + 18y = —e>[(2 — 3x) cos 3x — (3 + 3x) sin 3x]

y® 2y —2y” — 8y — 8y = ¢*(8cosx + 16sin x)

y &) =3y 42y + 2y — 4y = *(2cos 2x — sin 2x)

y® — 8y +24y” — 32y’ + 15y = ¢*(15x cos 2x + 32 sin 2x)

y & 46y + 13y" + 12y +4y = e*[(4 — x) cosx — (5 + x) sinx]

y&) £ 39" 42y =2y — 4y = —e~(cos x — sin x)

y® =5y 4 13y” — 19y’ + 10y = €*(cos 2x + sin 2x)

y®) 4+ 8y + 32" + 64y’ + 39y = ¢ [ (4 — 15x) cos 3x — (4 + 15x) sin 3x]
y® — 5y 4 13y” — 19y’ + 10y = *[(7 + 8x) cos 2x + (8 — 4x) sin 2x]

y® +4y” 1+ 8y” + 8y + 4y = —2¢*(cos x — 2 sin x)

y®) — 8y 4+ 32y" — 64y’ + 64y = ¢*(cos 2x — sin 2x)

y® —8y” +26y” — 40y’ + 25y = e*[3cosx — (1 + 3x) sinx]
V" —4y" + 5y =2y = e —4¢" —2cosx + 4sinx

V"7 =y 4y —y =5e* +2e* —4cosx + 4sinx

V" =y = =2(1 +x) + 4e* — 6™ + 96¢3*

V" —4y” + 9y’ — 10y = 10> + 20e* sin2x — 10

Y7 +3y"+3y +y=12¢™ + 9cos 2x — 13 sin2x

v'+y" =y —y=4e™(1 —6x) —2xcosx +2(1 + x) sinx
y® —5y" 4+ 4y = —12¢ + 6¢™ + 10 cos x

y® —4y” + 11y” = 14y’ + 10y = —e*(sinx + 2 cos 2x)
y® 42y — 3y — 4y + 4y = 2e5(1 +x) + e X

y(4) + 4y = sinhx cos x — cosh x sinx

y&® 159" 49y + 7y +2y = (30 + 24x) — e ¥

y& — 4y 7y — 6y + 2y = e*(12x — 2 cosx + 2 sinx)

In Exercises 60—68 find the general solution.

60.
61.
62.

V7 =y =y +y = e*(10 + 3x)
VY7 4y =2y = —e3(9 + 67x + 17x?)

V"7 —6y” + 11y — 6y = e?(5 — 4x — 3x?)
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63. " +2y" +y = —2¢(7 - 18x + 6x?)
64. vy —3y" +3y —y=¢e"(1+x)
65. y® —2y" +y = —e7(4 — 9x + 3x?)
66. V" +2y" —y =2y = e X [(23 — 2x) cosx + (8 — 9x) sin x]
67. y —3y" +4y" -2y = € [(28 + 6x) cos 2x + (11 — 12x) sin 2x]
68. y4 —4y” + 14y” — 20y’ + 25y = €* [(2 + 6x) cos 2x + 3 sin 2x]
In Exercises 69—74 solve the initial value problem and graph the solution.
69. v =2y" =5y +6y =2e°(1 -6x), y(0)=2, y(0)=7, »"(0)=9
70. Y=y =y +y=—e"(4-8x), y(0)=2, y(0)=0, y"(0)=0
71. 4y" =3y —y=e 22 -3x), y(0)=-1, y(0)=15 y"(0)=-17

72. Y& 429" 2y 42y +y = e¥(20 — 12x), y(0) = 3, y'(0) = —4, y”’(0) =
7, v (0) = =22

73. V" +2y" +y +2y =30cosx — 10sinx, y(0) =3, y(0)=-4, y”(0)=16

74. y® Z 3y 4 4y" — 2y = —2¢"(cosx —sinx), y(0) =2, y'(0) =0, y”(0) = —1,
y"(0) = =5

75. Prove: A function y is a solution of the constant coefficient nonhomogeneous equation
apy™ +a1y" ™V + -+ a,y = e™G(x) (A)
if and only if y = ue®, where u satisfies the differential equation

-1 -2
P V(a) (n-1)+P(” )(“)u(n—2)+..

m
ot -1 " (n-2)!

