Chapter 7

Series Solutions of Linear Second Order
Equations

IN THIS CHAPTER we study a class of second order differential equations that occur in many
applications, but often can’t be solved in closed form in terms of elementary functions. Here are
some examples:

(1) Bessel’s equation
X2y +xy’ + (x> =vH)y =0,
which occurs in problems displaying cylindrical symmetry, such as diffraction of light through
a circular aperture, propagation of electromagnetic radiation through a coaxial cable, and vibra-
tions of a circular drum head.
(2) Airy’s equation,
y/l _ xy — O,
which occurs in astronomy and quantum physics.
(3) Legendre’s equation
(1-x2)y" =2xy +a(a+1)y=0,

which occurs in problems displaying spherical symmetry, particularly in electromagnetism.
These equations and others considered in this chapter can be written in the form

Po(x)y” + P1(x)y" + Pa(x)y = 0, (A)

where Py, P1, and P, are polynomials with no common factor. For most equations that occur in
applications, these polynomials are of degree two or less. We’ll impose this restriction, although
the methods that we’ll develop can be extended to the case where the coefficient functions are
polynomials of arbitrary degree, or even power series that converge in some circle around the
origin in the complex plane.

Since (A) does not in general have closed form solutions, we seek series representations for
solutions. We’ll see that if Py(0) # O then solutions of (A) can be written as power series

o0
n=0

that converge in an open interval centered at x = 0.

SECTION 7.1 reviews the properties of power series.
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SECTIONS 7.2 AND 7.3 are devoted to finding power series solutions of (A) in the case where
Po(0) # 0. The situation is more complicated if Py(0) = 0; however, if P, and P, satisfy
assumptions that apply to most equations of interest, then we’re able to use a modified series
method to obtain solutions of (A).

SECTION 7.4 introduces the appropriate assumptions on P and P, in the case where Py(0) = 0,
and deals with Euler’s equation

ax*y” + bxy +cy =0,

where a, b, and ¢ are constants. This is the simplest equation that satisfies these assumptions.

SECTIONS 7.5 -7.7 deal with three distinct cases satisfying the assumptions introduced in
Section 7.4. In all three cases, (A) has at least one solution of the form

(o9
yi=x" ) an,
n=0

where r need not be an integer. The problem is that there are three possibilities — each requiring
a different approach — for the form of a second solution y, such that {yy, y»} is a fundamental
pair of solutions of (A).
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7.1 Review of Power Series

Many applications give rise to differential equations with solutions that can’t be expressed
in terms of elementary functions such as polynomials, rational functions, exponential and
logarithmic functions, and trigonometric functions. The solutions of some of the most important
of these equations can be expressed in terms of power series. We’ll study such equations in this
chapter. In this section we review relevant properties of power series. We’ll omit proofs, which
can be found in any standard calculus text.

Definition 7.1.1 An infinite series of the form

o

Zan(x — x0)", (7.1.1)
n=0
where xg and ao, ay, ..., a,, ...are constants, is called a power series in x — xo. We say that

the power series (7.1.1) converges for a given x if the limit

N
lim an(x —xp)"

N—ooo
n=0

exists; otherwise, we say that the power series diverges for the given x.

A power series in x —xo must converge if x = xg, since the positive powers of x —xq are all zero
in this case. This may be the only value of x for which the power series converges. However, the
next theorem shows that if the power series converges for some x # x¢ then the set of all values
of x for which it converges forms an interval.

Theorem 7.1.2 For any power series

(o)

D an(x = x0)",

n=0
exactly one of these statements is true:
(i) The power series converges only for x = xy.
(ii) The power series converges for all values of x.

(iti) There’s a positive number R such that the power series converges if |x — xo| < R and
diverges if |x — xo| > R.

In case (iii) we say that R is the radius of convergence of the power series. For convenience,
we include the other two cases in this definition by defining R = 0 in case (i) and R = oo in
case (ii). We define the open interval of convergence of 3,77 ; a,(x — xo)" to be

(xo—R,xo+R) if O<R<oo, or (-o0o0,00) if R =oo0.

If R is finite, no general statement can be made concerning convergence at the endpoints
x = xo £ R of the open interval of convergence; the series may converge at one or both points,
or diverge at both.
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Recall from calculus that a series of constants 3 ) «, is said to converge absolutely if the series
of absolute values } 7, |a,| converges. It can be shown that a power series >, a,(x — xo)"
with a positive radius of convergence R converges absolutely in its open interval of convergence;

that is, the series
o0
D laullx = xol"
n=0

of absolute values converges if |x —xo| < R. However, if R < oo, the series may fail to converge
absolutely at an endpoint xg + R, even if it converges there.

The next theorem provides a useful method for determining the radius of convergence of a
power series. It’s derived in calculus by applying the ratio test to the corresponding series of
absolute values. For related theorems see Exercises 2 and 4.

Theorem 7.1.3 Suppose there’s an integer N such that a,, # 0 if n > N and

an+l
an

lim

n—oo

=1L,

where 0 < L < co. Then the radius of convergence of 3.7 o an(x — x0)" is R = 1/L, which
should be interpreted to mean that R = 0 if L = co, or R = o0 if L = 0.

Example 7.1.1 Find the radius of convergence of the series:

(0] 0]

@ > nix" (b) i(—n"z_’; © > 2(x-1"

n=0 n=10 n=0

Solution (a) Here a,, = n!, so

an+1
an

!
~ lim (n+1)!

n—oo n'

lim

n—oo

= lim(n+1) = co.
n—>0o0

Hence, R = 0.
Solution (b) Here a,, = (-1)"/n! forn > N = 10, so

|

Ansl )
n im = lim =
n—oo (n+ 1) n-ocon+1

an

lim

n—oo

0.

Hence, R = .

Solution (¢) Here a,, = 2"n2, so

an+1
an

lim

n—oo

2n+1 1 2 1 2
 fim 2 DT (1+—) =2

n—oo nn2 n—oo n

Hence, R = 1/2.
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Taylor Series

If a function f has derivatives of all orders at a point x = x¢, then the Taylor series of f about

Xo is defined by
(n)
Z £O6) (e

In the special case where xo = 0, this series is also called the Maclaurin series of f.

Taylor series for most of the common elementary functions converge to the functions on
their open intervals of convergence. For example, you are probably familiar with the following
Maclaurin series:

O .n

X
e = Z;a, —00 < X < 00, (7.1.2)
2n+1
sinx = Z(_ )n(2n+1)' —00 < x < 00, (7.1.3)
cosx = Z(—l)"é —o0 < x < 0o, (7.1.4)
n=0
1 (o)
— = Zx", 1<x<l. (7.1.5)

n=0

Differentiation of Power Series

A power series with a positive radius of convergence defines a function

(o)

F@) =" an(x = xp)"

n=0

on its open interval of convergence. We say that the series represents f on the open interval of
convergence. A function f represented by a power series may be a familiar elementary function
as in (7.1.2)—(7.1.5); however, it often happens that f isn’t a familiar function, so the series
actually defines f.

The next theorem shows that a function represented by a power series has derivatives of
all orders on the open interval of convergence of the power series, and provides power series
representations of the derivatives.

Theorem 7.1.4 A power series

(o)

f@) = an(x = xo)"

n=0

with positive radius of convergence R has derivatives of all orders in its open interval of
convergence, and successive derivatives can be obtained by repeatedly differentiating term by


https://mathshistory.st-andrews.ac.uk/Biographies/Taylor/
https://mathshistory.st-andrews.ac.uk/Biographies/Maclaurin/

CHAPTER']. SERIES SOLUTIONS OF LINEAR SECOND ORDER EQUATIONS 317

term; that is,

oo

F10) = ) nag(x—xo)", (7.1.6)
n=1

Fr@) = ) nln=1an(x - x0)"?, (7.1.7)
n=2

Oy = Z n(n—1)-(n—k+ Da(x — x)" . (7.1.8)
n=k

Moreover, all of these series have the same radius of convergence R.

Example 7.1.2 Let f(x) = sinx. From (7.1.3),

& ; x2n+1
)= ;)(—1) TIPS
From (7.1.6),
, ~ & ) d x2n+1 ~ & . x2n
F0 ‘;0(_1) dx | 2n+ 1)1 ‘;)(_1) 2n)!”

which is the series (7.1.4) for cos x.

Uniqueness of Power Series

The next theorem shows that if f is defined by a power series in x — xo with a positive radius of
convergence, then the power series is the Taylor series of f about x.

Theorem 7.1.5 If the power series

oo

Fx) =) an(x = xp)"

n=0

has a positive radius of convergence, then

(n)
a, =7 n(!XO); (7.1.9)

that is, 3, an(x — x0)" is the Taylor series of f about xy.
This result can be obtained by setting x = x¢ in (7.1.8), which yields
F®(xg) = k(k=1)--+1-ax = klag.

This implies that
W (xo)
T

ak

Except for notation, this is the same as (7.1.9).
The next theorem lists two important properties of power series that follow from Theorem 7.1.5.
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Theorem 7.1.6

(@ If . .
D an(x —x0)" = ) bulx = x0)"
n=0 n=0

for all x in an open interval that contains xo, then a, = b, forn =0, 1,2, ....

(b) If

(o)

D, an(x=x0)" =0

n=0

for all x in an open interval that contains xo, then a, = 0forn=0,1, 2, ....

To obtain (a) we observe that the two series represent the same function f on the open interval;
hence, Theorem 7.1.5 implies that

(n)
4 =b, =1 (‘x(’), n=0,12....
n!

(b) can be obtained from (a) by taking b, =0forn =0, 1,2, ....

Taylor Polynomials
If f has N derivatives at a point xp, we say that

N

(n)
T (x) = Z / (!XO)

n
n=0

(x = x0)"

is the N-th Taylor polynomial of f about xo. This definition and Theorem 7.1.5 imply that if

o0

F@) =" an(x = xo)",

n=0

where the power series has a positive radius of convergence, then the Taylor polynomials of f

about x( are given by
N

Ti(x) = ) an(x - x0)".
n=0
In numerical applications, we use the Taylor polynomials to approximate f on subintervals of
the open interval of convergence of the power series. For example, (7.1.2) implies that the Taylor

polynomial Ty of f(x) = e*is
N n

X
TN(X) = ;) m

The solid curve in Figure 7.1.1 is the graph of y = ¢* on the interval [0, 5]. The dotted curves

in Figure 7.1.1 are the graphs of the Taylor polynomials 77, ..., Tg of y = e* about xo = 0.

From this figure, we conclude that the accuracy of the approximation of y = e* by its Taylor

polynomial Ty improves as N increases.
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Figure 7.1.1 Approximation of y = ¢* by Taylor polynomials about x = 0

Shifting the Summation Index

In Definition 7.1.1 of a power series in x — xq, the n-th term is a constant multiple of (x — x¢)".
This isn’t true in (7.1.6), (7.1.7), and (7.1.8), where the general terms are constant multiples of
(x—x0)""!, (x —=x0)"2, and (x —x0)" ¥, respectively. However, these series can all be rewritten
so that their n-th terms are constant multiples of (x — xo)". For example, letting n = k + 1 in the
series in (7.1.6) yields

£/ = > (k+ Dags (x = x0)t, (7.1.10)
k=0

where we start the new summation index k from zero so that the first term in (7.1.10) (obtained
by setting k = 0) is the same as the first term in (7.1.6) (obtained by setting n = 1). However,
the sum of a series is independent of the symbol used to denote the summation index, just
as the value of a definite integral is independent of the symbol used to denote the variable of
integration. Therefore we can replace k by n in (7.1.10) to obtain

F10x) = D+ Dapa (x = x0)", (7.1.11)
n=0

where the general term is a constant multiple of (x — x¢)".

It isn’t really necessary to introduce the intermediate summation index k. We can obtain
(7.1.11) directly from (7.1.6) by replacing n by n+ 1 in the general term of (7.1.6) and subtracting
1 from the lower limit of (7.1.6). More generally, we use the following procedure for shifting
indices.
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Shifting the Summation Index in a Power Series

For any integer k, the power series

i bn(x - xO)n_k

n=ngp

can be rewritten as
(o0
Z by (x = x0)";
n=no—k

that is, replacing n by n + k in the general term and subtracting k from the lower limit of
summation leaves the series unchanged.

Example 7.1.3 Rewrite the following power series from (7.1.7) and (7.1.8) so that the general
term in each is a constant multiple of (x — xg)":

(a) Z n(n—Day(x —x0)" > (b) Z nn—=1)---(n—k+ Day,(x — x0)"*.
n=2 n=k

Solution (a) Replacing n by n + 2 in the general term and subtracting 2 from the lower limit of
summation yields

[ee]

3= Dy =002 = 31+ D0+ Detya(x — 10"

n=2 n=0

Solution (b) Replacing n by n + k in the general term and subtracting k from the lower limit of
summation yields

Zn(n 1) =k + Day(x —x0)"* = Z(n + k) (m+k—=1) - (n+ Dapsr(x — x0)".
n=k n=0

Example 7.1.4 Given that

(0]

fx) = Z anx",

n=0
write the function x f” as a power series in which the general term is a constant multiple of x".

Solution From Theorem 7.1.4 with xo = 0,

o

" (x) = Z n(n—Dax">.

n=2

Therefore

(o)

xf”(x) = Zn(n — Dayx™ .

n=2
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Replacing n by n + 1 in the general term and subtracting 1 from the lower limit of summation
yields

xf"(x) = Z(n + Dnay.1x".
n=1

We can also write this as

(o)

xf"(6) = ) (n+ Dy,

n=0
since the first term in this last series is zero. (We’ll see later that sometimes it’s useful to include
zero terms at the beginning of a series.)

Linear Combinations of Power Series

If a power series is multiplied by a constant, then the constant can be placed inside the summation;
that is,

(o) (o)

cZan(x —x0)" = ann(x —xp)".

n=0 n=0
Two power series

[e9)

f@) =) anx=x0)" and  g(x) = ) bulx—x0)"
n=0

n=0

with positive radii of convergence can be added term by term at points common to their open
intervals of convergence; thus, if the first series converges for |x — xo| < R; and the second
converges for |x — xo| < R», then

F(x)+g(x) = > (an +by) (x = x0)"
n=0

for |x — xg| < R, where R is the smaller of R; and R,. More generally, linear combinations of
power series can be formed term by term; for example,

CLf(x) + 28(x) = ) (C1an + c2by) (x = x0)".
n=0

Example 7.1.5 Find the Maclaurin series for cosh x as a linear combination of the Maclaurin

series for ¢* and e™*.

Solution By definition,

1 _
coshx = = + —¢7*
2
Since
X .n 0 n
X X
e’ = — and e = Z(—l)”—v,
n! n!
n=0 n=0

it follows that
(7.1.12)
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Since

S0+ (1)) =

we can rewrite (7.1.12) more simply as

1 if n = 2m, an even integer,
0 ifn=2m+ 1, an odd integer,

:Ei x2m
coshx = .
— (2m)!

This result is valid on (—o0, 00), since this is the open interval of convergence of the Maclaurin
series for e* and e™™.

Example 7.1.6 Suppose

y = ianx”

n=0

on an open interval / that contains the origin.

(a) Express
2-x)y" +2y

as a power series in x on /.

(b) Use the result of (a) to find necessary and sufficient conditions on the coefficients {a,}
for y to be a solution of the homogeneous equation

2-x)y"+2y=0 (7.1.13)

onl.

Solution (a) From (7.1.7) with xo = 0,

o0

y' = Z n(n—Dax"2.

n=2
Therefore

Q2-x)y"+2y = 29" —xy"+2y

o0

S - 7.1.14
E 2n(n — a2 - E nn—-Dax"" + E 2a,x". ( )
n=2 n=0

n=2

To combine the three series we shift indices in the first two to make their general terms constant
multiples of x”; thus,

Z 2n(n — a2 = Z 2(n+2) (1 + 1)apsx" (7.1.15)
n=2 n=0

and

oo

Z n(n-Dax"! = Z(n + Dnayx" = Z(n + Dnay1x", (7.1.16)
n=1

n=2 n=0
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where we added a zero term in the last series so that when we substitute from (7.1.15) and
(7.1.16) into (7.1.14) all three series will start with n = 0; thus,

(2 —x)y" +2y = Z[Z(n +2)(n+ Dansa — (n+ Dndper + 2a,]x". (7.1.17)
n=0

Solution (b) From (7.1.17) we see that y satisfies (7.1.13) on [ if
2(n+2)(n+ Dapsr — (n+ Dnayyy +2a, =0, n=0,1,2,.... (7.1.18)

Conversely, Theorem 7.1.6 (b) implies thatif y = 3.7 ; a,x" satisfies (7.1.13) on I, then (7.1.18)
holds.

Example 7.1.7 Suppose
y= ) an(x=1)"
n=0
on an open interval / that contains xo = 1. Express the function
(1+x)y" +2(x = 1)%y" +3y (7.1.19)

as a power series inx — 1 on /.

Solution Since we want a power series in x — 1, we rewrite the coefficient of y” in (7.1.19) as
l1+x=2+(x—-1),s0(7.1.19) becomes

29" + (x = 1)y” +2(x = D?y + 3y.

From (7.1.6) and (7.1.7) with x¢ = 1,

(o) (o)

y = Znan(x -)™! and Yy’ = Zn(n — Day(x - 1)"2.
n=1 n=2
Therefore
2y" = i 2n(n - Day(x — 1)"2,
n=2
=1y = Yt Dayte= 1y
n=2
20 - 1%y = i2nan(x - 1™,
n=1

3y = Z3an(x—1)".
n=0
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Before adding these four series we shift indices in the first three so that their general terms
become constant multiples of (x — 1)”. This yields

2y" = i 2(n+2)(n + Dayga(x — 1), (7.1.20)

(x-1)y" = i(m Dndys (x = 1)", (7.1.21)

20x - 1%y = i 2(n = Dap_i(x = 1), (7.1.22)
=

3y = i3an(x— ", (7.1.23)

where we added initial zero terms to the series in (7.1.21) and (7.1.22). Adding (7.1.20)—(7.1.23)
yields

2"+ (x=1)y" +2(x - l)zy' + 3y

i bn(x - l)n’
n=0

(1+x)y" +2(x— l)zy’ + 3y

where

by = 4as + 3ay, (7.1.24)
b, = 2nm+2)(n+ Dayr + (n+ Dnaye +2(n—a,—1 +3a,, n>1. (7.1.25)

The formula (7.1.24) for by can’t be obtained by setting n = 0 in (7.1.25), since the summation
in (7.1.22) begins with n = 1, while those in (7.1.20), (7.1.21), and (7.1.23) begin with n = 0.

Exercises

1. For each power series use Theorem 7.1.3 to find the radius of convergence R. If R > 0,
find the open interval of convergence.

@ Z Cl ey ) Y 2nte -2
© ”—!x" (@ Z D) oy
o 16"
= 2T n
(e) ;)(—1) X (f)Zm(x+7)
2. Suppose there’s an integer M such that b, # 0 for m > M, and
. bm+1
1 =L,

where 0 < L < co. Show that the radius of convergence of

Z bm ()C - x0)2m
m=0
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ISR = 1/\/Z, which is interpreted to mean that R = 0 if L = oo or R = oo if L = 0. Hint:
Apply Theorem 7.1.3 to the series }.,>_, by2™ and then let z = (x — x0)>.

3. For each power series, use the result of Exercise 2 to find the radius of convergence R. If
R > 0, find the open interval of convergence.

m(2m +1)

(a)Z( D" Gm+ 1D (x = 1> (b)Z( n" (x +2)°"
OO m! 2m m ! 2m
(c),;)m( x=1) (d);}(—n 5 (x+8)

2m — 1 =
(e) Z(—l)’”('ﬁ)—m)xm” ® Y (x>
m=0 m=0

4. Suppose there’s an integer M such that b,, # 0 for m > M, and

bm+l

li
1m bm

m—-0oo

=L,

where 0 < L < oo. Let k be a positive integer. Show that the radius of convergence of
Z bm (x - xO)km
m=0

ISR = 1/%, which is interpreted to mean that R = 0 if L = co or R = oo if L = (. Hint:
Apply Theorem 7.1.3 to the series }.,>_, by2™ and then let z = (x — x0)k.

S. For each power series use the result of Exercise 4 to find the radius of convergence R. If
R > 0, find the open interval of convergence.

()Z (27)m -3y (b)Z il

"(m+1) 4m+2 m2" LAm+3
(C)’;m( x—=3) (d) Z( 1)

(e) Z_O (2,/’61;’" (x + 1)4m+3 (f) Z 8m’§1_( )+ 1) 1)3m+l

6. Graph y = sinx and the Taylor polynomial

M
(_1)nx2n+1
T () = 3 CE
oy (2n+1)!

on the interval (-2x,2x) for M = 1, 2, 3, ..., until you find a value of M for which
there’s no perceptible difference between the two graphs.