+ p(@)u =G(x) (B)

and

p(r)=agr" +air + - +a,

is the characteristic polynomial of the complementary equation

aoy(n) + Clly(n_l) + .. 4 apy = 0.

76. Prove:

(a) The equation

p"V(a) (n—1) p"?(a) (n-2)

—u +—tu
(n—1)! (n—2)!

= (po+ pix+ -+ pgxk) cos wx

+(qo + q1x + -+ + qix*) sin wx

+--+ pla)u
(A)

has a particular solution of the form

u, =x" (uo +ux+--+ ukxk) Cos wx + (vo + VX 4+ vkxk) sin wx.
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(b) If 2 +iw is a zero of p with multiplicity m > 1, then (A) can be written as
a(u” + wu) = (po +pix -+ + pkxk) COS wx + (qo +qix 4+ quk) sin wx,
which has a particular solution of the form
up, = U(x) coswx + V(x) sin wx,
where
k+1

U(x) = uopx + u1x> + -+ ux™1, V(x) = vox + vix? + -+ vpx

and

a(U"”(x) + 2wV’ (x)) po+pix+---+ pkxk

a(V"(x) = 2wU’(x)) q0+q1x+---+quk.

9.4 Variation of Parameters for Higher Order Equations

Derivation of the method
We assume throughout this section that the nonhomogeneous linear equation

Po(x)y"™ + P1(x)y" ™V + -+ Py(x)y = F(x) (9.4.1)
is normal on an interval (a, b). We’ll abbreviate this equation as Ly = F, where

Ly = Po(x)y"™ + P1(x)y" ™" + - + Py(x)y.

When we speak of solutions of this equation and its complementary equation Ly = 0, we
mean solutions on (a,b). We’ll show how to use the method of variation of parameters to
find a particular solution of Ly = F, provided that we know a fundamental set of solutions

{)’1,)’2, e ,yn} OfLy = 0
We seek a particular solution of Ly = F in the form

Yp =uiyr +uzyz2 -+ upy, 9.4.2)
where {y1, y2,...,yn} is a known fundamental set of solutions of the complementary equation

Po(x)y™ + Pi(x)y" ™V + -+ Py(x)y = 0

and uy, up, ..., u, are functions to be determined. We begin by imposing the following n — 1
conditions on uy, uy, . .., Uy,:
upyr +usyr+ e 4upy, =0
w\y, +uly,+ oo 4uy, =0
S - (9.4.3)
’ -2 7 -2 ’ -2
ulygn )+ uzyg" )+ +uny£l” ) =0,
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These conditions lead to simple formulas for the first n — 1 derivatives of y:
yg) = ulygr) + uzyér) +- 4+ uny,(f), 0<r<n-1. 9.4.4)

These formulas are easy to remember, since they look as though we obtained them by differen-
tiating (9.4.2) n — 1 times while treating u1, u», . . ., u, as constants. To see that (9.4.3) implies
(9.4.4), we first differentiate (9.4.2) to obtain

Yy = ur1y] +unyy + oty F Uiy +ubyr + o+ v,
which reduces to

’ V4 V4 /7
Yp =uryy tusy, + -+ upy,

because of the first equation in (9.4.3). Differentiating this yields
Yy = u1y| +uayy + Uy, U Y]+ usyy Uy,

which reduces to
Yp =
because of the second equation in (9.4.3). Continuing in this way yields (9.4.4).
The last equation in (9.4.4) is

144 " "
Uryy +uzy, +---+uyy,

(n-1) (n-1) (n-1) "

-1
Yp =ury, +uzy, v )-

st Upyy
Differentiating this yields

yfy") = uly(ln) + uzyén) +o 4 unyfl") + u’lyin_l) + u/zyén_l) 4+ 4 u;y,(f_l).