7. Graph y = cosx and the Taylor polynomial

ny 2n
Tom(x) = Z ( (lz)n),

on the interval (-2x,27) for M = 1, 2, 3, ..., until you find a value of M for which
there’s no perceptible difference between the two graphs.
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8.

9.

10.

Graph y = 1/(1 — x) and the Taylor polynomial
N
Ty(x) = Zx”
n=0
on the interval [0, .95] for N =1, 2, 3, ..., until you find a value of N for which there’s

no perceptible difference between the two graphs. Choose the scale on the y-axis so that
0<y<20.

Graph y = cosh x and the Taylor polynomial

M x2n
Tom(x) = Zo 20!

on the interval (-5,5) for M = 1,2, 3, ..., until you find a value of M for which there’s
no perceptible difference between the two graphs. Choose the scale on the y-axis so that
0<y<7s.

Graph y = sinhx and the Taylor polynomial
Mo 2n+l
T = —_—
on the interval (-5,5) for M =0, 1, 2, ..., until you find a value of M for which there’s

no perceptible difference between the two graphs. Choose the scale on the y-axis so
that =75 < y < 75.

In Exercises 11-15, express the given function as a power series 3..° o byx" if y(x) = 37 anx".

11

13.
15.
16.

17.

18

(2+2)y" +xy" + 3y 12. (14 3x%)y” +3x%y’ =2y

(1+2x2)y" + (2 =3x)y +4y14. (1 +x2)y" +(2-x)y +3y
(1 +3x2)y” = 2xy" + 4y
Suppose y(x) = 3.7° ya,(x+1)" on an open interval that contains xo = —1. Find a power
series in x + 1 for
xy" + (4 +2x)y + (2+x)y.
Suppose y(x) = 3.7, a,(x —2)" on an open interval that contains xo = 2. Find a power

series in x — 2 for
x2y" + 2xy’ = 3xy.

Do the following experiment for various choices of real numbers ag and a;.
(a) Use differential equations software to solve the initial value problem
(2-x)y"+2y=0, y(0)=ao, Y (0)=a,

numerically on (—1.95,1.95). Choose the most accurate method your software
package provides. (See Section 10.1 for a brief discussion of one such method.)
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(b) For N =2,3,4,...,compute ay, ..., ay from Eqn.(7.1.18) and graph

N
Ty(x) = Z anpx"

n=0

and the solution obtained in (a) on the same axes. Continue increasing N until it’s
obvious that there’s no point in continuing. (This sounds vague, but you’ll know
when to stop.)

19. Follow the directions of Exercise 18 for the initial value problem
(1+x)y” +2(x=1)*y +3y =0, y(1)=ao, y()=ai,
on the interval (0,2). Use Eqns. (7.1.24) and (7.1.25) to compute {a,}.

20. Suppose the series 3., a,x" converges on an open interval (=R, R), let r be an arbitrary
real number, and define

(o) (o]
y(x) =x" Z apx" = Z anpx™"
n=0 n=0

on (0, R). Use Theorem 7.1.4 and the rule for differentiating the product of two functions
to show that

Y(®) = Y (et
n=0

y'(x) = Z(n +r)(n+r—Dax"" 2,
n=0
y®(x) = Z(n+r)(n+r—1)-~~(n+r—k+l)anx”+r_k

n=0
on (0, R)

In Exercises 21-26 let y be as defined in Exercise 20, and write the given expression in the form
X3 o bax".

21, x2(1 =x)y” +x(4+x)y + (2 —x)y

22, x2(1 +x)y” +x(1 +2x)y’ — (4 + 6x)y

23. x2(1 +x)y” —x(1 —6x —x2)y" + (1 + 6x + x?)y
24, x2(1 +3x)y” +x(2+ 12x + x)y + 2x(3 + x)y
25. xX2(1 +2x2)y"” + x(4 + 2x2)y" + 2(1 —x?)y

26. X>(2+x2)y” +2x(5+x%)y +2(3 - x?)y
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7.2 Series Solutions Near an Ordinary Point I

Many physical applications give rise to second order homogeneous linear differential equations
of the form
Po(x)y” + P1(x)y" + P2(x)y =0, (7.2.1)

where Py, P1, and P, are polynomials. Usually the solutions of these equations can’t be
expressed in terms of familiar elementary functions. Therefore we’ll consider the problem of
representing solutions of (7.2.1) with series.

We assume throughout that Py, P; and P, have no common factors. Then we say that xg is
an ordinary point of (7.2.1) if Po(xg) # 0, or a singular point if Po(xg) = 0. For Legendre’s
equation,

(1-x>)y" =2xy +a(e+ 1)y =0, (7.2.2)

xo = l and xg = —1 are singular points and all other points are ordinary points. For Bessel’s equa-
tion,
X2y +xy + (x> =v?)y =0,
xo = 0 is a singular point and all other points are ordinary points. If Py is a nonzero constant as
in Airy’s equation,
y'=xy=0, (7.2.3)

then every point is an ordinary point.

Since polynomials are continuous everywhere, P{/Po and P,/ Py are continuous at any point
xo that isn’t a zero of Pg. Therefore, if xo is an ordinary point of (7.2.1) and ag and a; are
arbitrary real numbers, then the initial value problem

Po(x)y” + P1(x)y" + P2(x)y =0, y(x0) =ao, Y (x0) =a (7.2.4)

has a unique solution on the largest open interval that contains x¢ and does not contain any zeros
of Py. To see this, we rewrite the differential equation in (7.2.4) as

” Pl(x) ’ PZ(X) _
TP’ TP T

and apply Theorem 5.1.1 with p = P;/Py and ¢ = P>/Py. In this section and the next we
consider the problem of representing solutions of (7.2.1) by power series that converge for
values of x near an ordinary point x.

We state the next theorem without proof.

Theorem 7.2.1 Suppose Py, Py, and P, are polynomials with no common factor and Py isn’t
identically zero. Let xo be a point such that Py(xo) # 0, and let p be the distance from x to the
nearest zero of Py in the complex plane. (If Py is constant, then p = o0.) Then every solution of

Po(x)y”" + P1(x)y" + P2(x)y =0 (7.2.5)

can be represented by a power series
y = Z an(x —xo)" (7.2.6)
n=0

that converges at least on the open interval (xo — p,xo + p). (If Po is nonconstant, so that
p is necessarily finite, then the open interval of convergence of (7.2.6) may be larger than
(xo — p,Xx0 + p). If Py is constant then p = oo and (xg — p,Xg + p) = (=00, ).)
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We call (7.2.6) a power series solution in x — xq of (7.2.5). We’ll now develop a method for
finding power series solutions of (7.2.5). For this purpose we write (7.2.5) as Ly = 0, where

Ly = Poy” + P1y’ + Pyy. (7.2.7)

Theorem 7.2.1 implies that every solution of Ly = 0 on (xo — p, xo + p) can be written as

v= S a0
n=0

Setting x = xq in this series and in the series

[o0)

V=3 mantx -

n=1

shows that y(xg) = ag and y’(xg) = a;. Since every initial value problem (7.2.4) has a unique

solution, this means that a¢p and a; can be chosen arbitrarily, and a;, as, ...are uniquely
determined by them.
To find ay, a3, . .., we write Py, Py, and P; in powers of x — xq, substitute

y = Z an(x — xp)",
n=0

(o)

v = S nage—xor

n=1

y'= ) n(n = Dan(x—x0)"
n=2

into (7.2.7), and collect the coeflicients of like powers of x — x¢. This yields

Ly = Z by (x = x0)", (7.2.8)
n=0
where {bg, b1, ..., by, ...} are expressed in terms of {ag,ay,...,ay, ...} and the coefficients

of Py, Py, and P,, written in powers of x — xg. Since (7.2.8) and (b) of Theorem 7.1.6 imply
that Ly = 0 if and only if b, = 0 for n > 0, all power series solutions in x — xg of Ly = 0 can
be obtained by choosing ag and a; arbitrarily and computing a;, a3, ..., successively so that
b, = 0 for n > 0. For simplicity, we call the power series obtained this way the power series
in x — xq for the general solution of Ly = 0, without explicitly identifying the open interval of
convergence of the series.

Example 7.2.1 Let x( be an arbitrary real number. Find the power series in x —xq for the general
solution of

y'+y=0. (7.2.9)

Solution Here
Ly=y"+y.
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If .
y =) an(x—x0)",
n=0
then N
y' = Z n(n=1a,(x —xo)" 2,
n=2
SO

Ly = Z n(n—1)ay(x —x0)" 2 + Z an(x —xp)".
n=2 n=0

To collect coefficients of like powers of x — xo, we shift the summation index in the first sum.
This yields

Ly= Zo(n +2)(n+ Dansa(x — x0)" + ZO an(x = x0)" = ZO ba(x — x0)",

with
b,=m+2)(n+ 1)a,w + ay,.
Therefore Ly = 0 if and only if

_an

widm+n "0 (7210

an+2 =

where ap and a; are arbitrary. Since the indices on the left and right sides of (7.2.10) differ by
two, we write (7.2.10) separately for n even (n = 2m) and n odd (n = 2m + 1). This yields

—Aaom
m , >0, 7.2.11
G2 = omrem+1y (7.2.10)
and
—A2m+1
aA2m+3 m > 0. (7.2.12)

2m +3)(2m +2)’

Computing the coefficients of the even powers of x — xo from (7.2.11) yields

aop
a = ——
2 21
an 1 ( a()) ao
a = - = — — =
N 4.3 43V 21/ a321
aa 1 ( ag ) a
ag = -— = — = — y
6-5 6-5\4-3.2-1 6:-5-4-3-2-1
and, in general,
_(_1ym_90
am = (=)' G 55 m =0 (7.2.13)

Computing the coeflicients of the odd powers of x — xo from (7.2.12) yields

asy = -gi—i
_ as 1 ap \ _ ay
9 = _5-4‘_5-4(_3-2)_5-4-3-2’
as 1 al al
a = _7-6:_7-6(5-4-3-2):_7-6-5-4-3-2’
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and, in general,
(=1)"a;

AOm+1 = m m > 0. (7214)
Thus, the general solution of (7.2.9) can be written as
y =D asm(x =x0)" + D @z (x = x0)*"*,
m=0 m=0
or, from (7.2.13) and (7.2.14), as
(x = x0)*" S (x —x)*"*!
= nH" - 7.2.15
aoZ< G alr;( i ] (7.2.15)

If we recall from calculus that

2m+1
Z(— ) (x(zx(;)‘ = cos(x —xg) and Z(— )" (JEZmX(-)l-) o = sin(x — xp),

then (7.2.15) becomes
y = agcos(x —xp) + aj sin(x — xp),

which should look familiar. [
Equations like (7.2.10), (7.2.11), and (7.2.12), which define a given coefficient in the sequence
{a,} in terms of one or more coefficients with lesser indices are called recurrence relations.
When we use a recurrence relation to compute terms of a sequence we’re computing recursively.
In the remainder of this section we consider the problem of finding power series solutions in
x — x¢ for equations of the form

(1 +a(x — xo)z) Y+ B(x —x0)y +vyy =0. (7.2.16)

Many important equations that arise in applications are of this form with xo = 0, including
Legendre’s equation (7.2.2), Chebyshev’s equation,

(1-x2)y" —xy +a’y =0,
and Hermite’s equation,
y' = 2xy" +2ay = 0.
Since
Po(x) =1 + a(x — x0)?

in (7.2.16), the point x¢ is an ordinary point of (7.2.16), and Theorem 7.2.1 implies that the
solutions of (7.2.16) can be written as power series in x — xq that converge on the interval
(xp — I/M, X0 + 1/@) if @ # 0, or on (—o0, ) if @ = 0. We’ll see that the coefficients in
these power series can be obtained by methods similar to the one used in Example 7.2.1.

To simplify finding the coefficients, we introduce some notation for products:

N
[ 16 =brbrer---bs if s=r.


https://mathshistory.st-andrews.ac.uk/Biographies/Chebyshev/
https://mathshistory.st-andrews.ac.uk/Biographies/Hermite/
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Thus,

and

We define

]

bj = bab3bsbsbebr,
j=2

4
| @i+ =mE)©E @) =945,
Jj=0

2

[]7=2=4

J=2

no matter what the form of b;.

Example 7.2.2 Find the power series in x for the general solution of

Solution Here

If

then

SO

To collect coefficients of x", we shift the summation index in the first sum. This yields

(1 +2x%)y” +6xy" +2y =0.

Ly = (1+2x%)y” +6xy’ +2y.

y = ianx”

n=0

[S¢]

y = Z nax"!' and y” = Z n(n—1)a,x"2,

=1 n=2

(o)

(1+2x%) Z n(n—1)ax"2 + 6x Z na,x" ' +2 Z apx"
n=2 n=0

n=1

Z n(n—1)ax"2 + Z [2n(n—1) + 6n + 2] a,x"

n=0

Z n(n-1ax"2+2 Z(n +1)%a,x".
n=0

Ly = Z(n +2)(n+ Dayox" + 22(11 +1)2ax" = Z bpx",
n=0 n=0 n=0

with

a=m+2)(n+ Dapsa +2(n+ D%a,, n=>0.

332

(7.2.17)
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To obtain solutions of (7.2.17), we set b,, = 0 for n > 0. This is equivalent to the recurrence

relation
n+1

n+2
Since the indices on the left and right differ by two, we write (7.2.18) separately for n = 2m and
n =2m + 1, as in Example 7.2.1. This yields

Apen = =2 a,, n=>0. (7.2.18)

2m + 1 2m + 1
ey = — m=— s >0, 2.1
@am+2 2m+ 20 a1 m=0 (7.2.19)
and
2m + 2 m+1
mi3 = =2 mil = — m+1s > 0. 7.2.20
a2m+3 7y 3 2m+] oy 3mels M ( )
Computing the coefficients of even powers of x from (7.2.19) yields
1
a = _TaO,
3 3 1 1-3
ag = —zax=|—-=||—-7|a0 = —=ao,
) 227 2/ U1 T 2™
5 5(1-3 1-3-5
ag = —sas=-—s|—=|ap=— ao,
¢ 37073 1-2) T 1237
7 7( 1-3-5 1-3-5-7
ag = ——a¢=-——|- = ao.
8 477 g\ 123 T 1234
In general,
m }]1-1:1(2]'—1)
ayy = (—1) ——— o, m=x0. (7.2.21)
m:

(Note that (7.2.21) is correct for m = 0 because we defined I"[?.: (bj =1foranyb;.)
Computing the coefficients of odd powers of x from (7.2.20) yields

1
ay = —45611,
2 2( 1 1.2
= 4Zg3=-4Z|-4=)a, =4>*—=
“ 5937775 3)‘” 3500
3 3(,1-2 1-2-3
= —4Zqs=-4=|42—= —43 ,
“ 74770 3-5)‘11 3.5-7°"
4 4(1-2-3 1.2.3.4
= —4-—q;=-4-|4 =4'———— 4.
“ 97T ™9 3-5-7)”‘1 3-5-7-91
In general,
—1)" 4" m)
oy = )4 > 0. (7.2.22)

—m A 41, m=z
’}1:1(2] +1)
From (7.2.21) and (7.2.22),

> HTzl(zj -1 > 4M
y = ag (_l)m x2m +a (_1)m : x2m+l.
n;) ! ,;;) ?:1(2J +1)
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is the power series in x for the general solution of (7.2.17). Since Py(x) = 1 + 2x* has
no real zeros, Theorem 5.1.1 implies that every solution of (7.2.17) is defined on (—co, c0).
However, since Po(+i/V2) = 0, Theorem 7.2.1 implies only that the power series converges in
(—=1/V2, 1/v2) for any choice of ag and a;.

The results in Examples 7.2.1 and 7.2.2 are consequences of the following general theorem.

Theorem 7.2.2 The coefficients {a,} in any solution'y = 3.7° y a,(x —xo)" of

(1 +a(x — xo)z) Y+ B(x—=x0)y +yy=0 (7.2.23)
satisfy the recurrence relation

p(n)

n+2 = T —————dp, > 0, 7.2.24
B P TR ) R (7224
where
p(n)=an(n—1) + Bn+7y. (7.2.25)
Moreover, the coefficients of the even and odd powers of x — xo can be computed separately as
p(2m)
= - , >0 7.2.26
Gam+2 Cm+2)2m+ 1 " (7.2.26)
and
2m + 1
Aom+3 = pm+1) arm+1, m =0, (7.2.27)

2m+3)(2m +2)

where ag and a are arbitrary.

Proof Here
Ly = (1 +a(x - xo)z) Y+ B(x —x0)y +yy.

If -
y= > ante =)
n=0
then - -
Y = ynanr =50 and ¥ = n(n = Dag(r - x0)" .
n=1 n=2
Hence,

(o)

Ly = Z n(n—Day(x —x0)" 2 +
n=2

(o)

= Z n(n—1)ay(x —x0)" 2 +

n=2 n=

[an(n 1) + Bn +y] an(x — x0)"

p(n)an(x —xo)",

DAL

o

from (7.2.25). To collect coefficients of powers of x — x¢, we shift the summation index in the
first sum. This yields

(o)

Ly =" [(n+2)(n+ Dy + p(n)an] (x - x0)".
n=0
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Thus, Ly = 0 if and only if
(n+2)(n+ Daysr + p(n)a, =0, n=0,

which is equivalent to (7.2.24). Writing (7.2.24) separately for the cases where n = 2m and
n =2m + 1 yields (7.2.26) and (7.2.27).

Example 7.2.3 Find the power series in x — 1 for the general solution of

(24 4x —2x%)y" = 12(x = 1)y = 12y = 0. (7.2.28)

Solution We must first write the coefficient Po(x) = 2 + 4x — 2x? in powers of x — 1. To do this,
we write x = (x — 1) + 1 in Py(x) and then expand the terms, collecting powers of x — 1; thus,

244x-2x2 = 2+4[(x-1)+1]-2[(x-1) +1]?
= 4-2(x-1)>2

Therefore we can rewrite (7.2.28) as

(4 —2(x - 1)2) Y —12(x = 1)y = 12y = 0,
or, equivalently,

(1 - %(x - 1)2) y'=3(x-1)y -3y =0.

This is of the form (7.2.23) with @ = —1/2, 8 = =3, and y = —3. Therefore, from (7.2.25)

-1 +2)(n+3
=D e 2)me3)
2 2
Hence, Theorem 7.2.2 implies that
. _ p(2m) .
am+2 Cm+2)2m+1) "
2m +2)(2m + 3) 2m + 3 >0
ayn = ————aoy, M=
22m+2)2m+1) " T 22m+ 1) "
and
p(2m + 1)
a = - a
23 2m+3)2m+2) "
2m+3)2m +4) m+2 -0
A+l = = aom+1, m = 0.
22m+3)2m+2) P T 2m+ 1) !
We leave it to you to show that
2m + 1 m+1
aom = ap and  daypi1 = a;, mz2=0,

2]‘” 2m
which implies that the power series in x — 1 for the general solution of (7.2.28) is

o 2m + 1 S m+ 1
y=ap ) - (=1 +ar Y o (x - )2+l m
m=0 m=0

In the examples considered so far we were able to obtain closed formulas for coefficients in
the power series solutions. In some cases this is impossible, and we must settle for computing
a finite number of terms in the series. The next example illustrates this with an initial value
problem.
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Example 7.2.4 Compute ag, a1, ..., a7 in the series solution y = 3}  a,x" of the initial value

problem
(1+2x%)y” +10xy" +8y =0, y(0)=2, y'(0)=-3. (7.2.29)

Solution Since @ = 2, 8 =10, and y = 8 in (7.2.29),
p(n)=2n(n—-1)+10n+8 =2(n +2)%
Therefore

(n+2)? o nt2 -0
n+2)m+ DT T e

Writing this equation separately for n = 2m and n = 2m + 1 yields

an+2 =

(2m +2) m+ 1
m = 2—ary, =4 s >0 7.2.30
@2m+2 dm+1 2 dm 1 M (7.2.30)
and
2m+ 3 2m+3
m = 22— m = - m+1s > 0. 7.2.31
arm+3 7y 5 3 42m+l T @amels M ( )

Starting with ag = y(0) = 2, we compute a», a4, and ag from (7.2.30):

1

a; = —412:—8,
2 64
= —45(-8) ==
as 3( ) 3
o = _a3(0%)__26
6= TU5\3) T 5

Starting with a; = y’(0) = —3, we compute a3, as and a7 from (7.2.31):

3
az = ——(-3)=9,
1
5 45
as = —59——7,
g o= 1[4} _ 105
A N

Therefore the solution of (7.2.29) is

64 45 256
4_1 5 206

105
y=2—3x—8x2+9x3+?x + —x’

2 5 2

+ .-

USING TECHNOLOGY |

Computing coefficients recursively as in Example 7.2.4 is tedious. We recommend that you
do this kind of computation by writing a short program to implement the appropriate recurrence
relation on a calculator or computer. You may wish to do this in verifying examples and doing
exercises (identified by the symbol ) in this chapter that call for numerical computation of
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the coefficients in series solutions. We obtained the answers to these exercises by using software
that can produce answers in the form of rational numbers. However, it’s perfectly acceptable
- and more practical - to get your answers in decimal form. You can always check them by
converting our fractions to decimals.

If you’re interested in actually using series to compute numerical approximations to solutions
of a differential equation, then whether or not there’s a simple closed form for the coefficients
is essentially irrelevant. For computational purposes it’s usually more efficient to start with
the given coeflicients ag = y(xg) and a; = y’(xg), compute ay, ..., ay recursively, and then
compute approximate values of the solution from the Taylor polynomial

N

Tn(x) = ) an(x = xo)".

n=0

The trick is to decide how to choose N so the approximation y(x) ~ Ty (x) is sufficiently accurate
on the subinterval of the interval of convergence that you're interested in. In the computational
exercises in this and the next two sections, you will often be asked to obtain the solution of a
given problem by numerical integration with software of your choice (see Section 10.1 for a
brief discussion of one such method), and to compare the solution obtained in this way with the
approximations obtained with Ty for various values of N. This is a typical textbook kind of
exercise, designed to give you insight into how the accuracy of the approximation y(x) ~ Ty (x)
behaves as a function of N and the interval that you’re working on. In real life, you would choose
one or the other of the two methods (numerical integration or series solution). If you choose the
method of series solution, then a practical procedure for determining a suitable value of N is to
continue increasing N until the maximum of |7y — Ty—1| on the interval of interest is within the
margin of error that you’re willing to accept.

In doing computational problems that call for numerical solution of differential equations you
should choose the most accurate numerical integration procedure your software supports, and
experiment with the step size until you’re confident that the numerical results are sufficiently
accurate for the problem at hand.

Exercises

In Exercises 1 -8 find the power series in x for the general solution.

[y

(1+x2)y" +6xy +6y=0 2. (1+x%)y" +2xy' =2y =0

w9

(T +x2)y" =8xy +20y =0 4. (1-x%)y"—8xy =12y =0

wn

2\, ’ — 1
(I +2)y" +7xy" +2y =0 (1+x2)y"+2xy'+4—1y=0

N

(1 —x2)y”"=5xy =4y =0 8. (1 +x?)y”" —10xy’ +28y =0

:

(a) Find the power series in x for the general solution of y” + xy" + 2y = 0.

\o
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(b) For several choices of ag and a;, use differential equations software to solve the
initial value problem

y'+xy' +2y=0, y(0)=ag, »y(0)=ay, (A)

numerically on (-5, 5).
(¢) For fixed rin {1,2,3,4,5} graph

N
Ty(x) = Z anpx"
n=0

and the solution obtained in (b) on (—r,r). Continue increasing N until there’s no
perceptible difference between the two graphs.

10. Follow the directions of Exercise 9 for the differential equation

v +2xy" +3y =0.

In Exercises 11 —13 find aq, . . ., an for N at least T in the power series solution 'y = 3, apx"
of the initial value problem.

11. (1+x2)y"+xy +y=0, y(0)=2, y(0)=-1
12. [Cl (1+2x))y” = 9xy =6y =0, y(0)=1, ' (0)=-1
13. [Cl (1 +8x%)y” +2y =0, y(0)=2, y(0)=-1

14. Do the next experiment for various choices of real numbers ag, a;, and r, with
0<r<1/V2.

(a) Use differential equations software to solve the initial value problem
(1-2x")y" —=xy' +3y =0, y(0)=ao, Y(0)=ay, (A)

numerically on (—r,r).

(b) For N =2,3,4,...,compute as, ..., ay in the power series solution y = ZZO:O ax"
of (A), and graph
N
Ty(x) = Z ayx"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no
perceptible difference between the two graphs.

15. Do (a) and (b) for several values of r in (0, 1):

(a) Use differential equations software to solve the initial value problem
(1+x%)y” +10xy" + 14y =0, y(0) =5, ¥ (0) =1, (A)

numerically on (-, r).
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(b) For N =2,3,4,...,compute ay, ..., ay in the power series solution y = Z,‘;O:O a,x"
of (A), and graph
N
Ty(x) = Z anpx"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no
perceptible difference between the two graphs. What happens to the required N as
r—1?

(¢) Try (a) and (b) with r = 1.2. Explain your results.

In Exercises 16 =20 find the power series in x — xq for the general solution.

16. y" -y =0; xo=3q7 Y- (x = 3)y -y =
0; xp=3

18. (1 -4x+2x2)y”" +10(x - 1)y +6y=0; xo=1
19. (11 —8x +2x%)y” = 16(x —2)y’ +36y =0; xo=2
20. (5+6x+3x2)y" +9(x+ 1)y’ +3y=0; xo=-1

In Exercises 21 =26 find ay, . .., ay for N at least 7 in the power series y = 3, an(x — x0)"
for the solution of the initial value problem. Take x( to be the point where the initial conditions
are imposed.

21 [C] (22— 4)y” —xy' =3y =0, y(0)=-1, y(0)=2
22. ICly"+(x=3)y+3y=0, y(3)=-2, y(3)=3
23. [Cl (5-6x+3x2)y" +(x=1)y +12y =0, y(1)=-1, y(1)=1
24. [C] (42 =24x+37)y" +y=0, y(3) =4, y(3)=-6
25. (x2—8x+14)y” —8(x —4)y’ +20y =0, y(4) =3, y(4)=-4
26. [C| 2x2 +4x+5)y” =20(x + 1)y +60y =0, y(-=1)=3, y(-1)=-3
27. (a) Find a power series in x for the general solution of
(14 x%)y" +4xy +2y = 0. (A)
(b) Use (a) and the formula

1 2

=l+r+r +---+r"

+--- (-1<r<l
1-r

for the sum of a geometric series to find a closed form expression for the general
solution of (A) on (-1, 1).

(¢) Show that the expression obtained in (b) is actually the general solution of (A) on
(—OO, OO)
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28. Use Theorem 7.2.2 to show that the power series in x for the general solution of
(1+ax?®)y” + Bxy’ +yy =0
1S

m 2m+1

x? - m " _ X
@) +01’;)(—1) QP(QJ +1) ama

[=S) m—1
y=ao y (" || [ p@2)
m=0 j=0

29. Use Exercise 28 to show that all solutions of
(1+ax?®)y” +Bxy’ +yy =0
are polynomials if and only if
an(n—1)+pBn+y=a(n-2r)(n—-2s-1),
where r and s are nonnegative integers.
30. (a) Use Exercise 28 to show that the power series in x for the general solution of
(1 -x%)y" =2bxy +a(a+2b-1)y=0

is y = agy; + ajyz, where

0 -m—l ] 2m
X

vy = 2j—a)2j+a+2b-1)

2] o]

and
o [m=1 ] 2m+1
= 27+ 1 - 2i+a+2b)| ————.

» mZ;J gu @)(2) +a+2b)| Zos

(b) Suppose 2b isn’t a negative odd integer and k is a nonnegative integer. Show that
y1 is a polynomial of degree 2k such that y;(—x) = yi(x) if @ = 2k, while y; is a
polynomial of degree 2k + 1 such that y,(—x) = —y(x) if @ = 2k + 1. Conclude
that if » is a nonnegative integer, then there’s a polynomial P,, of degree n such that
Py(=x) = (=1)"Py(x) and

(1 =x*)P! = 2bxP, +n(n+2b-1)P, = 0. (A)
(¢) Show that (A) implies that
[(1-x3)P) = -n(n+2b-1)(1-x*>"1p,,
and use this to show that if m and n are nonnegative integers, then

[(1=x*)° P Py~ [(1 =x*)"P, )Py =

[m(m+2b-1)—nn+2b-1](1-x>>"1p,P,. )
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(d) Now suppose b > 0. Use (B) and integration by parts to show that if m # n, then

/1(1 —x2)P7P, (x) P, (x) dx = 0.
-1

(We say that P,, and P, are orthogonal on (—1,1) with respect to the weighting

Jfunction
(1-27)"7)

31. (a) Use Exercise 28 to show that the power series in x for the general solution of
Hermite’s equation
y' =2xy" +2ay =0

isy = agy; + aiy>, where

o |m=1 2mx2m

yi o= Z n(2j— N
m=0 | j=0 ( )

and
oo |m-l m,.2m+1
X

y2 = Qj+l-a)| 77—

2] G )

(b) Suppose k is a nonnegative integer. Show that y; is a polynomial of degree 2k such
that y(—x) = y;(x) if @ = 2k, while y, is a polynomial of degree 2k + 1 such that
y2(=x) = —ya(—x) if @ = 2k + 1. Conclude that if n is a nonnegative integer then
there’s a polynomial P,, of degree n such that P,(—x) = (—1)"P,(x) and

P, —2xP, +2nP, = 0. (A)

(c) Show that (A) implies that

[e_sz'

n

' = —2ne™*P,,
and use this to show that if m and n are nonnegative integers, then
[e™ PPy — [ P, ]'Py = 2(m — n)e™ P,,Py. (B)

(d) Use (B) and integration by parts to show that if m # n, then
/ e_szm(x)Pn(x) dx = 0.
(We say that P,, and P, are orthogonal on (—o0, ) with respect to the weighting
function e‘xz.)
32. Consider the equation
(1 + ax3) Y+ Bx?y’ + yxy =0, (A)

and let p(n) = an(n — 1) + Bn + y. (The special case y” — xy = 0 of (A) is Airy’s
equation.)
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(a) Modify the argument used to prove Theorem 7.2.2 to show that

[se]

y = Zanx"

n=0

is a solution of (A) if and only if a, = 0 and

p(n) 0.

= £ 7 >
I3 = =i Hme2) " =

(b) Show from (a) that a, = O unless n = 3m or n = 3m + 1 for some nonnegative integer

m, and that
p(3m)
m - ms > 05
@3m+3 Gm+3)3m+2) M
and
3m+1
A3m+4 i ) azme1, m=0,

Bm+4)(3m +3)
where ap and a; may be specified arbitrarily.

(¢) Conclude from (b) that the power series in x for the general solution of (A) is

) m—1 . 3Im
pG3j)| x
= —1)m el
y=a0 ) (=) 1—[3j+2 3]
m=0 j=0

00 m=1 : 3m+1
3j+1) | x
+alz(_1)m np( j+1)
m=0 i

L5 +4 | 3mm!

In Exercises 33 —37 use the method of Exercise 32 to find the power series in x for the general
solution.

3.7y =00 3y (1 - 23y — 1082y — 8xy = 0
35. (1+x3)y” +7x%y +9xy =0 36. (1 -2x)y” +6x%y" +24xy =0
37. (1 —x%)y” +15x*y —63xy =0
38. Consider the equation
(1 + ozxk+2) Y+ By 4 yxky =0, (A)
where k is a positive integer, and let p(n) = an(n — 1) + fn + .

(a) Modify the argument used to prove Theorem 7.2.2 to show that
y = Z ax"
n=0
is a solution of (A) if and only ifa, =0for2 <n < k + 1 and

p(n)

_ > 0.
wiks )k =20

An+k+2 =
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(b) Show from (a) that a, = O unless n = (k + 2)m or n = (k + 2)m + 1 for some
nonnegative integer m, and that

A(k+ + = - (( ) ) A(k+ m>0
and
a = - (( ) 1) a m>0
(k+2)(m+1)+1 [(‘ 2)( 1) 1]” 2)( 1) (k+2)m+1> = Y,

where ap and a; may be specified arbitrarily.

(c) Conclude from (b) that the power series in x for the general solution of (A) is

0 m—1 . (k+2)m
y=apY 1y p(k+2))) | x

=0 jo k2 +1) = 1| (k+2)"m!

(o] _1 . .
+a; (_1)m rln_[ P ((k + 2)] + 1) x(k+2)m+1 |
0 L (k+2) G+ D+ 1| (k+2)"m!

m= ]

In Exercises 39 —44 use the method of Exercise 38 to find the power series in x for the general
solution.

39. (1 +2x°)y” + 14x*y +10x3y =0

40. y" +x>y=0 41. y" +x% +7x3y =0
42, (1+x%)y” —16x7y +72x5y = 0

43. (1 -x%y” —12x°y" = 30x*y = 0

4. y' +x°y +6x*y =0

7.3 Series Solutions Near an Ordinary Point 11

In this section we continue to find series solutions

Y= an(x - xp)"
n=0
of initial value problems

Po(x)y” + P1(x)y" + P2(x)y =0, y(xo) =ao, Y (x0)=ai, (7.3.1)

where Py, Py, and P, are polynomials and Py(xp) # 0, so xq is an ordinary point of (7.3.1).
However, here we consider cases where the differential equation in (7.3.1) is not of the form

(1 +a(x - xo)z) vy’ +B(x —x0)y +yy =0,

so Theorem 7.2.2 does not apply, and the computation of the coefficients {a,} is more compli-
cated. For the equations considered here it’s difficult or impossible to obtain an explicit formula
for a, in terms of n. Nevertheless, we can calculate as many coeflicients as we wish. The next
three examples illustrate this.
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Example 7.3.1 Find the coefficients ao, ..., a7 in the series solution y = > a,x" of the
initial value problem

(L+x+2x3)y"+(1+7x)y +2y =0, y(0)=-1, y(0)=-2. (7.3.2)

Solution Here

Ly=(1+x+ 2x2)y" + (1 +7x)y" +2y.
The zeros (=1 + iV7)/4 of Py(x) = 1 + x + 2x2 have absolute value 1/V2, so Theorem 7.2.1
implies that the series solution converges to the solution of (7.3.2) on (—1/ \/E, 1/ \/i). Since

oo

y = i ax", vy = i nax!' and "’ = Z n(n - l)anx"_z,

n=0 n=1 n=2
Ly = Z n(n—Dax"? + Z nn-Dax"" + ZZ n(n—1)a,x"
n=2 n=2 n=2

o0 (o) (o)
+ Z nax""'+7 Z nax" +2 Z ax”.
n=0

n=1 n=1

Shifting indices so the general term in each series is a constant multiple of x" yields

Ly = Z(n +2)(n+ Dayox" + Z(n + Dna,x" +2 Z n(n—1)a,x"
n=0 n=0 n=0

(] (] (o] (o]
+ Z(n + Dayx" +7 Z na,x" + ZZ ax" = Z b, x",
n=0 n=0 n=0 n=0

where
byp=m+2)(n+ Dapsa + (n+ D?aps1 + (n+2)2n + Da,.

Therefore y = 3.7, a,x" is a solution of Ly = 0 if and only if

n+1 2n+ 1
n+2anJrl n+1

Apen = — a,, n > 0. (7.3.3)

From the initial conditions in (7.3.2), ap = y(0) = —1 and a; = y’(0) = —2. Setting n = 0 in
(7.3.3) yields

1 1
ar = -zaj —do = —5(—2) - (=1 =2.
Setting n = 1 in (7.3.3) yields
2 3 2 3 5
as = —5612 - Eal = —5(2) - 5(—2) -3

We leave it to you to compute ay, as, ag, a7 from (7.3.3) and show that

5 55 3 61 443

=1 -2+ 2% + =0 - xS0+ = - —X
Y rree Tyt It Ty 8" 56
We also leave it to you (Exercise 13) to verify numerically that the Taylor polynomials Ty (x) =

,1:]:0 anx" converge to the solution of (7.3.2) on (—1/v2,1/V2).

+ .-
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Example 7.3.2 Find the coefficients ay, . .., as in the series solution

y= Z an(x +1)"
n=0
of the initial value problem

B+x)y"+(1+2x)y -2-x)y=0, y(-1)=2, y'(-1)=-3. (7.3.4)

Solution Since the desired series is in powers of x + 1 we rewrite the differential equation in
(7.3.4) as Ly = 0, with

Ly=Q2+x+1)y"-(1-2(x+1))y —=3-(x+1))y.

Since
y = Z a,(x+ D", y = Znan(x + 1) and Y’ = Zn(n — Day(x + 1" 2,
n=0 n=1 n=2

Ly = 22 n(n—-1Da,(x +1)"2 + Z n(n-1Da,(x+1)"!
n=2 n=2
- Z na,(x + )" + 22 na,(x +1)"
n=1 n=1

-3 Z ap(x+ 1"+ Z an(x + 1)1
n=0 n=0

Shifting indices so that the general term in each series is a constant multiple of (x + 1)” yields

Ly

ZZ(n +2)(n+ Dayoa(x+ D" + Z(n + Dnaye (x + 1)
n=0 n=0

—22m+1mmﬂx+D”+§z@n—$aﬁx+D”+§Dm%ﬂx+nn
n=0 n=0 n=1

D ba(x+ 1),
n=0

where
b() = 4a2 —daj —3a0

and
by =2(n+2)(n+ Dapz + (n* = Daps1 + 2n —3an + an-1, n>1.

Therefore y = 3, ) a,(x + 1)" is a solution of Ly = 0 if and only if

1
ar = Z(al + 3ay) (7.3.5)
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and

1
2(n+2)(n+1)
From the initial conditions in (7.3.4), ap = y(—=1) = 2 and a; = y’(-1) = =3. We leave it to
you to compute ay, ..., as with (7.3.5) and (7.3.6) and show that the solution of (7.3.4) is

Anso = [(n* = Dans + (20 =3)a, +ap1], n>1. (7.3.6)

1
y=2—3(x+1)+%(x+1)2—15—2(x+1)3+418(x+1)4—@(x+1)5+---.

We also leave it to you (Exercise 14) to verify numerically that the Taylor polynomials Ty (x) =

nN:O a,(x + 1)" converge to the solution of (7.3.4) on the interval of convergence of the power

series solution.

Example 7.3.3 Find the coefficients ao, ..., as in the series solution y = > a,x" of the
initial value problem
Y +3xy + (4+2x)y =0, y0)=2, y(0)=-3. (7.3.7)

Solution Here
Ly =y" +3xy + (4 + 2x%)y.

Since

[o¢] (o]

v=Y s =Y ad =30 an

n=0 n=1 n=2

oo

Ly = Z n(n-1Dax"?+3 Z na,x" + 4 Z apx" +2 Z ax"t?.
n=1 n=0 n=0

n=2

Shifting indices so that the general term in each series is a constant multiple of x" yields

Ly= Z(n +2)(1n + Dapsax" + 2(3;1 + 4)ax +2 Z Apox" = Z byx"
n=0 n=0 n=2 n=0

where
b() =2a, + 4610, by = 6a3 + 7ai,

and
b,=m+2)(n+Dayw+ Bn+4d)a, +2a,,, n>2.

Therefore y = 3 ) a,x" is a solution of Ly = 0 if and only if

7
ap = —2(10, az = —gal, (7.3.8)
and )
Apyn = [Bn +4)a, +2a,-2], n=>2. (7.3.9)

- (n+2)(n+1)
From the initial conditions in (7.3.7), ap = y(0) = 2 and a; = y’(0) = —3. We leave it to you to

compute ay, ..., as with (7.3.8) and (7.3.9) and show that the solution of (7.3.7) is
7 79
y:2—3x—4x2+§x3+3x4—%x5+-~ .
We also leave it to you (Exercise 15) to verify numerically that the Taylor polynomials T (x) =
N

n=0 @nX" converge to the solution of (7.3.7) on the interval of convergence of the power series
solution.
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Exercises

In Exercises 1-12 find the coeflicients ay,..., ay for N at least 7 in the series solution y =
2o anx" of the initial value problem.

1. (1+3x)y” +xy +2y =0, y(0)=2, y(0)=-3

2. (1+x+2x)y" +(2+8x)y +4y =0, y(0)=-1, y(0)=2
C] -2y + 2-6x)y -2y =0, y(0)=1, y(0)=0

Cl T +x+3x)y"+ 2+ 15x)y +12y =0, y(0)=0, y(0)=1
JACl @40y + (1 +x)y +3y=0, y(0) =4, y(0)=3
CIBH3x+xD)y" +(6+4x)y +2y =0, y(0)=7, y(0)=3

ACl G +x)y"+ 2+ x)y +2y=0, y(0)=2, y(0)=5
JCl2=3x+ 232y —(4-6x)y +2y =0, y(1)=1, y(1)=-1
C B 426Dy +10(1+x)y +8y =0, y(=1)=1, y(=1)=-1
10. [C] (1=x+x)y" = (1 —4x)y +2y =0, y(1)=2, y(1)=-1
11. [C] 2+x)y"+2+x)y +y=0, y(=1)=-2, y(-1)=3

12. [C] x2y" = (6=Tx)y +8y =0, y(1)=1, y(1)=-2

13. Do the following experiment for various choices of real numbers ag, a;, and r, with
0<r<1/V2.

W

=

wn

=)

3

=]

\o

[\

(a) Use differential equations software to solve the initial value problem
(L+x+2x7)y" + (1+7x)y +2y =0, y(0)=ap, Y (0)=ai, (A)

numerically on (-, r). (See Example 7.3.1.)