Substituting this and (9.4.4) into (9.4.1) yields

urLyy + upLys + -+ u,Ly, + Po(x) (uiygn_l) + ”éygn_l) +ooot ”;l%(zn_l)) = F(x).

Since Ly; = 0 (1 <i < n), this reduces to

y (=1 o (n=1) , -1 _ F(x)
+ +--- 4+ = —=.

Combining this equation with (9.4.3) shows that

Yp =u1yr tuzy2 + -+ Upyn
is a solution of (9.4.1) if

uyyr +ubyr+ oo Hupy, =0

uyyy +usyy+ oo +upy, =0

u’ly(n_z) + u’zy(n_z)+ e +u;ly,(l"_2) =0

u1y§"_1)+u’2y§”_l)+ eV = Py,



CHAPTER9. LINEAR HIGHER ORDER EQUATIONS 511

which can be written in matrix form as

Y1 y2 T Yn

’ ’ . ’ Mll 0
y] y2 yn u/z O

N = . (9.4.5)
(n-2) _(n=2)  _(n-2) u_, 0
Y1 Vs Yn Z;z F/P,
(n-1) (n-1) (n-1) | * - -
L Yy Vs  Ya _

The determinant of this system is the Wronskian W of the fundamental set of solutions
{¥1,¥2,...,Yn}, which has no zeros on (a, b), by Theorem 9.1.4. Solving (9.4.5) by Cramer’s

rule yields

W, = (—1)"—1—FWj 1<j<n (9.4.6)

J PoW’ o o

where W; is the Wronskian of the set of functions obtained by deleting y; from {y1, y2,...,y.}
and keeping the remaining functions in the same order. Equivalently, W; is the determinant
obtained by deleting the last row and j-th column of W.
Having obtained u’l, u’z, ..., U,, we can integrate to obtain uy, uz,...,u,. As in Sec-
tion 5.7, we take the constants of integration to be zero, and we drop any linear combination of

{y1,y2,...,yn} that may appearin y,.

Remark: For efficiency, it’s best to compute Wy, Wy, ..., W, first, and then compute W by
expanding in cofactors of the last row; thus,

n
_7 -1
W = Z(—l)” Iy Dw;.
j=1

Third Order Equations

If n = 3, then
yr o y2 )3
W=y ¥ ¥
YWy Vs
Therefore
Y2 ¥3 yi Y3 yi o y2
Wl = ’ r |7 W2 = ’ 7|’ W3 = ’ r |
yz y3 y1 y3 yl y2
and (9.4.6) becomes
FW FW. FW:
W= 2, = =2 = (9.4.7)
PoW PoW PoW
Example 9.4.1 Find a particular solution of
xy” —y" —xy +y = 8x%¢", (9.4.8)

given that y; = x, yo» = ¢*, and y3 = ¢ form a fundamental set of solutions of the complemen-
tary equation. Then find the general solution of (9.4.8).



CHAPTER9. LINEAR HIGHER ORDER EQUATIONS 512

Solution We seek a particular solution of (9.4.8) of the form

Vp = uix + uze’ +uze .

The Wronskian of {yi, y2, y3} is

X e e
Wkx)=|1 e —e™|,
0 & e™*
SO
X e—x
Wl = X _e—x :_25
—X
W, = )16 —2"‘ =—e " (x+1),
X X
W5 = | o =e'(x—1).

Expanding W by cofactors of the last row yields
W=0W,—e"Wr+e*W3=0(-2) —e* (e *(x+ 1)) +e e (x - 1) = 2x.

Since F(x) = 8x%¢* and Py(x) = x,

F 8 2 x
=2 e,
PoW  x-2x
Therefore, from (9.4.7)
uy = 4e'W; = 4e*(-2) = -8,
uy, = —4e'Wy=—-4e" (—e " (x+1)) =4(x+1),
uy = 4eWz= 4de' (e"(x—1)) = 4™ (x - 1).

Integrating and taking the constants of integration to be zero yields
up = —-8¢*, up =2(x+1)%uz = ¥ (2x - 3).

Hence,

uipyr +uzyz +usys
(—8e")x + " (2(x + 1)2) + ¢~ (ezx(Zx - 3))
F(2x? -2x - 1).

Yp

Since —e* is a solution of the complementary equation, we redefine
yp =2xe* (x = 1).
Therefore the general solution of (9.4.8) is

=2xe*(x = 1)+ cix + cre’ + cze™™ .
y
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Fourth Order Equations

If n = 4, then
yr Y2 Y3 Y4
yl yl yl yl
W=l ]
yioyy Yy
yllll yl2” yl3/l yxl
Therefore
Y2 Y3 Y4 Y1 y3 Y4
Wi=|y ¥ Yi|» Wa=|¥] ¥ Y4l
Yy Y3 Vi yioys vy
yi y2 Ya yi Y2 y3
Wa=|y, ¥y, Yol Wa=|Y, Y5 ¥5|
oYy vy YioYy v
and (9.4.6) becomes
FwW FWwW Fw FWw.
WA LA SR i/ N L S L/ ©49)
PoW PoW PoW PoW
Example 9.4.2 Find a particular solution of
xy @ 4 6x3y" + 2x%y" — dxy’ + 4y = 1242, (9.4.10)

given that y; = x, y» = x2, y3 = 1/x and y4 = 1/x? form a fundamental set of solutions of the
complementary equation. Then find the general solution of (9.4.10) on (—o0,0) and (0, c0).

Solution We seek a particular solution of (9.4.10) of the form

Vp = uix + upx = 4 22
p 1 2 x 52
The Wronskian of {yi, y2, y3, y4} is

¥ 1/x 1/x2

X

1 2x —1/x> =2/x°
0 2 2/x 6/x*
0 0 —-6/x* -24/x°
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SO

Wy, = |1 =1/x> =2/x° |=-—
x

]
[\®]
~
=
w
N
~
=
~

2 1)x
2x —1/x* | =
2 2/x3

Wy =

S = x O ==
=

Expanding W by cofactors of the last row yields

6 24
W = -0W;+0W, — (——4) Wi + (——5) Wy
X X

612 246 72

Since F(x) = 12x? and Py(x) = x*,

Therefore, from (9.4.9),

»—a:\
Il
I
|
S
N —
=
Il
o =
|
= |’—‘
INE'S)
N —
I
|
N

<
G
Il
|
| =
5
Il
|
| =
|
| o
N —
|

<
WS
Il
|
|
|><
~
N —
w
Il
=
~
—_
[\
Il
N
=
s‘l\-)

4 4
X x*6

= Wy=——— =
6 T T ex

<
~
|

Integrating these and taking the constants of integration to be zero yields

up =-2x, ur=Inlx|, wuz=—ug=-—.
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Hence,
Yp = uiyirtuzyx +uzys+usys
= (=2x)x + (In |x])x* + 273% + (_x;) )%
= x*In|x| - %

Since —19x?/12 is a solution of the complementary equation, we redefine
Yp = x%In |x|.

Therefore c
4

y =x21n|x| + c1x + cox? L8 ¢

x  x2

is the general solution of (9.4.10) on (—o0,0) and (0, o).

Exercises

In Exercises 1-21 find a particular solution, given the fundamental set of solutions of the
complementary equation.