(b) For N =2,3,4,...,compute as, ..., ay in the power series solution y = Z;’;O a,x"
of (A), and graph
N
Ty(x) = Z anpx"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no
perceptible difference between the two graphs.

14. Do the following experiment for various choices of real numbers ao, a1, and r, with
O<r<2.

(a) Use differential equations software to solve the initial value problem
B+x)y"+(1+20)y - (2-x)y=0, y(-1)=aop, Y(-)=a, (A

numerically on (=1 —r,—1 +r). (See Example 7.3.2. Why this interval?)
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(b) For N =2,3,4, ..., compute as, . ..,ay in the power series solution

y = Zan(x +1)"
n=0

of (A), and graph
N

Tn(x) = Zan(x +1)"

n=0
and the solution obtained in (a) on (-1 — r,—1 + r). Continue increasing N until
there’s no perceptible difference between the two graphs.

15. Do the following experiment for several choices of ag, a;, and r, with r > 0.
(a) Use differential equations software to solve the initial value problem
V' +3xy + (4+2x)y =0, y(0) =ag, y(0)=a, (A)

numerically on (—r, 7). (See Example 7.3.3.)

(b) Find the coefficients ao, ay, ..., ay in the power series solution y = >, ; a,x" of
(A), and graph
N
Ty(x) = Z apx"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no
perceptible difference between the two graphs.

16. Do the following experiment for several choices of ag , ay, and r, with 0 < r < 1.
(a) Use differential equations software to solve the initial value problem
(1-x)y"=2-x)y" +y=0, y(0)=ao, Y (0)=a, (A)

numerically on (-, r).

(b) Find the coefficients ao, ay, ..., ay in the power series solution y = »,°° ; a,x" of
(A), and graph
N
Ty(x) = Z anpx"
n=0

and the solution obtained in (a) on (—r,r). Continue increasing N until there’s no
perceptible difference between the two graphs. What happens as you let r — 1?

17. Follow the directions of Exercise 16 for the initial value problem

(1+x)y"+3y" +32y =0, y(0)=ag, y(0)=ay.

18. Follow the directions of Exercise 16 for the initial value problem

(1 +x2)y” +y +2y=0, y(0)=ag, Y(0)=ay.
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In Exercises 19-28 find the coefficients ay, . .., ay for N at least T in the series solution

Y= an(x - xp)"
n=0

of the initial value problem. Take x to be the point where the initial conditions are imposed.

19. [C] 2+4x)y” -4y = (6 +4x)y =0, y(0)=2, ' (0)=-7

20. (T+2x)y" = (1-2x)y = (3-2x)y =0, y(l)=1, y'(1)=-2

21. G+2x)y" =y +(5+x)y=0, y(-2)=2, y(-2)=-1

22. A4+x)y"—(4+2x)y +(6+x)y=0, y(=3)=2, y(=3)=-2

23. 2+3x)y" —xy +2xy=0, y(0)=-1, y'(0)=2

24. [Cl B+20)y" +3y —xy =0, y(=1)=2, y(-1)=-3

25. [C|l (3+2x)y" =3y = (2+x)y=0, y(-2)=-2, y(-2)=3

26. [C] (10-2x)y" + (1 +x)y =0, y(2) =2, y'(2)=-4

27. (7T+x)y"+@8+2x)y+(5+x)y=0, y(-4) =1, y(-4)=2

28. 6+4x)y"+(1+2x)y=0, y(-1)=-1, y(-1)=2

29. Show that the coefficients in the power series in x for the general solution of
(1+ax+Bx2)y" + (y+6x)y +ey =0

satisfy the recurrence relation

v +an pn(n—1)+dén+e€
—— dpt1 — an.
n+2 (n+2)(n+1) 8

apy2 = —

30. (a) Let @ and 8 be constants, with 8 # 0. Show that y = }.°° ; a,x" is a solution of
(1+ax + Bx*)y" + Qa +4Bx)y +2By =0 (A)

if and only if
ap+2 + @apy1 + Pa, =0, n=0. (B)

An equation of this form is called a second order homogeneous linear difference
equation. The polynomial p(r) = r* + ar + B is called the characteristic polynomial
of (B). If r; and r, are the zeros of p, then 1/r; and 1/r; are the zeros of

Po(x) = 1 + ax + Bx°.
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(b) Suppose p(r) = (r — ry)(r — rp) where ry and r; are real and distinct, and let p be
the smaller of the two numbers {1/|rq|, 1/|r2|}. Show that if ¢; and c; are constants
then the sequence

a, =cir{ +cary, n>=0

satisfies (B). Conclude from this that any function of the form
y= Z(clr? +cory)x"
n=0

is a solution of (A) on (—p, p).

(c) Use (b) and the formula for the sum of a geometric series to show that the functions

1 1
and y; =

7 1 —ryx

- 1-rix
form a fundamental set of solutions of (A) on (—p, p).

(d) Show that {y;, y»} is a fundamental set of solutions of (A) on any interval that doesn’t
contain either 1/ry or 1/r;.

(e) Suppose p(r) = (r —r1)?, and let p = 1/|r1]. Show that if ¢; and ¢, are constants
then the sequence
a, = (c1+con)ry, n=0

satisfies (B). Conclude from this that any function of the form
y = Z(Cl + con)rix"
n=0

is a solution of (A) on (—p, p).

(f) Use (e) and the formula for the sum of a geometric series to show that the functions

1 d X
an = —
2T 0=y

= 1-rix

form a fundamental set of solutions of (A) on (—p, p).
(g) Show that {y;, y»} is a fundamental set of solutions of (A) on any interval that does
not contain 1/ry.
31. Use the results of Exercise 30 to find the general solution of the given equation on any
interval on which polynomial multiplying y” has no zeros.
(@ (1+3x+2x%)y” + (6 +8x)y" +4y =0
(b) (1 = 5x + 6x%)y” — (10 — 24x)y’ + 12y =0
(€) (1 —4x +4x%)y”" — (8 —16x)y’ +8y =0
(@) (4+4x+x2)y" + (8 +4x)y +2y =0
(e) (4+8x +3x%)y” + (16 + 12x)y’ + 6y = 0

In Exercises 32-38 find the coefficients aq, ..., an for N at least 7 in the series solution
Y = 2o anXx" of the initial value problem.
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32.[Cly"+2xy +(B3+2x%)y =0, y0)=1, y(0)=-2
33.[Cly"=3xy +(5+2x%)y =0, y0)=1, y(0)=-2
34. [Cly"+5xy = (3=x2)y=0, y(0)=6, y(0)=-2
35. [Cly"—2xy = (2+3:)y =0, y(0)=2, y(0)=-5
36. V' =3xy +(2+4x*)y=0, y0)=3, y(0)=6
37.[Cl2y” +5xy + (4+2x%)y =0, y(0)=3, y(0)=-2

38. [Cl3y"+2xy + (4=x2)y =0, y(0)=-2, ' (0)=3

39. Find power series in x for the solutions y; and y; of
Y +4xy + (2+4xH)y =0

such that y;(0) = 1, y{(0) =0, y2(0) =0, y5(0) = 1, and identify y; and y; in terms
of familiar elementary functions.

In Exercises 40-49 find the coefficients ay, . .., ay for N at least 7 in the series solution

y= > anle - x0)"
n=0
of the initial value problem. Take x( to be the point where the initial conditions are imposed.
40. (1+x)y"+x2y +(1+2x)y=0, y(0)=-2, y(0)=3
41. [Cly"+ (1+2x+x)y +2y =0, y(0)=2, ' (0)=3
42. (1+x2)y"+2+x%)y +xy=0, y0)=-3, y(0)=5
43. [Cl (1+x)y" +(1=3x+2x2)y = (x=4)y=0, y(1)=-2, y(1)=3
4. |Cly" +(13+ 12x+3x)y + (5+2x)y =0, y(=2)=2, y'(=2)=-3
45. (T+2x+3x2)y"+2-x)y +(1+x)y=0, y0)=1, y'(0)=-2
46. B+dx+x2)y" =5 +4x—x2)y - 2+x)y=0, y(-2)=2, y(-2)=-1
47.[Cl (1 +2x+x)y"+(1=x)y =0, y(0)=2, y(0)=-1
48. [C| (x=2x)y" + (1 +3x =)y + 2+x)y=0, y(1)=1, y(1)=0

49. (16 = 1lx +2x2)y" + (10 -6x +x2)y - (2-x)y =0, y(3)=1, y'(3)=-2
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7.4 Regular Singular Points: Euler Equations

This section sets the stage for Sections 7.5, 7.6, and 7.7. If you’re not interested in those sections,
but wish to learn about Euler equations, omit the introductory paragraphs and start reading at
Definition 7.4.2.

In the next three sections we’ll continue to study equations of the form
Po(x)y” + P1(x)y" + P2(x)y =0 (7.4.1)

where Py, P, and P, are polynomials, but the emphasis will be different from that of Sections 7.2
and 7.3, where we obtained solutions of (7.4.1) near an ordinary point xq in the form of power
series in x — xq. If xq is a singular point of (7.4.1) (that is, if Py(xg) = 0), the solutions can’t in
general be represented by power series in x — xo. Nevertheless, it’s often necessary in physical
applications to study the behavior of solutions of (7.4.1) near a singular point. Although this
can be difficult in the absence of some sort of assumption on the nature of the singular point,
equations that satisfy the requirements of the next definition can be solved by series methods
discussed in the next three sections. Fortunately, many equations arising in applications satisfy
these requirements.

Definition 7.4.1 Let Py, Py, and P, be polynomials with no common factor and suppose
Po(x0) = 0. Then xq is a regular singular point of the equation

Po(x)y” + P1(x)y" + P2(x)y =0 (7.4.2)
if (7.4.2) can be written as
(x —x0)2A(x)y” + (x —x0)B(x)y' + C(x)y =0 (7.4.3)
where A, B, and C are polynomials and A(xg) # 0; otherwise, xq is an irregular singular point
of (7.4.2).
Example 7.4.1 Bessel’s equation,
X2y +xy + (x> =v?)y =0, (7.4.4)

has the singular point xo = 0. Since this equation is of the form (7.4.3) with xo = 0, A(x) = 1,
B(x) = 1, and C(x) = x* — v, it follows that xo = 0 is a regular singular point of (7.4.4).

Example 7.4.2 Legendre’s equation,
(1-x>)y" =2xy +a(a+ 1)y =0, (7.4.5)
has the singular points xo = +1. Multiplying through by 1 — x yields
x=D*x+ 1y +2x(x=1)y —a(a+D(x-1)y=0,

which is of the form (7.4.3) withxg = 1, A(x) =x+1, B(x) = 2x,and C(x) = —a(a+1)(x—1).
Therefore xp = 1 is a regular singular point of (7.4.5). We leave it to you to show that xg = —1
is also a regular singular point of (7.4.5).
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Example 7.4.3 The equation
Xy +xy +y=0

has an irregular singular point at xo = 0. (Verify.)

For convenience we restrict our attention to the case where xo = 0 is a regular singular point
of (7.4.2). This isn’t really a restriction, since if xo # 0 is a regular singular point of (7.4.2) then
introducing the new independent variable t = x — x¢ and the new unknown Y (z) = y(t + xq)
leads to a differential equation with polynomial coefficients that has a regular singular point at
to = 0. This is illustrated in Exercise 22 for Legendre’s equation, and in Exercise 23 for the
general case.

Euler Equations

The simplest kind of equation with a regular singular point at xo = 0 is the Euler equation,
defined as follows.

Definition 7.4.2 An Euler equation is an equation that can be written in the form
ax*y" + bxy +cy =0, (7.4.6)
where a, b, and c¢ are real constants and a # 0.

Theorem 5.1.1 implies that (7.4.6) has solutions defined on (0, c0) and (—o0, 0), since (7.4.6)
can be rewritten as

b c
ay"+ =y + 5y =0.
X X
For convenience we’ll restrict our attention to the interval (0, o). (Exercise 19 deals with

solutions of (7.4.6) on (—co0,0).) The key to finding solutions on (0, o) is that if x > 0 then x"

is defined as a real-valued function on (0, co) for all values of r, and substituting y = x" into
(7.4.6) produces

ax?r(r = Dx"2 + bxrx™ ' + ¢ex”
[ar(r —1) + br + c]x".

ax>(x")” + bx(x") + cx”

(7.4.7)

The polynomial
p(r)y=ar(r—=1)+br+c

is called the indicial polynomial of (7.4.6), and p(r) = 0 is its indicial equation. From (7.4.7)
we can see that y = x” is a solution of (7.4.6) on (0, o) if and only if p(r) = 0. Therefore, if the
indicial equation has distinct real roots 7 and r; then y; = x" and y, = x"2? form a fundamental
set of solutions of (7.4.6) on (0, 00), since y;/y; = x"27"! is nonconstant. In this case

y=c1x" + cpx"
is the general solution of (7.4.6) on (0, c0).
Example 7.4.4 Find the general solution of
X2y —xy' =8y =0 (7.4.8)

on (0, o).


https://mathshistory.st-andrews.ac.uk/Biographies/Euler/
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Solution The indicial polynomial of (7.4.8) is

p(ry=r(r=1)—-r—-8=(r-4)(r+2).

2

Therefore y; = x* and y, = x~2 are solutions of (7.4.8) on (0, o), and its general solution on

(0, 00) is
y=cixt + %
x
Example 7.4.5 Find the general solution of
6x2y” +5xy =y =0 (7.4.9)

on (0, o).

Solution The indicial polynomial of (7.4.9) is
p(ry=6r(r=1)+5r—-1=Q2r-1)@Gr+1).
Therefore the general solution of (7.4.9) on (0, o) is

1/3. -

y = clxl/2 +cox
If the indicial equation has a repeated root ry, then y; = x"! is a solution of
ax®y” + bxy +cy =0, (7.4.10)

on (0, c0), but (7.4.10) has no other solution of the form y = x". If the indicial equation
has complex conjugate zeros then (7.4.10) has no real-valued solutions of the form y = x".
Fortunately we can use the results of Section 5.2 for constant coefficient equations to solve
(7.4.10) in any case.

Theorem 7.4.3 Suppose the roots of the indicial equation
ar(r=1)+br+c=0 (7.4.11)

are ry and ry. Then the general solution of the Euler equation

ax®y” + bxy’ +cy =0 (7.4.12)
on (0, 00) is
y = c1xX"" + cpx"? if ry and ry are distinct real numbers ;
y = x""(cr+colnx)ifri =rp;
y = x*[cicos(wlnx) + cosin(wlnx)] if ri,ra = A + iw with w > 0.

Proof We first show that y = y(x) satisfies (7.4.12) on (0, o) if and only if Y (7) = y(e’)
satisfies the constant coefficient equation
d*Y

dy
aﬁ-F(b—Cl)Z'FCY:O (7.4.13)
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on (—oo,00). To do this, it’s convenient to write x = e’, or, equivalently, = Inx; thus,
Y(t) = y(x), where x = ¢'. From the chain rule,

dY dydx
dt  dx dt
and, since
dx s
d 7
it follows that . J
y
— = x—=. 7.4.14
dr (74.19

Differentiating this with respect to ¢ and using the chain rule again yields
d’Y  d (aYy\ _d [ dy
a?  dr\dr) " dr\“dx

dx dy d?y dx

dt dx  dx?* dt

dy N 2d2y ) dx
= x—+x— since — = x| .
dx dx? dt

From this and (7.4.14),
,d*y d*Y dY
X'—= = — - —.
dx?  dr? dt
Substituting this and (7.4.14) into (7.4.12) yields (7.4.13). Since (7.4.11) is the characteristic
equation of (7.4.13), Theorem 5.2.1 implies that the general solution of (7.4.13) on (—o0, o) is

Y(t) = cie™ +cye’ if ri and ry are distinct real numbers;
Y(1) = e"(ci+cat)ifry =ra;
Y(r) = et (crcoswt + cysinwt) ifri,rp = A +iw with w # 0.

Since Y (t) = y(e'), substituting ¢ = Inx in the last three equations shows that the general
solution of (7.4.12) on (0, o) has the form stated in the theorem.

Example 7.4.6 Find the general solution of
X2y =5xy" +9y =0 (7.4.15)

on (0, c0).

Solution The indicial polynomial of (7.4.15) is
p(r)=r(r-1)=5r+9=(r-3)>2
Therefore the general solution of (7.4.15) on (0, o0) is

y =x3(cy + ¢z 1nx).
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Example 7.4.7 Find the general solution of
X2y +3xy 42y =0 (7.4.16)
on (0, c0).

Solution The indicial polynomial of (7.4.16) is
p()=rr=D)+3r+2=(r+1>+1.

The roots of the indicial equation are r = —1 +{ and the general solution of (7.4.16) on (0, o) is

1
y = —[cicos(Inx) + ¢y sin(Inx)] .
X

Exercises

In Exercises 1-18 find the general solution of the given Euler equation on (0, o).

L x*y” +7xy +8y =0 2. X2y =Txy’ +7y=0
3.x%" —xy +y=0 4. x*y" +5xy’ +4y =0
5. x%" +xy'+y=0 6. x>y” =3xy’ + 13y =0
7. x2y” +3xy’ =3y =0 8. 12x%y”" —5xy" +6y =0
9. 4x%y” +8xy' +y =0 10. 3x%y” —xy" +y =0
11. 2x%y” = 3xy' +2y =0 12. x%y" +3xy" +5y =0
13. 9x%y” +15xy’ +y =0 14. x>y" —xy" +10y =0
15. x>y”" =6y =0 16. 2x%y” +3xy' —y =0
17. x2y" = 3xy' +4y =0 18. 2x%y” +10xy’ +9y =0

19. (a) Adapt the proof of Theorem 7.4.3 to show that y = y(x) satisfies the Euler equation
ax*y” +bxy +¢cy =0 (7.4.1)
on (—c0,0) if and only if Y (¢) = y(—e') satisfies

sz

d2 +(b—a)—+cY 0

on (—oo, 00).



CHAPTER']. SERIES SOLUTIONS OF LINEAR SECOND ORDER EQUATIONS 357

(b) Use (a) to show that the general solution of (7.4.1) on (—o0,0) is

y = cilx|™" + ca]x|™? if r; and r; are distinct real numbers;
y = [xI"(c1 +c2lnlx]) if ry = ro;
y = |x|*[cicos (wln|x|) + casin (wln|x|)] if ri, 7 = A + iw with w > 0.

20. Use reduction of order to show that if
ar(r=1)+br+c=0

has a repeated root r; then y = x"'(c| + ¢; Inx) is the general solution of

ax*y” +bxy +cy=0

on (0, c0).
21. A nontrivial solution of
Po(x)y” + P1(x)y" + P2(x)y =0
is said to be oscillatory on an interval (a, b) if it has infinitely many zeros on (a, b).
Otherwise y is said to be nonoscillatory on (a, b). Show that the equation
x*y"+ky=0 (k= constant)
has oscillatory solutions on (0, o) if and only if £ > 1/4.

22. In Example 7.4.2 we saw that xo = 1 and xo = —1 are regular singular points of Legendre’s
equation
(1 -x2)y" —2xy +a(a+1)y=0. (A)

(a) Introduce the new variables t = x — 1 and Y (¢) = y(¢ + 1), and show that y is a
solution of (A) if and only if Y is a solution of

d*y dy
(2 + t)ﬁ +2(1 + I)E —a(a+1)Y =0,

which has a regular singular point at 7o = 0.

(b) Introduce the new variables r = x + 1 and Y(¢) = y(t — 1), and show that y is a
solution of (A) if and only if Y is a solution of

d*y dy
[(2—I)W +2(1 —I)E +a(a'+ l)Y = 0,

which has a regular singular point at 79 = 0.

23. Let Py, P, and P, be polynomials with no common factor, and suppose xo # O is a
singular point of
Po(x)y” + P1(x)y" + P2(x)y = 0. (A)

Lettr =x—xpand Y(7) = y(t + xq).

(a) Show that y is a solution of (A) if and only if Y is a solution of

d*y dy
Ro(t)— + R1(t)— + R,(1)Y = 0. B
o) =5 + RI(D T + Ra(0) (B)
where

R,’(l‘) :Pi(l+X()), i=0,1,2.