1 3y —x*(x +3)y” + 2x(x + 3)y = 2(x + 3)y = —4x*;  {x, x%, xe*}

2.y +6xy” + (6 + 12x%)y" + (12x + 8x%)y = x12e= (e xe™, x2e ™}
3. 3y = 3x2%y” + 6xy — 6y =2x;  {x,x%,x°}
4. x2y"” +2xy” — (x2+2)y" =2x%; {1, “/x, e™¥/x}
5. X3y =3x2(x + 1)y” +3x(x® +2x + 2)y’ — (3 + 3x% + 6x + 6)y = x*e™
{xe*, x%e, x ex}
6. x(x2 -2)y" + (x% - 6)y” +x(2 —xz)y’ + (6 —xz)y = 2(x2 -2)% {e*, e™, 1/x}
7. xy" = (x=3)y"=(x+2)y+(x=1)y =—-4e™;, {e*, e*/x, e /x}
8. 4x3y" +4x%y” — Sxy’ + 2y =30x%;  {+x, 1/+x, x?}
9. x(x>=1)y” + (5x2 + )y” +2xy =2y = 12x%;  {x, 1/(x=1), 1/(x + 1)}

10. x(1 —x)y"” + (x2=3x+3)y" +xy —y=2(x— 1) {x, 1/x,e"/x}

11, 3y +x2y" = 2xy" + 2y =x%,  {x, x%, 1/x}

12. xy” —y" —xy +y =x%  {x, &', e}

13. xy® +4y” =6In|x|; {1, x, x%, 1/x}

14. 16x*y® +96x3y"” + 72x%y” — 24xy’ + 9y = 96x/%;  {+/x, 1//x, x3/%, x73/?}

15. x(x2 = 6)y® + 2(x2 = 12)y” + x(6 — x2)y” + 2(12 — x3)y’ = 2(x2 - 6)2;
{1, 1/x, e*, e~}
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16. x y(4) - 4x3 "y 12x2y” —24xy" + 24y = x* {x, 22 3

17. x*y® —4x3y” + 2x2(6 — x2)y” + 4x(x2 — 6)y + (x* — 4x? + 24)y = 4x7¢*;
{xe*, x2e*, xe™, xze_x}

18. x*y@ +6x3y” + 2x2y" —dxy +4y = 12x%; {x,x%, 1/x,1/x%}

19. xy(4) + 4y = 2xy” —4y" + xy = 4de*;  {e¥, e, e /x, e /x}

20. xy®+(4-6x)y"+(13x—18)y”+(26—12x)y' +(4x—12)y = 3¢*;  {e*, e, ¢*/x, e*/x}

21, x*y@W — 43y + x2(12 = x2)y” + 2x(x% = 12)y’ + 2(12 — x2)y = 2x7; {x, x%, x&*, xe ™}

In Exercises 22-33 solve the initial value problem, given the fundamental set of solutions of the
complementary equation. Where indicated by , graph the solution.

22. |C/G | X3y =2x2y"+3xy' =3y =4x, y(1)=4, y(1)=4, y"(1)=2; {x,x° xlnx}
23. X3y =5x%y"+14xy =18y =x3, y(1)=0, y (=1, y'(1)=7; {x2 x3 x’Inx}
24. (5-6x)y" + (12x —4)y” + (6x — 23)y’ + (22 — 12x)y = —(6x — 5)%¢*

3
y(0) = -4, y'(0) = -5 y'(0) = —=19; {e*, %, xe™}

25. X3y —6x2y” + 16xy’ — 16y = 9x*, y(1)=2, y(1)=1, y'(1)=5
{x, x4, x*In |x|}

26. (X2 =2x+2)y” =x2y" +2xy =2y = (x2 =2x+2)%, y(0)=0, y(0)=5
y'(0)=0; {x,x% €'}

43 5
27. X3y + X2y =2y +2y =x(x+ 1), y(=1)=-6, y(-1)= < y'(-1) = =5

{x, x%, 1/x}
3
28. Bx—1)y” —(12x = 1)y”" +9(x + 1)y’ =9y =2*(3x = 1)2, y(0) = 7
YO =2 YO =1 {rel e e
4, 4’ b b

29. (X2 =2)y" =2xy" + (2 -x2)y +2xy =2(x* -2)2, y(0) =1, y(0) =-
y”(O) — 5; {XZ’ ex, e—x}

30. xty® 1303y X2y 4 2xy' =2y =9x%,  y(1)=-7, y(1)=-11, y’(1)=
=5, y"(1) =6; {x, x2, 1/x, xInx}