(b) Show that Ry, R}, and R; are polynomials in ¢ with no common factors, and Ry (0) =
0; thus, #9 = 0 is a singular point of (B).
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7.5 The Method of Frobenius I

In this section we begin to study series solutions of a homogeneous linear second order differential
equation with a regular singular point at xo = 0, so it can be written as

x2A(x)y” + xB(x)y + C(x)y =0, (7.5.1)

where A, B, C are polynomials and A(0) # 0.
We’ll see that (7.5.1) always has at least one solution of the form

o0

y=x" Zanx”

n=0

where ap # 0 and r is a suitably chosen number. The method we will use to find solu-
tions of this form and other forms that we’ll encounter in the next two sections is called
the method of Frobenius, and we’ll call them Frobenius solutions.

It can be shown that the power series }..° ; a,x" in a Frobenius solution of (7.5.1) converges
on some open interval (—p, p), where 0 < p < co. However, since x” may be complex for
negative x or undefined if x = 0, we’ll consider solutions defined for positive values of x. Easy
modifications of our results yield solutions defined for negative values of x. (Exercise 54).

We’ll restrict our attention to the case where A, B, and C are polynomials of degree not greater
than two, so (7.5.1) becomes

(a0 + arx + axx?)y” +x(Bo + Bix + ox?)y’ + (o + y1x + y2x?)y = 0, (7.5.2)

where «;, B;, and y; are real constants and oo # 0. Most equations that arise in applications can
be written this way. Some examples are

ax®y” + Bxy’ +yy = 0 (Euler’s equation),
x*y” +xy + (x* v}y = 0 (Bessel’s equation),

and

xy” + (1 —x)y" + 2y 0, (Laguerre’s equation),

where we would multiply the last equation through by x to put it in the form (7.5.2). However,
the method of Frobenius can be extended to the case where A, B, and C are functions that can be
represented by power series in x on some interval that contains zero, and A(0) # 0 (Exercises 57
and 58).

The next two theorems will enable us to develop systematic methods for finding Frobenius
solutions of (7.5.2).

Theorem 7.5.1 Let
Ly = x*(ap + a1x + apx?)y” + x(Bo + Bix + BoxD)y’ + (yo + y1x + y2x%)y,

and define

aor(r — 1) + Bor + yo,
arr(r—1) + pir + vy,

arr(r—1) + Bor + v;.

po(r)
pi(r)
p2(r)


https://mathshistory.st-andrews.ac.uk/Biographies/Frobenius/
https://mathshistory.st-andrews.ac.uk/Biographies/Frobenius/
https://mathshistory.st-andrews.ac.uk/Biographies/Laguerre/
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Suppose the series

y= ) ap™ (7.5.3)
n=0
converges on (0, p). Then
Ly= Z bux™" (7.5.4)
n=0
on (0, p), where
by = po(r)ao,
bi = po(r+lai + pi(r)ao, (7.5.5)
b, = pon+rya,+pi(n+r—-0a,_1+pr(n+r—-2)a,—», n=2.

Proof We begin by showing that if y is given by (7.5.3) and «, 3, and y are constants, then

ax?y” + Bxy’ +yy = Z p(n+ryax"", (7.5.6)
n=0

where
p(r)y=ar(r—1)+Br+vy.
Differentiating (7.5.3) twice yields

y = Z(n +r)ax" ! (7.5.7)
n=0
and -
y' = Z(n +r)(n+r—Dax"" 2 (7.5.8)
n=0

Multiplying (7.5.7) by x and (7.5.8) by x? yields

o0
xy = Z(n +7r)ax""
n=0

and

X%y = Z(n +r)(n+r—1)ax"".
n=0

Therefore

a/xzy” + Bxy’ +yy Z [a(n+r)(n+r—=1)+B(n+r)+y]ax"""
n=0

o0
Z p(n+ryax"",
n=0

which proves (7.5.6).



CHAPTER']. SERIES SOLUTIONS OF LINEAR SECOND ORDER EQUATIONS 360

Multiplying (7.5.6) by x yields

x(a/xzy" + Bxy’ +7yy) = Z p(n+ Fax™ = Z p(n+r—1a,_1x"". (7.5.9)
n=0 n=1

Multiplying (7.5.6) by x? yields

x(ax?y” + Bxy’ +yy) = Z p(n+r)ax™? = Z p(n+r—2)a,x"*". (7.5.10)
n=0 n=2

To use these results, we rewrite
Ly = x*(ap + a1x + aax?)y” + x(Bo + Bix + B2xD)y’ + (yo + y1x + y2x?)y

as
Ly = (aox?y” + Boxy’ +yoy) +x (a1x?y” + B1xy’ + y1y)
+ x% (a2x?y” + Baxy’ +y2y) .

From (7.5.6) with p = po,

(7.5.11)

aox?y” + Boxy’ + Yoy = Z po(n+r)ax"".
n=0

From (7.5.9) with p = py,
X (cnxzy” + B1xy’ + 71y) = Z pi(n+r—1Dax™".
n=1
From (7.5.10) with p = pa,
X (azxzy” + Boxy’ + sz) = > pa(n+r=2)a,x"".
n=2
Therefore we can rewrite (7.5.11) as

Ly = Zpo(n +7r)ax™ + Z pr(n+r—1a,_1x"*"

n=0 n=1
(o]
+ Z po(n+r—2)a,_x"*",
n=2
or

r+1

Ly = po(r)aox” + [po(r+ Dai + pi1(r)aol x

+ Z [po(n+r)a, + pi(n+r—1Dayi + pr(n+r—2)a,_] x"",
n=2

which implies (7.5.4) with {b,,} defined as in (7.5.5).
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Theorem 7.5.2 Let

Ly = x*(ap + a1x + a2x?)y” + x(Bo + B1x + Box?)y + (yo + y1x + y2x?)y,

where ag # 0, and define

po(r) = aor(r—1) + Bor + o,
pi(r) = air(r—1)+pir+vi,
p2(r) = aor(r —1) + for + 2.

Suppose r is a real number such that po(n + r) is nonzero for all positive integers n. Define

aop(r) = 1,
a(r) = - pi(r)
po(r‘ + 1)’ (7.5.12)
_ pin+r—=1a,1(r) + p2(n+r—2)a,(r)
al’l(r) - - ’ n 2 2-
po(n+r)
Then the Frobenius series -
y(x,r) =x" Z a,(r)x" (7.5.13)
n=0
converges and satisfies
Ly(x,r) = po(r)x" (7.5.14)

on the interval (0, p), where p is the distance from the origin to the nearest zero of A(x) =
@) + a1x + arx? in the complex plane. (If A is constant, then p = co.)

If {a,(r)} is determined by the recurrence relation (7.5.12) then substituting a, = a,(r) into
(7.5.5) yields by = po(r) and b,, = O forn > 1, so (7.5.4) reduces to (7.5.14). We omit the proof
that the series (7.5.13) converges on (0, p). [

Ifa; =6 =v;,=0fori =1,2,then Ly = 0 reduces to the Euler equation

agx®y” + Boxy’ +yoy = 0.
Theorem 7.4.3 shows that the solutions of this equation are determined by the zeros of the
indicial polynomial
po(r) = agr(r — 1) + Bor + yo.
Since (7.5.14) implies that this is also true for the solutions of Ly = 0, we’ll also say that pg is

the indicial polynomial of (7.5.2), and that po(r) = 0 is the indicial equation of Ly = 0. We’ll
consider only cases where the indicial equation has real roots r and r,, with r| > r;.

Theorem 7.5.3 Let L and {a,(r)} be as in Theorem 7.5.2, and suppose the indicial equation
po(r) =0 of Ly = 0 has real roots r1 and ry, where r\ > ro. Then

(o)

i) = y(em) =x" ) an(r)x"

n=0
is a Frobenius solution of Ly = 0. Moreover, if r| — ry isn’t an integer then

(o)

y2(x) = y(x,r2) =X ) an(ra)x"

n=0

is also a Frobenius solution of Ly = 0, and {y1, y»2} is a fundamental set of solutions.
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Proof Since r; and r; are roots of pg(r) = 0, the indicial polynomial can be factored as

po(r) = ao(r —r1)(r —r2). (7.5.15)
Therefore
po(n+r1) =nag(n+ry—ry),

which is nonzero if n > 0, since r; — rp > 0. Therefore the assumptions of Theorem 7.5.2 hold
with r = ry, and (7.5.14) implies that Ly; = po(r;)x™ = 0.
Now suppose r| — r, isn’t an integer. From (7.5.15),

po(n+ry) =nagn—ri+ry) #0 it n=1,2,.--

Hence, the assumptions of Theorem 7.5.2 hold with » = r;, and (7.5.14) implies that Ly, =
po(r2)x" = 0. We leave the proof that {y, y»} is a fundamental set of solutions as an exercise
(Exercise 52). [ |

It isn’t always possible to obtain explicit formulas for the coefficients in Frobenius solutions.
However, we can always set up the recurrence relations and use them to compute as many
coeflicients as we want. The next example illustrates this.

Example 7.5.1 Find a fundamental set of Frobenius solutions of
20721+ x +x2)y” +x(9 + 11x + 11x%)y" + (6 + 10x + 7x%)y = 0. (7.5.16)

Compute just the first six coefficients ay,. . . , a5 in each solution.

Solution For the given equation, the polynomials defined in Theorem 7.5.2 are

po(r) = 2r(r=1)+9r+6 = (Q2r+3)(r+2),
pi(r) = 2r(r=1)+11r+10 = Q2r+5)(r+2),
pa(r)y = 2r(r—=D+1lr+7 = Qr+7)(r+1).

The zeros of the indicial polynomial pg are r{ = =3/2 and r, = =2, so r; —rp = 1/2. Therefore
Theorem 7.5.3 implies that

[ee]

y1 =x3? Z an(=3/2)x" and yy=x"2 Z an(—=2)x" (7.5.17)
n=0 n=0

form a fundamental set of Frobenius solutions of (7.5.16). To find the coefficients in these series,
we use the recurrence relation of Theorem 7.5.2; thus,

ap(r) = 1,
ar) = - pi(r) _ @r+5(r+2)  r+2
s T+ ) 2r+5)(r+3)  r+3

_pl(n +r—1an1 +pa(n+r—-2)a,

anlr) = po(n+r)
~ (n+r+1)@2n+2r+3)a1(r)+ (n+r—-1)2n+2r + 3)a,2(r)
- (n+r+2)2n+2r+3)

(n+r+Da,_1(r)+ (n+r—1)a,_(r)
= - , n>2.
n+r+?2




CHAPTER']. SERIES SOLUTIONS OF LINEAR SECOND ORDER EQUATIONS 363

Setting r = —3/2 in these equations yields

ap(-3/2) = 1,
a(=3/2) = =173, (7.5.18)
e = 1= Dan D+ CrmSan(=3D
2n+1
and setting r = -2 yields
ap(=2) = 1,
a(=2) = 0, (7.5.19)
an(_z) — _(”_1)an—l(_2)+(n_3)an—2(_2), n>2.

n

Calculating with (7.5.18) and (7.5.19) and substituting the results into (7.5.17) yields the fun-
damental set of Frobenius solutions
1 2, 5 3 T 4 76 5+._.)’

= xl-cx+ 2 - =3t ——
= ( 3775 T T13st T 11sst

1 1 1 1
y2 = x_2(1+§x2—§x3+§x4+3—0x5+°-').

Special Cases With Two Term Recurrence Relations

For n > 2, the recurrence relation (7.5.12) of Theorem 7.5.2 involves the three coefficients
an(r), ap-1(r), and a,—(r). We’ll now consider some special cases where (7.5.12) reduces
to a two term recurrence relation; that is, a relation involving only a,(r) and a,-1(r) or only
a,(r) and a,—»(r). This simplification often makes it possible to obtain explicit formulas for
the coefficients of Frobenius solutions.

We first consider equations of the form

2o + a1x)y” +x(Bo + B1x)y’ + (yo + y1x)y = 0

with g # 0. For this equation, @y = 82 = y2 = 0, so p» = 0 and the recurrence relations in
Theorem 7.5.2 simplify to

ao(r) = 1,
() _pin+r- 1)%_1(”’ n> 1 (7.5.20)
po(n+r)
Example 7.5.2 Find a fundamental set of Frobenius solutions of
x2(3+x)y” +5x(1 +x)y — (1 —4x)y = 0. (7.5.21)

Give explicit formulas for the coefficients in the solutions.

Solution For this equation, the polynomials defined in Theorem 7.5.2 are

po(r) = 3r(r=1)+5r—-1 = Q@r-1D(r+1),
pi(r) = r(r=1)+5r+4 = (r+2)2,
pa(r) = 0.
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The zeros of the indicial polynomial pg are r; = 1/3 and r, = —1, so r| — r, = 4/3. Therefore
Theorem 7.5.3 implies that

(o)

yi :xl/3Zan(1/3)x” and y; =x"! Zan(—l)x”
n=0

n=0

form a fundamental set of Frobenius solutions of (7.5.21). To find the coefficients in these series,
we use the recurrence relations (7.5.20); thus,

ap(r) = 1,
a,(r) = “2Er=b oo
po(n+r)
A1y o (7.5.22)
B (3n+3r—1)(n+r+1)an_1 ’
n+r+1
= —man_l(?‘), n>1.
Setting r = 1/3 in (7.5.22) yields
ao(1/3) = 1,
3n+4

a,(1/3) a,—1(1/3), n>1.

9n

By using the product notation introduced in Section 7.2 and proceeding as we did in the examples

in that section yields
(—1)" [T, (3] +4)

an(1/3) = s 1
Therefore
S DTG+ 4)
-7 Z 9] x
is a Frobenius solution of (7.5.21).
Setting r = —1 in (7.5.22) yields
CZ()(—l) = 1,
n
a,(-1) = —3n_4an_1(—1), n>1,
% 1o D!
ap(—1) = =—F—~.
Hj:1(3] —-4)
Therefore
— x—l Z ( 1)nn| X"
[T5.,(3j - A
is a Frobenius solution of (7.5.21), and {y1, y»} is a fundamental set of solutions. [

We now consider equations of the form

X (ap + @2x?)y” + x(Bo + Bax?)y + (yo + y2x2)y = 0 (7.5.23)
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with a¢ # 0. For this equation, @; = 81 = y; = 0, so p; = 0 and the recurrence relations in
Theorem 7.5.2 simplify to

ao(r) = 1,
ai(r) = 0,
a,(r) = —Man_z(r), n>2.

po(n+r)

Since a;(r) = 0, the last equation implies that a,(r) = 0 if n is odd, so the Frobenius solutions
are of the form

(0]

Y r) =27 ) an(r)x®",

m=0
where
ao(r) = 1,
p2(2m+r-2) (7.5.24)
m = - m— ’ > 1.
azm(r) po2m 1) ayn—(r), m
Example 7.5.3 Find a fundamental set of Frobenius solutions of
2 2N 2N 2 _
x2=x)y"=x(B+4x)y' + (2-2x")y = 0. (7.5.25)

Give explicit formulas for the coefficients in the solutions.

Solution For this equation, the polynomials defined in Theorem 7.5.2 are

po(r) = 2rr-1)-=-3r+2 = (r-2)2r-1),
pi(r) = 0
pa(r)y = —[rr=1)+4r+2] = —(r+1)(r+2).

The zeros of the indicial polynomial pg are r; = 2 and r, = 1/2, so ry — r, = 3/2. Therefore
Theorem 7.5.3 implies that

[00] (o)

y1= x? Z a2m(2)x2m and y; = X2 Z aZm(l/z)x2m

m=0 m=0

form a fundamental set of Frobenius solutions of (7.5.25). To find the coefficients in these series,
we use the recurrence relation (7.5.24); thus,

ap(r) = 1,
_p2@2m+r-2) )
po(m +r) 2 (7.5.26)

_ Cm+r)2m+r-1)
- (2m+r—2)(4m+2r_l)azm—Z(r)’ m > 1.

a2m(r) =

Setting r = 2 in (7.5.26) yields

ap(2) = 1,

an(2) = (mn:(z)’flzfgl)azm—z@), m>1,
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SO
= 2j+ 1
2) = +1 .
Therefore
- T 2j+1
2 2m
Y =X (m+1) -
mzzo i<l 47 +3

is a Frobenius solution of (7.5.25).
Setting r = 1/2 in (7.5.26) yields

ao(1/2) = 1,
dm-1)dm+1)

(172 wa(1/2), m>1,
axm(1/2) Sm@m =3 © 2(1/2), m
SO .
1 4j-1)4j+1)
1/2) = .
am(1/2) = g ,Ul 47-3
Therefore

| 4 -D(4j+1)
— 1/2 2m
2= ’;)Smm! B 45 -3 *

is a Frobenius solution of (7.5.25) and {yy, y»} is a fundamental set of solutions.

Remark: Thus far, we considered only the case where the indicial equation has real roots that
don’t differ by an integer, which allows us to apply Theorem 7.5.3. However, for equations of
the form (7.5.23), the sequence {ay,,(r)} in (7.5.24) is defined for r = r, if r| — r; isn’t an even
integer. It can be shown (Exercise 56) that in this case

[oe) [oe)
2 2
yr =x"! Z ay(r))x”™ and y, =x" Z azm(r2)x™"
m=0 m=0

form a fundamental set Frobenius solutions of (7.5.23).

USING TECHNOLOGY \

As we said at the end of Section 7.2, if you’re interested in actually using series to compute
numerical approximations to solutions of a differential equation, then whether or not there’s a
simple closed form for the coefficients is essentially irrelevant; recursive computation is usually
more efficient. Since it’s also laborious, we encourage you to write short programs to implement
recurrence relations on a calculator or computer, even in exercises where this is not specifically
required.

In practical use of the method of Frobenius when x¢ = 0 is a regular singular point, we’re
interested in how well the functions

N

v ) =2 an(r)x", =12,
n=0

approximate solutions to a given equation when r; is a zero of the indicial polynomial. In dealing
with the corresponding problem for the case where xo = 0 is an ordinary point, we used numerical
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integration to solve the differential equation subject to initial conditions y(0) = ag, y'(0) = a;,
and compared the result with values of the Taylor polynomial

N

Ty(x) = Z ax".

n=0

We can’t do that here, since in general we can’t prescribe arbitrary initial values for solutions of
a differential equation at a singular point. Therefore, motivated by Theorem 7.5.2 (specifically,
(7.5.14)), we suggest the following procedure.
Verification Procedure
Let L and Y, (x;r;) be defined by

Ly = x*(ap + a1x + a2x?)y” + x(Bo + Bix + Bax?)y + (o + y1x + y2x?)y

and
N

yw(r) =X ) an(r)x”,
n=0
where the coefficients {an(rl-)}r’:’:o are computed as in (7.5.12), Theorem 7.5.2. Compute the
error
En(x;ry) =x""Lyn(x;ri)/ao (7.5.27)

for various values of N and various values of x in the interval (0, p), with p as defined in
Theorem 7.5.2.

The multiplier x™"# /@ on the right of (7.5.27) eliminates the effects of small or large values
of x" near x = 0, and of multiplication by an arbitrary constant. In some exercises you will be
asked to estimate the maximum value of Ey (x; r;) on an interval (0, §] by computing En (x,,; ;)
at the M points x,, = mé/M, m =1, 2, ..., M, and finding the maximum of the absolute
values:

on(6) = max{|Ex(x;ri)|, m=1,2,...,M}. (7.5.28)

(For simplicity, this notation ignores the dependence of the right side of the equation on i and
M.)

To implement this procedure, you’ll have to write a computer program to calculate {a,(r;)}
from the applicable recurrence relation, and to evaluate Ey (x;7;).

The next exercise set contains five exercises specifically identified by that ask you to
implement the verification procedure. These particular exercises were chosen arbitrarily you
can just as well formulate such laboratory problems for any of the equations in any of the
Exercises 1-10, 14-25, and 28-51

Exercises

This set contains exercises specifically identified by | L | that ask you to implement the verification
procedure. These particular exercises were chosen arbitrarily you can just as well formulate
such laboratory problems for any of the equations in Exercises 1-10, 14-25, and 28-51.

In Exercises 1-10 find a fundamental set of Frobenius solutions. Compute ag, a; ..., ay for N
at least 7 in each solution.

1. 221+ x+x2)y”" +x(3+3x+5x%)y -y =0

2. 3x2y"” + 2x(1 +x = 2x%)y" + (2x — 8x%)y = 0
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w9

=

wn

=)

2

=]

9.

10.

11

12.

13.

2B +3x+x)y" +x(5+8x+7x%)y — (1 =2x —9x?)y =0
4x%y" +x(7T+2x +4x%)y — (1 —4x = Tx*)y =0
12x%(1 +x)y” + x(11 +35x + 3x%)y’ — (1 = 10x = 5x%)y =0
x2(5 +x + 10x%)y” + x(4 + 3x + 48x%)y’ + (x + 36x2)y =0
8x2y” —2x(3—4x —x2)y'+ B+ 6x +x%)y =0
18x2(1+x)y” +3x(5+ 1lx +x2)y — (1 = 2x = 5x%)y =0
xB+x+x)y"+ A +x-x2)y +xy=0
10x2(1 + x + 2x2)y” + x(13 + 13x + 66x2)y’ — (1 + 4x + 10x2)y = 0
The Frobenius solutions of
2021+ x +x2)y” +x(9+ 11x + 11x%)y" + (6 + 10x + 7x*)y = 0

obtained in Example 7.5.1 are defined on (0, p), where p is defined in Theorem 7.5.2.
Find p. Then do the following experiments for each Frobenius solution, with M = 20 and
0 =.5p, .7p, and .9p in the verification procedure described at the end of this section.

(a) Compute oy (6) (see Eqn. (7.5.28)) for N = 5, 10, 15,..., 50.
(b) Find N such that on(6) < 107.
(c) Find N such that oy (8) < 10710,

By Theorem 7.5.2 the Frobenius solutions of the equation in Exercise 4 are defined
on (0, c0). Do experiments (a), (b), and (c) of Exercise 11 for each Frobenius solution,
with M = 20 and ¢ = 1, 2, and 3 in the verification procedure described at the end of this
section.

The Frobenius solutions of the equation in Exercise 6 are defined on (0, p), where p
is defined in Theorem 7.5.2. Find p and do experiments (a), (b), and (c) of Exercise 11
for each Frobenius solution, with M = 20 and 6 = .3p, .4p, and .5p, in the verification
procedure described at the end of this section.

In Exercises 14-25 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients in each solution.

14.
15.
16.
17.
18.
19.
20.

2x2y" +x(3+2x)y = (1 =x)y =0

X2 +x)y" +x(5+4x)y = (1 =2x)y=0
229" +x(5+x)y = (2-3x)y =0

332y +x(1+x)y' =y =0

2x%y" —xy" + (1 =2x)y =0

9x2y” +9xy" — (1 +3x)y =0

332y +x(1+x)y = (1 +3x)y =0
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21. 2x2(3 +x)y” +x(1 +5x)y + (1 +x)y =0
22. x2(4+x)y" —x(1=3x)y +y=0

23. 2x%y" +5xy' + (1 +x)y =0

24. x>(3+4x)y”" +x(5+18x)y' = (1 = 12x)y =0
25. 6x2y” +x(10 —x)y' = (2+x)y =0

26. By Theorem 7.5.2 the Frobenius solutions of the equation in Exercise 17 are defined
on (0, c0). Do experiments (a), (b), and (c) of Exercise 11 for each Frobenius solution,
with M =20 and 6 = 3, 6, 9, and 12 in the verification procedure described at the end of
this section.

27. The Frobenius solutions of the equation in Exercise 22 are defined on (0, p), where p
is defined in Theorem 7.5.2. Find p and do experiments (a), (b), and (c) of Exercise 11
for each Frobenius solution, with M = 20 and 6 = .25p, .5p, and .75p in the verification
procedure described at the end of this section.

In Exercises 28-32 find a fundamental set of Frobenius solutions. Compute coefficients ay, . . .,
ay for N at least 7 in each solution.

28. 228+ x)y" +x(2+3x)y + (1 +x)y =0
29. 223 +4x)y” +x(11 +4x)y — (3 +4x)y =0
30. [C] 2x2(2+3x)y” + x(4 + 11x)y = (1 =x)y = 0
31. X222 +x)y" +5x(1-x)y = (2-8x)y =0
32. |Cl x2(6+x)y” +x(11 +4x)y’ + (1 +2x)y =0

In Exercises 33—46 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients in each solution.

33. 8x%y" +x(2+x%)y +y=0

34. 8x%(1 —x2)y” +2x(1 = 13x?)y’ + (1 =9x%)y =0
35. x2(1 +x2)y”" —=2x(2 - x%)y +4y =0

36. x(3+x2)y" +(2-x%)y -8y =0

37. 4x%(1 —x2)y” +x(7 = 19x2)y’ — (1 + 14x%)y =0
38. 3x2(2—x?)y” +x(1 = 11x%)y + (1 = 5x%?)y =0
39. 2x2(2 +x2)y” —x(12=7x%)y + (7 +3x?)y =0
40. 2x>(2 +x2)y" +x(4 +7x%)y = (1 =3x?)y =0
41. 2x%(1 +2x2)y” + 5x(1 + 6x)y’ — (2 - 40x>)y =0

42, 3x* (1 +x2)y” +5x(1 +x3)y — (1 +5x%)y =0
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43. x(1 +x2)y" + (4+7x>)y +8xy =0

4. x>2+x3)y" +xB+x>)y —-y=0

45. 2x*(1 +x2)y” +x(3+ 8x%)y — (3 —4x?)y =0
46. 9x%y” +3x(3 +x%)y = (1 -5x>)y =0

In Exercises 47-51 find a fundamental set of Frobenius solutions. Compute the coefficients ay,
..., ayy for M at least 7 in each solution.

47. 6x2y" +x(1 +6x2)y" + (1 +9x%)y =0

48. X2 (8 +x2)y" +Tx(2+x%)y - (2-9x%)y =0

49. [C| 9x2(1 + x2)y” + 3x(3 + 13x2)y’ — (1 = 25x2)y = 0
50. [C| 4x2(1 +x2)y” + 4x(1 + 6x2)y — (1 = 25x%)y = 0
51. [C] 8x2(1 + 2x2)y” + 2x(5 + 34x2)y’ — (1 = 30x%)y = 0

52. Suppose ry > rp, ag = bg = 1, and the Frobenius series

(o)

(o]
yi = x"! Z ax" and y, =x" Z b,x"
n=0 n=0

both converge on an interval (0, p).

(a) Show that y; and y; are linearly independent on (0, p). Hint: Show that if c¢| and c;
are constants such that c1y| + cpy2 = 0 on (0, p), then

[00)

o
cx'"n Z ax" + ¢ Z bx"=0, 0<x<p.
n=0 n=0

Then let x — 0+ to conclude that ¢, = 0.

(b) Use the result of (a) to complete the proof of Theorem 7.5.3.

53. The equation
X2y +xy + (x> =vH)y =0 (7.5.1)

is Bessel’s equation of order v. (Here v is a parameter, and this use of “order” should not
be confused with its usual use as in “the order of the equation.”) The solutions of (7.5.1)
are Bessel functions of order v.

(a) Assuming that v isn’t an integer, find a fundamental set of Frobenius solutions of
(7.5.1).

(b) If v = 1/2, the solutions of (7.5.1) reduce to familiar elementary functions. Identify
these functions.

54. (a) Verify that

d d?
— (Ix'x) = (n+)x]x"' and — (]x|'x") = (n+r)(n+r—1)|x|x"2
dx dx?

if x #0.


https://mathshistory.st-andrews.ac.uk/Biographies/Bessel/
https://mathshistory.st-andrews.ac.uk/Biographies/Bessel/
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(b) Let
Ly = x*(ap + a1x + a2x?)y” + x(Bo + Brx + Bax?)y + (yo + y1x + y2x?)y = 0.

Show that if x" 37> ; a,x" is a solution of Ly = 0 on (0, p) then [x|" X, a,x" is a
solution on (—p, 0) and (0, p).

55. (a) Deduce from Eqn. (7.5.20) that

S = (-1 [ [ =D
Sl ey

(b) Conclude that if po(r) = ao(r — r1)(r — rp) where r| — r; is not an integer, then

00 (o]
yp = x" Z a,(r))x" and y, =x" Z an(ra)x"
n=0 n=0

form a fundamental set of Frobenius solutions of
x*(ap + a1x)y” +x(Bo + f1x)y’ + (yo + y1x)y = 0.
(c) Show that if pg satisfies the hypotheses of (b) then

y :x”i S n nx”
: n! 1}, (j +r1—r2) \ao

n=0

and

y =Xr2i - n nx"
2 n! 152, (G +r2—r) \eo

n=0
form a fundamental set of Frobenius solutions of

aox?y” + Boxy’ + (yo + y1x)y = 0.

56. Let
Ly = x*(ao + a2x?)y” + x(Bo + Box)y’ + (yo + y2x2)y = 0
and define
po(r) =aor(r—1)+ Bor +yo and po(r) = apr(r — 1) + Bor + ys.
(a) Use Theorem 7.5.2 to show that if

ap(r) = 1,

p0(2m + r)ClZm(r) + P2(2m +r— 2)612,,,_2(}") =0 m2>1, (7.5.1)

then the Frobenius series y(x,7) = x" 2,7 armx>™ satisfies Ly (x,r) = po(r)x”.

(b) Deduce from (7.5.1) that if po(2m + r) is nonzero for every positive integer m then

) = (-1 - p2(2j+r-2)
azn(r) = (=1) D—po@j”)
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(c) Conclude that if po(r) = ao(r —r1)(r —rp) where r; — r; is not an even integer, then

oo oo

yp = x" Z o (r)X®™  and  y, = x" Z am (r2)x™"

m=0 m=0
form a fundamental set of Frobenius solutions of Ly = 0.

(d) Show that if pg satisfies the hypotheses of (c) then

X (=n" Y2 " 2
T 72 m
=2 §2mm!HTl(2j+r1—r2) o o

and
- (=™ Y2 " 2
— 2 72 m
y2 =2 mZ::Ome!H;flzl(Zj+r2—r1) o o

form a fundamental set of Frobenius solutions of

aox?y” + Boxy’ + (yo + yax*)y = 0.

57. Let
Ly = x*qo(x)y” + xq1(x)y’ + q2(x)y,
where . . N
qo(x) = Za/jxj, q1(x) = Z,Bjxj, q2(x) = Zijj,
Jj=0 Jj=0 j=0
and define

pi(r)y=ayr(r—-1)+pgir+vy;, j=0,1,....
Lety = x" 37" an,x". Show that

Ly =x" Z bx",
n=0

where

n
b, = ij(n +7r—j)an;.
=0

58. (a) Let L be as in Exercise 57, and suppose po(n + r) # 0 for every positive integer n.

Show that if -
y(x,r) = eran(r)x”
n=0
where
ap(r) = 1,
1 a -
a,(r) = —m;l’j(’?+r—])an—j(r>, n>1,
then

Ly(x,r) = po(r)x".
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(b) Conclude that if
po(r) = ao(r —r1)(r —r2)
where r| — rp isn’t an integer then y; = y(x,r;) and y, = y(x, rp) are solutions of
Ly =0.
59. Let
Ly = x*(ao + agx?)y” + x(Bo + Bx )y + (yo + v4x9)y
where ¢ is a positive integer, and define
po(r) =aor(r=1)+Bor+yo and py(r) =aur(r—1)+ B.r+vy,.
(a) Show that if

o0

y(x,r) =x" Z agm (r)x?"

m=0
where
ap(r) = 1,
Pq(g(m—1)+7) (7.5.1)
= - m— D Z 1’
aqm(r) po(qm T r) Agq(m-1) (I’) m
then

Ly(x,r) = po(r)x".
(b) Deduce from (7.5.1) that

m

agn(r) = (-1"| |

Jj=1

pe(q(j=1)+7)
polgj+r)

(¢) Conclude that if po(r) = ag(r — r1)(r — r) where r; — r; is not an integer multiple

of g, then
yr =x"! Z agm(r1)x?™ and  y, =x" Z Agm (r2)x?™
m=0 m=0

form a fundamental set of Frobenius solutions of Ly = 0.

(d) Show that if p satisfies the hypotheses of (c) then

o0 m
yr=x" Z D Ya)" yam
g"m! 17, (qj +ri—r2) \eg

m=0

and

y2 =x" i SUk % qu’"
g"m! 1L (qj +r2—r1) \ag

m=0

form a fundamental set of Frobenius solutions of

aox?y” + Boxy’ + (yo + y4x?)y = 0.
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60. (a) Suppose ag, a1, and a; are real numbers with ag # 0, and {a"};(;o is defined by
apa) + ajag =0
and
aol, + a1dy—1 + @2a,—» =0, n>2.
Show that

[ee]
(2o + @1x + a2x?) Z ax" = apag,
n=0

and infer that

(o]
Dy =

apx" = 5
=0 ag + a1 x + arx

(b) With ay, a1, and a3 as in (a), consider the equation

xz(ao + ajx + a/zxz)y" +x(Bo + Bix + ﬁzxz)y' + (yo+y1x + yzxz)y =0, (7.5.1)

and define
pi(r)y=ayr(r-1)+pgir+vy;, j=0,1,2.
Suppose
pi(r=1) pr-2) a
po(r) @’ po(r) @’
and

po(r) = ao(r —r)(r —r2),

where r| > rp. Show that

x" x"2
yi = 5 and  yr =
Qo + a1x + arxx

Qo + a1x + arx?

form a fundamental set of Frobenius solutions of (7.5.1) on any interval (0, p) on
which ag + a1x + a>x2 has no zeros.

In Exercises 61-68 use the method suggested by Exercise 60 to find the general solution on some
interval (0, p).

61. 2x>(1 +x)y”" —x(1 =3x)y’ +y =0

62. 6x2(1 4+ 2x%)y” + x(1 +50x%)y’ + (1 +30x?)y =0

63. 28x2(1 - 3x)y” = 7x(5+9x)y’ + 7(2 +9x)y =0

64. 9x2(5+x)y" +9x(5+3x)y = (5-8x)y =0

65. 8x2(2 —x2)y” + 2x(10 = 21x%)y’ — (2 + 35x?)y = 0

66. 4x2(1+3x +x2)y” —4x(1 =3x = 3x2)y +3(1 —x +x>)y =0
67. 3x2(1 +x)2y” —x(1 = 10x — 11x?)y" + (1 +5x%)y = 0

68. 4x>(3+2x +x%)y” —x(3 = 14x = 15x%)y' + 3+ 7x?)y =0
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7.6 The Method of Frobenius 11

In this section we discuss a method for finding two linearly independent Frobenius solutions of
a homogeneous linear second order equation near a regular singular point in the case where the
indicial equation has a repeated real root. As in the preceding section, we consider equations
that can be written as

(o + a1x + ax?)y” + x(Bo + Bix + fox?)y + (yo + y1x + y2x%)y = 0 (7.6.1)

where a¢ # 0. We assume that the indicial equation po(r) = 0 has a repeated real root r;. In
this case Theorem 7.5.3 implies that (7.6.1) has one solution of the form

oo

yi =x" Z anx",

n=0

but does not provide a second solution y; such that {y, y,} is a fundamental set of solutions.
The following extension of Theorem 7.5.2 provides a way to find a second solution.

Theorem 7.6.1 Let
Ly = xz(a/o +a1x + a/zxz)y" +x(Bo + Bix + ,b’zxz)y’ + (yo +y1x + yzxz)y, (7.6.2)

where ag # 0 and define

po(r) = aor(r —1) + Bor + o,
pi(r) = air(r—1)+pir+yi,
p2(r) = aor(r —1) + for + .

Suppose r is a real number such that po(n + r) is nonzero for all positive integers n, and define

ap(r) = 1,
pi(r)
ai(r -
)=
_ pin+r="Da,1(r) + pa(n+r—-2)a,2(r)
an(r) - = . n = 2.
po(n+r)
Then the Frobenius series -
y(x,r) =x" Z an(r)x" (7.6.3)
n=0
satisfies
Ly(x,r) = po(r)x". (7.6.4)
Moreover,
Ay PN
E(X’ r)=y(x,r)Inx +x ; a,(r)x", (7.6.5)
and

L (%(x, r)) = po(r)x” +x"po(r) Inx. (7.6.6)
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Proof Theorem 7.5.2 implies (7.6.4). Differentiating formally with respect to r in (7.6.3)
yields

%(xr) nz:;) ap(r)x" +x" Z a,(r)x"

n=1

0
(1)

(o) o0

= x"Inx Z a,(r)x" +x" Z a,(r)x"

n=0 n=1

(o)

= y(x,r)Inx +x" Z a,(r)x",

n=1

which proves (7.6.5).
To prove that dy(x,r)/dr satisfies (7.6.6), we view y in (7.6.2) as a function y = y(x,r) of
two variables, where the prime indicates partial differentiation with respect to x; thus,

r_ dy n_ 97y
y =yr)=-r) and y"=y"(x,r)=_——=(xr).
ox ox

With this notation we can use (7.6.2) to rewrite (7.6.4) as

a0 ) + 30102 @) + ) = pol. T67)
where
go(x) = ao+aix + ax?,
qi(x) = Bo+pix+pax’,
g2(x) = yo+y1x+yx’.

Differentiating both sides of (7.6.7) with respect to r yields
63 8%y
x*qo(x )5, a2 1) +xq1 () 7o (x.r) + qz(X) (x r) = po(r)x” + po(r)x” Inx.
By changing the order of differentiation in the first two terms on the left we can rewrite this as

63 2
X QO(X) (x r) +xq1(x)

a ’ r r
(1) + 2(0) 52 (x7) = ph(rx + po(r)x” Inx,

or
8 (dy d (dy dy
2 I 4 e 4 el — 5 r r
o) = ( " (x,r>) +xq1 () 7 ( ax(x,r))+612(x) 5 (67 = Pp(x” + po(r)x” Inx,

which is equivalent to (7.6.6).

Theorem 7.6.2 Let L be as in Theorem 7.6.1 and suppose the indicial equation po(r) = 0 has
a repeated real root ry. Then

(o)

i) = yem) =x" ) an(r)x"

n=0
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and

(9]

0
ya(x) = 8—1)()6, r1) = yi(x)Inx + x" Za;(rl)x” (7.6.8)

n=1

form a fundamental set of solutions of Ly = 0.

Proof Since r| is a repeated root of po(r) = 0, the indicial polynomial can be factored as

po(r) = ap(r —r1)?,
o)

po(n+ry) = aon?,
which is nonzero if n > 0. Therefore the assumptions of Theorem 7.6.1 hold with r = ry, and
(7.6.4) implies that Ly; = po(r1)x"™ = 0. Since

po(r) =2a0(r —ry)
it follows that p,(r1) = 0, so (7.6.6) implies that

Lyz = po(r)x" +x" po(r1) Inx = 0.

This proves that y; and y, are both solutions of Ly = 0. We leave the proof that {y, y2} is a
fundamental set as an exercise (Exercise 53).

Example 7.6.1 Find a fundamental set of solutions of
x2(1-2x+x2)y" —x(3+x)y + (4+x)y =0. (7.6.9)

Compute just the terms involving x"*"1, where 0 < n < 4 and r| is the root of the indicial
equation.

Solution For the given equation, the polynomials defined in Theorem 7.6.1 are
po(r) = r(r=1)=3r+4 = (r-2)>2
pi(ry = 2rr=1)-r+1 = -(r-1)Q2r+1),
pa(r) = r(r—1).

Since r; = 2 is a repeated root of the indicial polynomial pg, Theorem 7.6.2 implies that

(o)

yi = x° Z an(2)x" and y; = y;Inx + x> Z a,(2)x" (7.6.10)

n=0 n=1

form a fundamental set of Frobenius solutions of (7.6.9). To find the coefficients in these series,
we use the recurrence formulas from Theorem 7.6.1:

ap(r) = 1,
a(r) _pi(n) (= D@r+1) _2r+1
1 por+1) (r-1?  r-1’°
a (1’) _ _pl(n +r— l)an—l(r) +p2(l’l +r— Z)an_z(r)
S Do(n+7) (7.6.11)
_ (n+r=2)[@n+2r = Da,1(r) = (n+71 =3)apa(r)]
- (n+r-2)>2
= —(2n+2r—1)an_](r)_ (n+r_3)an—2(r),n22.

(n+r-2) m
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Differentiating yields
, 3
, 2n+2r-1 , n+r-3
@) = Ty (e
T A Y%n- G L P > 2.
(n+r-— 2)2a 1(r) (n+r-— 2)2a 2(r),

Setting r = 2 in (7.6.11) and (7.6.12) yields

ap(2) = 1,
ai(2) =5,
a@ = 0 0 - 00, w22
and
a2 = -3,
G2 = T @) - 0 - S 2) - as(), nz2

Computing recursively with (7.6.13) and (7.6.14) yields

143 355
00(2) =1, 611(2) = 5, 612(2) =17, a3(2) T a4(2) — T

e 29 859 4693
aj(2) = =3, ay(2) = -5, a4(2) = -, @4(2) = ==

Substituting these coefficients into (7.6. 10) yields

14
y1:x2(1+5x+17x2+—3x3+§x4+-~~)

3

and

34+ —x+—

20 859 , 4693 5 .
2T 18 36 '

378

(7.6.12)

(7.6.13)

(7.6.14)

Since the recurrence formula (7.6.11) involves three terms, it’s not possible to obtain a simple
explicit formula for the coefficients in the Frobenius solutions of (7.6.9). However, as we saw
in the preceding sections, the recurrence formula for {a,(r)} involves only two terms if either

=B1=y1=0o0ra; =8 =7y =0in (7.6.1). In this case, it’s often possible to find explicit

formulas for the coefficients. The next two examples illustrate this.
Example 7.6.2 Find a fundamental set of Frobenius solutions of
2022+ x)y" +5x°y + (1 +x)y = 0.