55
31. (2x— 1)yW —dxy” + (5 - 2x)y" +4xy’ —4y =6(2x — 1)%2,  y(0) = T y'(0) =0,

Y'(0) =13, y"(0)=1; {x, e e, e}

32. dxtyWB424x3y 42352y —xy'+y = 6x, y(1) =2, y(1)=0, y’(1)=4, y”(1)=
37

_Z; {x,\/)_c,l/x,l/\/)_c}
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33. x*y® 4503y — 3x2y” — 6xy’ + 6y = 40x3,  y(-1) = -1, y'(-1) = -7,
y'(=1)=-1, y"(=1)=-31; {x, x>, 1/x, 1/x*}

34. Suppose the equation
Po(x)y™ + P1(x)y" ™V - + Py(x)y = F(x) (A)

is normal on an interval (a, b). Let {y1, y2,...,y,} be a fundamental set of solutions of
its complementary equation on (a, b), let W be the Wronskian of {y,y2,...,y,}, and
let W; be the determinant obtained by deleting the last row and the j-th column of W.
Suppose x is in (a, b), let

_y [TF@OW(1)
, — (_1\(n=)) _ N /
uj(x) = (="~ [CO PoOW (D) dt, 1<j<n,

and define
Yp =uiyrtuzyz2+---+uyyn.

(a) Show that y, is a solution of (A) and that

(r) (r) (r) (r)

Yp = Uy, tuay, ot upy, s l<r<n-1,
and F
yén) = ulygn) +u2y§n) + "'+unygzn) + P_O

Hint: See the derivation of the method of variation of parameters at the beginning
of the section.

(b) Show that y, is the solution of the initial value problem

Po(x)y™ + Py(x)y""™V + -+ + Py(x)y = F(x),
v(x0) =0, y'(x0) =0,..., y(”'l)(xo) =0.

(¢) Show that y, can be written as

yp(x):/ G(x,t)F(r) dt,

X0

where
yi(?) ya(t) o ya(2)
yi (1) vy o yu(0)
G(X, t) = W 2 2 t. 2 P
W20 ¥ 2@ - w0
yi(x) y2(x) o ya(x)

which is called the Green'’s function for (A).


https://mathshistory.st-andrews.ac.uk/Biographies/Green/
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(d) Show that

y1(1) y2(8) oo+ ya(D)
yi(0) yo(t) o yu(0)
J
GG()f,t): 1 : C0<j<n
ox/ Po(t)W (1) ) ) .
" >(r> e ><r) SO ()
ylj)(x) (J)(x) .. (J)(x)
(e) Show thatif a <t < b then
8IGED (1), 0<j<n-2,
dxJ T — i=n-1
F b Po(t)’ s
(f) Show that
J
/aG—(Xt)F()dt 1<j<n-1,
(J)( ) = Xo (9)6( :
F(x) T0"G(x,t) .
—F()d =n.
Po(x) +/ gar LWL g =n

In Exercises 35—42 use the method suggested by Exercise 34 to find a particular solution in the
formy, = /x z G(x,t)F(t) dt, given the indicated fundamental set of solutions. Assume that x
and xq are in an interval on which the equation is normal.

35. v +2y" —y' =2y = F(x); {e*, e e ¥}

36. x3y"” +x%y" = 2xy' +2y = F(x); {x, x%, 1/x}

37. 3y —x?(x +3)y" + 2x(x + 3)y’ = 2(x + 3)y = F(x); {x,x?, xe*}
38. x(1—x)y” + (x2=3x+3)y" +xy —y = F(x); {x, 1/x, ¢"/x}
39. y(4) —5y" +4y = F(x); {e*, e, ¥, e}

40. xy® +4y” = F(x); {1, x, x%, 1/x}

41. x*yD 4 6x3y” + 2x2y" —dxy’ +4y = F(x); {x,x2, 1/x,1/x2}

42. xy(4) — V" —4xy” +4y = F(x); {1, x%, e*, e}