Give explicit formulas for the coefficients in the solutions.

(7.6.15)
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Solution For the given equation, the polynomials defined in Theorem 7.6.1 are

po(r) = 4r(r—-1)+1 = (2r — 1)2,
pi(ry = 2r(r=1)+5r+1 = (r+1)Q2r+1),
pa(r) = 0.

Since r; = 1/2 is a repeated zero of the indicial polynomial p(, Theorem 7.6.2 implies that

yi=x"%"a,(1/2)x" (7.6.16)
n=0
and .
ys = yp Inx + x'/2 Za;(l/z)x” (7.6.17)
n=1

form a fundamental set of Frobenius solutions of (7.6.15). Since p, = 0, the recurrence formulas
in Theorem 7.6.1 reduce to

ao(r) = 1,
_ piln+r—1)
an(r) = Dol +7) an-1(r),
(n+r)2n+2r-1)
= - an—l(r)’
(2n+2r —1)2
n+r
= oot nzl
We leave it to you to show that
[+ 7
an(r) = (-1 )" m n>0. (7.6.18)

Setting r = 1/2 yields

an(1/2)

( l)nn]+1/2_( 1)n1—[2J+1

o1 4 (7.6.19)
(- 1)" 427 +1)

= n> O
4"n! ’ -

Substituting this into (7.6.16) yields
(=D" T}, (2) + 1)

_ xl/ZZ o

To obtain y; in (7.6.17), we must compute a,(1/2) for n = 1, 2,.... We’ll do this by
logarithmic differentiation. From (7.6.18),
lj + rl
n > 1.
lan(r)l = 1—[|2] +2r — "
Therefore

Inla,(r)| = > (nlj+r|=In[2j+2r=1]).
j=1
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Differentiating with respect to r yields

a,(r) _ o 1 2
K(r)_Z(j+r_2j+2r—l)'

j=1

Therefore

, <V 2
“"(r)_“”(F)Z(j+r_2j+2r—1)'
=1

Setting r = 1/2 here and recalling (7.6.19) yields

, (=D"IT} 27+ 1) [ & 1 1
an(l/z): 4y (Z]+1/2_;;)

J=1

Since
1 1_j—j—1/2_ 1

JH12 G+ @+
(7.6.20) can be rewritten as

a(1/2) = -

(=1)" T, (2 + 1) Z I

47! 4 jCj+ 1)

Therefore, from (7.6.17),

n

— x".
J2j+1)

> (=D 27+ 1) [ & 1
_ _ 12 Jj=
y2=yilnx-x Z 2] Z
n=1 j=1
Example 7.6.3 Find a fundamental set of Frobenius solutions of

x%(2 —xz)y" —2x(1 + 2x2)y' +(2- 2x2)y =0.

Give explicit formulas for the coefficients in the solutions.

Solution For (7.6.21), the polynomials defined in Theorem 7.6.1 are

po(r) = 2r(r—-1)-2r+2 = 2(r — 1),
pi(r) = 0,
pa(r)y = —r(r=1)-4r-2 = —(r+1)(r+2).

380

(7.6.20)

(7.6.21)

As in Section 7.5, since p;| = 0, the recurrence formulas of Theorem 7.6.1 imply that a,(r) = 0

if n is odd, and

ap(r) = 1,
_ p2QCm+r-2)
ay(r) = - po(2m 1) azm—2(r)
. Cm4+r-1)C2m+r)
B 2(2m +r —1)2 aam-2(r)
2m+r

e — _ > 1.
202m +r — 1)a2m 2(r), m2
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Since r; = 1 is a repeated root of the indicial polynomial pg, Theorem 7.6.2 implies that

0]

yi=x ) ap(Dx™" (7.6.22)
m=0
and N
yo=yilnx +x Z aém(l)xzm (7.6.23)
m=1

form a fundamental set of Frobenius solutions of (7.6.21). We leave it to you to show that

2] +r
7.6.24
o (r) = Zmﬂzﬁr_l (7.6.24)
Setting r = 1 yields
_ 2j+1 _ T2, (2 + 1)
az(1) = 57 ]_! = (7.6.25)

and substituting this into (7.6.22) yields

Zw 7, (2) +1)
_ = 2m
1= 4" o

m=0

To obtain y; in (7.6.23), we must compute a;, (1) form = 1,2,.... Again we use logarithmic
differentiation. From (7.6.24),

2/ + 1]
a2 ()| = 57 ﬂ 3T

Taking logarithms yields
In|agm(r)| = —mIn2 + Z (In|2j +r|=In[2j +r—1|).
j=1
Differentiating with respect to r yields

G0 (1
ayu(r) “~\2j+r 2j+r-1)°

J=1

Therefore

1
a2m(r) —azm(r)z (2] +r 2j+r— 1)'

Setting r = 1 and recalling (7.6.25) yields

12,2/ +1) & 1 1
L) = —= -—. 7.6.26
o) 4] ;(2141 2]') (7.6.26)

Since
1 1 3 1

2j+1 2j  2j(2j+1)
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(7.6.26) can be rewritten as

[T 2/ + 1) i 1
2-4mml i+ 1)

(1) = -

Substituting this into (7.6.23) yields

Hm](2]+1) 1 2
2=y llnx__z 47m Zj(2j+1) o
j=1

If the solution y; = y(x, ;) of Ly = 0 reduces to a finite sum, then there’s a difficulty in using
logarithmic differentiation to obtain the coefficients {a),(r;)} in the second solution. The next
example illustrates this difficulty and shows how to overcome it.

Example 7.6.4 Find a fundamental set of Frobenius solutions of
x2y" —x(5-x)y + (9 —4x)y = 0. (7.6.27)

Give explicit formulas for the coefficients in the solutions.

Solution For (7.6.27) the polynomials defined in Theorem 7.6.1 are

po(r) = r(r=1)=5r+9 = (r-3)2
pi(r) = r—4,
p2(r) = 0.

Since r; = 3 is a repeated zero of the indicial polynomial pg, Theorem 7.6.2 implies that

yi=x > a,(3)x" (7.6.28)
n=0
and N
y2=yilnx+x3 )" al(3)x" (7.6.29)

n=1
are linearly independent Frobenius solutions of (7.6.27). To find the coefficients in (7.6.28) we
use the recurrence formulas

ap(r) = 1,
pi(n+r—-1)
an(r) —man—l(’”)
_ _—(::::;)2an_1(r), n>l.

We leave it to you to show that

j+r-5

an(r) = (= l)nn( PR (7.6.30)
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Setting r = 3 here yields

n .
n J 2
a,3) = (-1)"[ |
j=1 7
soa1(3) = 1 and a,(3) = 0if n > 2. Substituting these coefficients into (7.6.28) yields
yi =x2(1 +x).

To obtain y; in (7.6.29) we must compute a;,(3) forn = 1, 2, .... Let’s first try logarithmic
differentiation. From (7.6.30),

+r—
|Cln(r)| n |‘] 3|2 n> 1,

SO

n
Inla,(r)l = > (nj+r=5-2In|j+r-3].
j=1

Differentiating with respect to r yields

a,(r) g 1 B 2
m_;(]’+r—5 j+r—3)'

Therefore

- 1 2
a;(r):an(r)Z(].H_5 —j+r_3). (7.6.31)
Jj=1

However, we can’t simply set » = 3 here if n > 2, since the bracketed expression in the sum
corresponding to j = 2 contains the term 1/(r — 3). In fact, since a,(3) = 0 for n > 2, the
formula (7.6.31) for a),(r) is actually an indeterminate form at r = 3.

We overcome this difficulty as follows. From (7.6.30) withn = 1,

-4
ai(r) = (r o
Therefore _6
1(”) W’
SO
a’1(3) = -3, (7.6.32)

From (7.6.30) with n > 2,

H?:3(j +r—=75)

Gy = e,

an(r) = (=1)"(r = 4)(r - 3)

where SCIRT, 5)
g i+ =
en(r) = ("0 =) e nz2

Therefore
a,(ry=cuy(r)+ (r-=3)c,(r), n=2,
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which implies that a/,(3) = ¢,(3) if n > 3. We leave it to you to verify that

_1\n+l
a,(3) =c,(3) = %, n>?2.

Substituting this and (7.6.32) into (7.6.29) yields

_ 3 4 3 ( 1)n X"
va=x"(1+x)Inx —3x" — Zn(n—l)n' .

Exercises

In Exercises 1-11 find a fundamental set of Frobenius solutions. Compute the terms involving
X" where 0 < n < N (N at least 7) and ry is the root of the indicial equation. Optionally,
write a computer program to implement the applicable recurrence formulas and take N > 7.

1. 22y —x(1=x)y + (1 =x?)y =0

[\°}

. 221+ x+2x2)y" +x3+6x +7x2)y + (1 + 6x = 3x?)y =0

w

. 221+ 2x +x2)y" +x(1 +3x +4x?)y’ = x(1 = 2x)y =0

N

. A1 +x+ X))y + 1221 +x)y + (1 +3x +3x2)y =0
. 221 +x+x2)y" —x(1-4x-2x2)y' +y =0
L[Clox?y” +3x(5+3x =262y + (1 + 12x — 14x%)y = 0

22y +x(1+x+x2)y +x2-x)y=0

LC] X2+ 20)y" + x(5 + 14x +3x2)y" + (4 + 18x + 12x%)y = 0

wn

=)

~

e ]

N

4x2 4 +2X(4+x +_x2)yl + (1 +5x+3x2)y =0
10. [C] 16x7y” +4x(6 +x + 2x?)y’ + (1 + 5x + 18x%)y = 0
11, [C] 9x*(1+x)y” +3x(5 + 1lx = x)y + (1 + 16x = 7x%)y = 0

In Exercises 12-22 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients.

12. 4x%y” + (1 +4x)y =0

13. 36x2(1 —2x)y” +24x(1 —9x)y’ + (1 = 70x)y = 0
14. (1 +x)y" —=x(3-x)y +4y =0

15. x2(1 =2x)y” —x(5 —4x)y" + (9 —4x)y =0

16. 25x%y” + x(15+x)y' + (1 +x)y =0

17. 2x>2+x)y" +x2y' + (1 =x)y =0
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18. x2(9 +4x)y” +3xy + (1 +x)y =0

19. x2y” —x(3-2x)y" + (4 +3x)y =0

20. x%(1 —4x)y” +3x(1 —=6x)y’ + (1 = 12x)y =0
21 X2(1+2x)y”" +x(3+5x)y + (1 =2x)y =0
22, 2x*(1 +x)y”" —x(6—=x)y + (8 =x)y =0

In Exercises 23-27 find a fundamental set of Frobenius solutions. Compute the terms involving
X" where 0 < n < N (N at least 7) and ry is the root of the indicial equation. Optionally,
write a computer program to implement the applicable recurrence formulas and take N > 7.

23, [Cl x2(1+2x)y” +x(5+9x)y" + (4 +3x)y = 0
24. x2(1 = 2x)y" —x(5+4x)y’ + (9 +4x)y =0
25. x2(1 +4x)y” —x(1 =4x)y" + (1 +x)y =0
26. 22(1+x)y" +x(1+2x)y +xy =0

27. x2(1=x)y" +x(7T+x)y +(9-x)y=0

In Exercises 28-38 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients.

28. X2y —x(1=x*)y" + (1 +x?)y =0

29. x2(1 +x%)y” =3x(1 =x%)y +4y =0

30. 4x%y” +2x3y + (1 +3x%)y =0

31 (1 +x2)y” —x(1 =2x%)y +y =0

32. 222+ x2)y" + 7%y + (1 +3x%)y =0

33. 21+ x2)y” —x(1 =4x?)y + (1 + 222y =0
34. 4x2(4 +x2)y" +3x(8 +3x%)y’ + (1 = 9x%)y =0
35. 3x2(3 +x3)y” +x(B3+ 11x2)y + (1 +5x%)y =0
36. 4x%(1 +4x2)y” +32x3y +y =0

37. 9x%y” = 3x(7-2x3)y' + (25 +2x})y =0

38. x2(1+2x2)y” +x(3+7x)y + (1 =3x?)y =0

In Exercises 39-43 find a fundamental set of Frobenius solutions. Compute the terms involving
X241 ywhere O < m < M (M at least 3) and r is the root of the indicial equation. Optionally,
write a computer program to implement the applicable recurrence formulas and take M > 3.

39. [C] x2(1 +x2)y” +x(3+8x)y + (1 + 12x2)y = 0

40. 22y —x(1=x2)y + (1 +x*)y =0
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41. x2(1 =2x2)y" +x(5-9x%)y" + (4 - 3x*)y =0
42. x2(2 +x2)y” +x(14 —xz)y’ +2(9 +x2)y =0
43. x2(1+x2)y" +xB3+7x2)y + (1 +8x%)y =0

In Exercises 44-52 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coefficients.

44. x>(1-2x)y" +3xy" + (1 +4x)y =0

45. x(1+x)y"+(1—=x)y"+y=0

46. x*(1 —x)y”" +x(3-2x)y + (1 +2x)y =0

47. 4x>(1 +x)y” —4x>y + (1 =5x)y =0

48. x*(1 —x)y” —x(3=5x)y + (4 =5x)y =0

49. x>(1 +x2)y” —x(1 +9x%)y + (1 +25x%?)y =0
50. 9x%y” +3x(1 =x2)y" + (1 + 7x*)y =0

51. x(1 +x2)y”" + (1 =x%)y —=8xy =0

52. 4x2y"” +2x(4 = x>y + (1 + Tx?)y =0

53. Under the assumptions of Theorem 7.6.2, suppose the power series

(o) o0

Z an(r1)x" and Z ay (r)x"
n=0 n=1
converge on (—p, p).
(a) Show that
yp = x1 Z a,(r1)x” and y, = y;lnx +x" Z a,(r)x"
n=0 n=1

are linearly independent on (0, p). Hint: Show that if ¢ and c are constants such
that c1yy + cay> = 0 on (0, p), then

(c1 + crInx) Z an(r)x" +c; Z a,(rpx"=0, 0<x<p.
n=0 n=1

Then let x — 0+ to conclude that ¢, = 0.

(b) Use the result of (a) to complete the proof of Theorem 7.6.2.

54. Let
Ly = x*(ap + a1x)y” +x(Bo + B1x)y" + (Yo + y1x)y

and define

po(r) =aor(r—1)+ Bor +yo and pi(r) =ar(r—1) + pir +yi.
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Theorem 7.6.1 and Exercise 7.5.55(a) imply that if

o0

Y r) =27 ) an(r)x”

n=0
where
S pi(j+r=1)
ap,(r)=CD"| | ————,
g po(j +7)
then

Ly(x,r) = po(r)x".
Now suppose po(r) = ag(r — r1)? and p1(k + r1) # 0 if k is a nonnegative integer.

(a) Show that Ly = 0 has the solution

oo

yi=x" ) an(r)x”,

n=0

where

an(rl) =

1) &
a(g(n)!)z le(j +ri—1).
j=

(b) Show that Ly = 0 has the second solution

oo

2= yilnx+x" ) an(r)

n=1

S pi(J+r—1) al
Jy = _ -2 > -
;pl(J"'rl—l) Z::J
(¢) Conclude from (a) and (b) that if y; # O then

X ( 1)n n
Z (n!)? (_)

where

and

wo D (v o 1)
yZ:yllnx—ZxIZ 5| —|x
o (n!) @

are solutions of
aox’y” + Boxy’ + (yo + 71x)y = 0.
(The conclusion is also valid if y; = 0. Why?)

55. Let
Ly = x*(ao + agx?)y” + x(Bo + BgxT)y + (yo + ygx?)y
where ¢ is a positive integer, and define
po(r) =aor(r—1)+ Bor +yo and pu(r) = aur(r —1) + Byr + 4.

Suppose
po(r) = ap(r —r1)*> and p,(r) £ 0.
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(a) Recall from Exercise 7.5.59 that Ly = 0 has the solution

(o)

yi=x"! Z aqm(rl)xqm,

m=0
where

- ,)ZHpq (q(j =1 +r1).

agm(r1) = (@)™ (m)?

(b) Suppose p,(gq(j — 1) +r1) # 0 for every positive integer j. Show that Ly = 0 has
the second solution

(o)

y2 = yiInx +x" Z Agm (1) Imx ™,

m=1

where . o D ) o,
pogj-D+r) 21
Jm—z a

S pge(gi-D+r) _Ejzlj'

(¢) Conclude from (a) and (b) that if y, # O then

mZ: (m!)? ((] ao) "

and

: <1>m( ) ORR.
yz—y1lnx——x1 - |x?
q mzl m!)? \q*ao ZJ

are solutions of
aox?y” + Boxy” + (yo + y4x9)y = 0.

56. The equation
xy"+y +xy=0

is Bessel’s equation of order zero. (See Exercise 53.) Find two linearly independent
Frobenius solutions of this equation.

57. Suppose the assumptions of Exercise 60 hold, except that

po(r) = ao(r —ri)%.

Show that
x" x"Inx
yi = 5 and  yy =

aog + a1 x + arxx

gy + a1x + arx?

are linearly independent Frobenius solutions of
(@ + a1x + aax?)y” + x(Bo + Bix + Bax?)y + (yo + y1x +72x°)y = 0
on any interval (0, p) on which ¢ + a1x + @»x? has no zeros.

In Exercises 58—65 use the method suggested by Exercise 57 to find the general solution on some
interval (0, p).
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58. 4x>(1+x)y”" +8x>y’+ (1 +x)y =0

59. 9x2(3+x)y”" +3x(3+7x)y' + (3 +4x)y =0

60. x>(2 —x2)y”" —x(2+3x2)y + (2-x?)y =0

61. 16x>(1 +x2)y” + 8x(1+9x?)y + (1 +49x%)y = 0

62. x*(4 +3x)y” —x(4 - 3x)y +4y =0

63. 4x2(1 +3x +x2)y” +8x*>(3+2x)y’ + (1 +3x +9x%)y =0

64. x>(1 —x)2y” —x(1 +2x =3x2)y" + (1 +x*)y =0

65. 9x2(1 +x +x2)y” +3x(1 + 7Tx + 13x2)y" + (1 + 4x + 25x%)y = 0

66. (a) Let L and y(x,r) be as in Exercises 57 and 58. Extend Theorem 7.6.1 by showing
that

L (%(x, r)) = po(r)x" + x"po(r) Inx.

(b) Show that if
po(r) = ag(r - r1)?
then
yi=y(x,r1) and y;= (;—)r)(x, r1)

are solutions of Ly = 0.

7.7 The Method of Frobenius 111

In Sections 7.5 and 7.6 we discussed methods for finding Frobenius solutions of a homogeneous
linear second order equation near a regular singular point in the case where the indicial equation
has a repeated root or distinct real roots that don’t differ by an integer. In this section we consider
the case where the indicial equation has distinct real roots that differ by an integer. We’ll limit
our discussion to equations that can be written as

(o + a1x)y” +x(Bo + B1x)y’ + (yo + y1x)y = 0 (7.7.1)

or
(o + aax?)y” +x(Bo + B2xD)y + (yo + y2x¥)y = 0,

where the roots of the indicial equation differ by a positive integer.
We begin with a theorem that provides a fundamental set of solutions of equations of the form
(7.7.1).

Theorem 7.7.1 Let

Ly = x*(ap + a1x)y” + x(Bo + B1x)y" + (yo + y1x)y,

where ag # 0, and define

po(r) aor(r = 1) + Bor + yo,

p1(r) air(r=1)+ Bir +v;.
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Suppose r is a real number such that po(n + r) is nonzero for all positive integers n, and define

ap(r) = 1

’ -1
an(r) = _Man—l(r)a nxl.

po(n+r)

(7.7.2)

Let ry and ry be the roots of the indicial equation po(r) = 0, and suppose r\ = ry + k, where k
is a positive integer. Then

[ee]

yi =x" Z an(ry)x"

n=0
is a Frobenius solution of Ly = 0. Moreover, if we define

ap(r2) = 1,
+r-1
an(ra) = pnrrn—l) )an—l(rz), l<n<k-1, (7.7:3)
po(n+12)
and .
C= —%akq(m), (7.7.4)
o
then
k-1 0
yy = x" Z an(r)x + C |y Inx + x"! Z a;,(rl)x") (7.7.5)
n=0 n=1

is also a solution of Ly = 0, and {y1, y2} is a fundamental set of solutions.

Proof Theorem 7.5.3 implies that Ly; = 0. We’ll now show that Ly, = 0. Since L is a linear
operator, this is equivalent to showing that

k-1 )
L (x’z an(r)x" |+ CL|y;Inx + x" Z a;(rl)x”) =0. (7.7.6)
n=0 n=1
To verify this, we’ll show that
k-1
L ()Cr2 an(rz)xn) = p1(r1 = Dag-1(r2)x"! (7.7.7)
n=0
and
L (y1 Inx + x" Z a;(rl)x”) = kapx". (7.7.8)
n=1

This will imply that Ly, = 0, since substituting (7.7.7) and (7.7.8) into (7.7.6) and using (7.7.4)
yields
Ly, = [pi1(r1 —1)ak-1(r2) + Ckap] x"
= [p1(r1 = Dag-1(r2) = p1(r1 = Dag-1(r2)] x"" = 0.

We’ll prove (7.7.8) first. From Theorem 7.6.1,

(o)

L|y(x,r)Inx +era;l(r)x" = po(r)x" +x"po(r) Inx.

n=1
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Setting r = r; and recalling that po(r;) = 0 and y; = y(x, ry) yields

oo

L{y;lnx+x" Z a, (ri)x"| = py(r)x". (7.7.9)

n=1

Since r; and r, are the roots of the indicial equation, the indicial polynomial can be written as
2
po(r) =ao(r—r)(r—r) =ag [r* = (ri + r2)r + rira] .

Differentiating this yields
po(r) = ap(2r —r1 —r2).

Therefore p;,(r1) = ao(r1 — r2) = kao, so (7.7.9) implies (7.7.8).

Before proving (7.7.7), we first note a,, (r;) is well defined by (7.7.3) for 1 <n < k — 1, since
po(n + ry) # 0 for these values of n. However, we can’t define a,(r;) for n > k with (7.7.3),
since po(k + rp) = po(r1) = 0. For convenience, we define a,(r;) = 0 for n > k. Then, from
Theorem 7.5.1,

k-1 o -
L (Xr2 Z an(rz)xn) =L (x’2 Z a,,(rQ)x") =x" ) bx", (7.7.10)
n=0 n=0 n=0

where by = po(r2) = 0 and

b, = po(n+ry)a,(r) + pi(n+r,—1a,_1(r2), n>1.

If1 <n < k-1, then (7.7.3) implies that b, = 0. If n > k + 1, then b, = 0 because
ay—1(rp) = a,(r2) = 0. Therefore (7.7.10) reduces to

k=1
’ (xr2 Z an(rZ)xn) = [po(k + r2)ax(r2) + p1(k +ry = Dag_1(rz)] x**.
n=0

Since ay(rp) = 0 and k + rp = ry, this implies (7.7.7).
We leave the proof that {y, y»} is a fundamental set as an exercise (Exercise 41).

Example 7.7.1 Find a fundamental set of Frobenius solutions of
2022+ x)y" —x(4="Tx)y — (5-3x)y = 0.

Give explicit formulas for the coefficients in the solutions.

Solution For the given equation, the polynomials defined in Theorem 7.7.1 are

po(r) = 4r(r—-1)—4r-5 2r+1)(2r-5),
pi(r)y = 2r(r=1)+7r+3 = (r+1)(2r+3).

The roots of the indicial equation are r; = 5/2 and r, = —1/2, so k = r; — rp = 3. Therefore
Theorem 7.7.1 implies that

yi =523 a,(5/2)x" (7.7.11)
n=0
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and )
yy = x 12 Z an(=1/2)x" + C [ y; Inx + x3/2 Z a,(5/2)x" (7.7.12)
n=0 n=1

(with C as in (7.7.4)) form a fundamental set of solutions of Ly = 0. The recurrence formula
(7.7.2) is

aop(r) = 1,
pi(n+r—1)
an(r) Dol +7) an-1(r)
(n+r)2n+2r+1) ) (7.7.13)
- an— r >
Cn+2r+ H(2n+2r-5) """
n+r
= Thweze sl
which implies that
[+ 7
ay(r) = (=1 )” ZiT n>0. (7.7.14)
Therefore Y '
(~D)" 17, (2) +5)
a,(5/2) = . (7.7.15)

4nn!
Substituting this into (7.7.11) yields

=D"I1}.,(2j +5)
Y1 _XS/ZZ 4jnn' x".

To compute the coefficients ag(—1/2),a;(—1/2) and az(—1/2) in y;, we set r = —1/2 in
(7.7.13) and apply the resulting recurrence formula for n = 1, 2; thus,

ap(-1/2) = 1,
2n—1

a,(-1/2) = _4(n - 3)an_l(—l/2), n=1,2.

The last formula yields
a;(=1/2) =1/8 and ax(-1/2) =3/32.

Substituting r; = 5/2, r, = —-1/2, k = 3, and a9 = 4 into (7.7.4) yields C = —15/128.
Therefore, from (7.7.12),

13 15 -
yy =x"1/? (1 + 3" + 3—2x2) ~ 128 (y1 Inx +x5/22a;(5/2)x” ) (7.7.16)

We use logarithmic differentiation to obtain a),(r). From (7.7.14),

_ |/ +rI
lan(r)] = ﬂ S5zt

Therefore

Inla,(r)| = > (nlj+r|=In[2j +2r=5|).
j=1
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Differentiating with respect to r yields

a,(r) < 1 2
a,(r) _Z(j+r_2j+2r—5).

J=1

Therefore

, <YW 2
an(r) _a"(r);(j+r B 2j+2r—5)'
Setting r = 5/2 here and recalling (7.7.15) yields

(=D"IT}_; (2] +5) & 1 1
4np) (j+5/2_})

a,(5/2) = (7.7.17)

Jj=1

Since
1 1 5

we can rewrite (7.7.17) as

-D"IT_,(2j +5) [ &
252 = s >nJ1<J+>(Z 1 )

47n) j:lj(2j+5)

Substituting this into (7.7.16) yields

— -1/2 1+ —x+ — 2l _ 7 1
yo, = X ( 8)6 32x ) 128y1 nx

(o) _1\n n : n
+£x5/22( DG+ ) Z ! X" m
28" Z 4] 2472 +3)

If C =0in (7.7.4), there’s no need to compute

oo

yilnx + x" Z a,(rp)x"

n=1

in the formula (7.7.5) for y,. Therefore it’s best to compute C before computing {a, (r1)} ;.
This is illustrated in the next example. (See also Exercises 44 and 45.)

Example 7.7.2 Find a fundamental set of Frobenius solutions of
x2(1=2x)y" +x(8 =9x)y" + (6 — 3x)y = 0.

Give explicit formulas for the coefficients in the solutions.

Solution For the given equation, the polynomials defined in Theorem 7.7.1 are

po(r) = r(r—=1)+8r+6
pi(r) = =2rr-1)-9r-3

(r+1)(r+6)
—(r+3)2r+1).
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The roots of the indicial equation are r{ = —1 and r, = —6, so k = r; —rp = 5. Therefore
Theorem 7.7.1 implies that
yi=x" Y a1 (7.7.18)
and
4 (o)
yp =x70 Z an(=6)x" + C |y Inx + x7! Z a,(-1)x" (7.7.19)
n=0 n=1

(with C as in (7.7.4)) form a fundamental set of solutions of Ly = 0. The recurrence formula
(7.7.2) is

aop(r) = 1,
pi(n+r—1)
an(r) potnrry 1) (7.7.20)
(n+r+2)2n+2r-1) on>1
ap-1(r),n>1,
(n+r+1)(n+r+06) !
which implies that
S G+r+2)2j+2r—1
a,(r) n (J ) (2] )

(J+r+1)(j+r+6)
) (7.7.21)

l—[]+r+2 l—l2j+2r—1
jHr+1 i jHr+6 |

Since

ﬁj+r+2_ (r+3)(r+4)---(n+r+2) n+r+2
dJAr+l T 423 (nkr 1) r 42

because of cancellations, (7.7.21) simplifies to

n+r+2pq2j+2r—1
r+2 1 jH+r+6 -

an(r) =

Therefore

2j-3
an(—1>=(n+1>gj+5

Substituting this into (7.7.18) yields

yl—x12<n+1>(]_[ +53) :

=1

To compute the coefficients ag(—6), ..., as(—6) in yo, we set r = —6 in (7.7.20) and apply the
resulting recurrence formula for n = 1, 2, 3, 4; thus,

ap(-6) = 1,

(n—4)(2n-13)
an(-6) n(n—5)

an-1(-6), n=1,2,3,4.
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The last formula yields

33 99 231
a;(—6) = T a(—6) = 7 az(—6) = —?, as(-6) = 0.
Since a4(—6) = 0, (7.7.4) implies that the constant C in (7.7.19) is zero. Therefore (7.7.19)

reduces to
33 99 , 231 4
— - —x’].

)’2=x_6 1—4x+ 4x 2 n

We now consider equations of the form
2 2N 2N/ 2 _
x“ (@ + aax?)y" + x(Bo + Bax7)y" + (yo + y2x7)y = 0,

where the roots of the indicial equation are real and differ by an even integer. The case where
the roots are real and differ by an odd integer can be handled by the method discussed in 56.
The proof of the next theorem is similar to the proof of Theorem 7.7.1 (Exercise 43).

Theorem 7.7.2 Let
Ly = x*(ao + a2x®)y” + x(Bo + B2xD)y’ + (yo + y2x?)y,

where aq # 0, and define

po(r) aor(r — 1) + Bor + yo,

pa(r) arr(r—1) + Bor + v;.

Suppose r is a real number such that po(2m + r) is nonzero for all positive integers m, and
define

I,
p22m+r—2)
po(2m +r)

ao(r)
(7.7.22)

aZm(r) a2m—2(r)a m> 1.

Let ry and ry be the roots of the indicial equation po(r) = 0, and suppose r| = rp + 2k, where k
is a positive integer. Then

(o)

yi=x" Z Ao (r1)x>"

m=0

is a Frobenius solution of Ly = 0. Moreover, if we define

ap(rz) = 1,
2m+ry —2
am(ry) = P2EMETD) ), T<m<k-1
po(2m +ry)
and 5
c= P22 ), (1.7.23)
2ka’o
then
k—1 )
yo = x"? Z Ao (r2)x*" + C yilnx + x" Z a’Zm(rl)xzm (7.7.24)
m=0 m=1

is also a solution of Ly = 0, and {y1, y2} is a fundamental set of solutions.
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Example 7.7.3 Find a fundamental set of Frobenius solutions of
x2(1+x2)y” +x(3 + 10x?)y’ — (15 — 14x?)y = 0.

Give explicit formulas for the coefficients in the solutions.

Solution For the given equation, the polynomials defined in Theorem 7.7.2 are

po(r) = r(r=1)+3r-15 (r=3)(r+5)
p2r)y = rr=1)+10r+14 = (r+2)(r+7).

The roots of the indicial equation are r; = 3 and r, = =5, so k = (r; — rp)/2 = 4. Therefore
Theorem 7.7.2 implies that
yi =20 ) am (37" (7.7.25)
m=0

and

3 00
yy =x7° Z Ao (=5)x*" + C | y; Inx + x> Z a'Zm(?))xzm
m=0

m=1

(with C as in (7.7.23)) form a fundamental set of solutions of Ly = 0. The recurrence formula
(7.7.22) is

ap(r) = 1,
_ p2Cm+r-2)
am(r) = - po2m 1) arm—2(r)

T ) (7.7.26)
(2m +r— 3)(2’7’1 +7 + 5) a2m—2(7'
2m+r

= -5 4 m— D) Z 1’
2m+r—3a2 2(r), m

which implies that

2] +r
o (F) = (=)™ H T ir 3. m=0. (7.7.27)

Therefore m -
(-1 17, (2 +3)

2Mm

axn(3) = (7.7.28)

Substituting this into (7.7.25) yields

(D" 17, (27 +3)

3 Jj=1
y==x Z 2

To compute the coeflicients a;(—5), a4(=5), and ag(-5) in y;, we set r = =5 in (7.7.26) and
apply the resulting recurrence formula for m = 1, 2, 3; thus,

2m -5

az(=5) = “2m=4)

a2m 2( 5) - 1,2’ 3

This yields

1 1 1
ay(=3) = =5, as(=5) = 2. ae(=5) = .
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Substituting r{ = 3, r, = =5, k = 4, and a¢ = 1 into (7.7.23) yields C = —3/16. Therefore,
from (7.7.24),

1 1 1 3 R
ya=x2|1- Exz + §x4 + Exts) “ 16 (y1 Inx +x Z a’2m(3)x2m . (7.7.29)

m=1
To obtain a},_(r) we use logarithmic differentiation. From (7.7.27),

2/ +rI
|mmvn—[]p mz 1.

]+I"

Therefore

m
Inlaz, ()] = > (In2j +r| = In|2j +r=3|).
Jj=1

Differentiating with respect to r yields

) (1
ar(ry &\2j+r 2j+r-3)°

J=1

Therefore

1
a2m(r)—a2m(r)2(2]+r 2]-+r_3)'

Setting r = 3 here and recalling (7.7.28) yields

(-D™ 1L (2) +3) &
' (3) = /= 7.7.30
Since
1 1 3

2/ +3 2j  2j(2j+3)

we can rewrite (7.7.30) as

3 (=D 17, (2) +3) 1
2 2mm) JZ:; Jji+3) |

a2m(3)

Substituting this into (7.7.29) yields

1 1 1
ya = x7° (1 - Exz + §x4 + EX6)

3

16y11nx

(=) 17, (2) +3) Lo\
Z 2] ;j(2j+3) T

Example 7.7.4 Find a fundamental set of Frobenius solutions of
x2(1-2x%)y"” +x(7 - 13x%)y’ — 14x%y = 0.

Give explicit formulas for the coefficients in the solutions.
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Solution For the given equation, the polynomials defined in Theorem 7.7.2 are

po(r) = r(r—1)+17r = r(r +6),

p2(r)y = 2r(r=1)-13r—-14 = —(r+2)2r+7).
The roots of the indicial equation are r; = 0 and r, = —6, so k = (r; — rp)/2 = 3. Therefore
Theorem 7.7.2 implies that

yi = ) am(0)x™, (7.7.31)
m=0

and ,

yp =x76 Z aom(—6)x*" + C | y; Inx + Z a, (0)x2" (7.7.32)

m=0 m=1

(with C as in (7.7.23)) form a fundamental set of solutions of Ly = 0. The recurrence formulas
(7.7.22) are
ap(ry = 1,
p22m+r—2)
po(2m +r)
2m +r)(4m +2r + 3) ) (7.7.33)
o(r
2m+r)2m+r+6) @2m=2
4m +2r +3

= — oy >1
2m+r+6a2m2(r)7m— D)

a(r) = arm—r(r)

which implies that

m

47+ 2r +3
) =| | 97555

j=1
Setting r = 0 yields

[T72, (47 +3)
am(0) = 6
Substituting this into (7.7.31) yields

o T (47 +3)

yi =6 L (m+3)

To compute the coefficients ao(—6), ar(—6), and a4(—6) in y;, we set r = —6 in (7.7.33) and
apply the resulting recurrence formula for m = 1, 2; thus,

ap(-6) = 1,
o (—6) = 4”;’; 2 toma(=6), m = 1,2.
The last formula yields
a(—6) = —g and a4(-6) = %

Since p;(—2) = 0, the constant C in (7.7.23) is zero. Therefore (7.7.32) reduces to

5 5
yo =x7° (1 - Exz + §x4) .
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Exercises

In Exercises 1-40 find a fundamental set of Frobenius solutions. Give explicit formulas for the
coeflicients.

k.
.

x2y” =3xy + (3+4x)y =0

xy"+y=0

4°(1+x)y” +4x(1 +2x)y — (1 +3x)y =0
xy"+xy'+y=0

2x2(2 4 3x)y”" +x(4 + 21x)y = (1 = 9x)y =0
X2y +x(2+x)y —(2-3x)y =0

4x%y" +4xy’ = (9 —x)y =0

x2y” +10xy" + (14 +x)y =0

A L R S

4x2(1 +x)y” +4x(3 + 8x)y — (5—-49x)y =0

[
[—

. x2(1 +x)y” —x(3+ 10x)y’ +30xy =0

11. 2%y +x(1+x)y =33 +x)y =0

12. x2y” +x(1=2x)y = (4+x)y =0

13. x(1+x)y”" -4y -2y =0

14. x2(1 +2x)y” +x(9+ 13x)y" + (7 + 5x)y =0
15. 4x2y” —=2x(4—x)y" = (7 +5x)y =0

16. 3x2(3 + x)y” —x(15+x)y’ =20y =0

17. x*(1 +x)y” +x(1 = 10x)y’ = (9 — 10x)y = 0
18. x2(1 +x)y”" +3x>y = (6-x)y =0

19. x%(1 + 2x)y” — 2x(3 + 14x)y’ + (6 + 100x)y = 0
20. x*(1 +x)y” —x(6 + 11x)y + (6 + 32x)y = 0
21. 4x2(1 +x)y” + 4x(1 + 4x)y’ — (49 + 27x)y = 0
22, x%2(1 +2x)y” —x(9 + 8x)y — 12xy =0

23. x2(1+x2)y" —x(7-2x3)y +12y =0

24. x>y —x(7T-x%)y +12y =0

25. xy”" =5y +xy=0

26. x2y"” +x(1 +2x%)y' = (1 -10x>)y =0
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27.
28.
29. x
30. x
31.
32.
33. x
34. x
3s.
36.
37.
38.
39.
40.
41.

42.

43.
44.

X2y —xy = (3-x})y=0
4x%y" +2x(8 +x2)y' + (5+3x>)y =0

2y +x(1+x%)y = (1-3xH)y=0

2y +x(1 =2x2)y —4(1 +2x>)y =0
4x%y" + 8xy’ — (35 -x?)y =0
Ox2y” = 3x(11 + 2x%)y" + (13 + 10x?)y = 0

2y +x(1=2x2)y" =4(1 =x?)y =0

2y +x(1=3x2)y —4(1 =3x%)y =0
X2(1+x2)y" +x(5+ 11x%)y +24x%y =0
42 (1 +x2)y”" +8xy' = (35-x>)y =0
x2(1+x2)y" —x(5-x2)y = (7+25x*)y =0
x2(1+x2)y" +x(5+2x%)y =21y =0
x2(1 +2x%)y" —x(3+x%)y’ = 2x%y =0
4x2(1 +x2)y" +4x(2 +x2)y = (15+x*)y =0

(a) Under the assumptions of Theorem 7.7.1, show that

(o)

yi =" Z an(r)x"

n=0
and
k-1 )
yy = x" Z ap(r)x" + ClyrInx +x" Z a,(r)x"
n=0 n=1

400

are linearly independent. Hint: Show that if ¢ and c, are constants such that

c1y1 + c2y2 = 0 on an interval (0, p), then

x72(c1y1(x) +c2y2(x)) =0, 0<x<p.

Then let x — 0+ to conclude that c,=0.

(b) Use the result of (a) to complete the proof of Theorem 7.7.1.

Find a fundamental set of Frobenius solutions of Bessel’s equation
¥ +xy + (x> =)y =0
in the case where v is a positive integer.

Prove Theorem 7.7.2.

Under the assumptions of Theorem 7.7.1, show that C = 0 if and only if p(r; + £) =

for some integer £ in {0, 1,...,k — 1}.
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45. Under the assumptions of Theorem 7.7.2, show that C = 0 if and only if p2(r; +2£) =0
for some integer £ in {0, 1,...,k — 1}.

46. Let
Ly = aox®y" + Boxy’ + (yo + y1x)y
and define
po(r) = aor(r —1) + Bor + yo.
Show that if

po(r) = ao(r —r1)(r —r2)

where r| — r, = k, a positive integer, then Ly = 0 has the solutions

— I S (_1)" ﬂ " n
=4 Zn!]—[';:](j+k) (ao) g

n=0
and
k—1 n
; (=" (71) "
y2 = x? - | x
;n!ﬂﬁzl(J—k) @
1 1\ S (=" yi\" [ 2/ +k
(2} [yimx = n Sy PV
k!(k—l)!(ao) yrnae s ;nznyzl(ﬂk) @0 ;j(j+k) *
47. Let
Ly = aox®y” + Boxy’ + (yo + y2x%)y
and define
po(r) = aor(r — 1) + Bor + yo.
Show that if

po(r) = ap(r —r)(r —r2)

where r| — ro = 2k, an even positive integer, then Ly = 0 has the solutions

X (=nH" Y2 " 2
— T 72 m
=s ,;)4mm!H;.”:1(j+k) @) "

and
k-1 m m
y» = x7 D) (2) x2m
arm! 7L (- k) \eo
2 g " —1)™ "IN 2 +k
- 2 yllnx_x_z (m) , B ZJ x2m .
4k (k- 1)! \ao 2 Aamm! [T+ k) \eo = J(j+k)

48. Let L be as in Exercises 7.5.57 and 7.5.58, and suppose the indicial polynomial of Ly = 0
is

po(r) = ao(r —r)(r —r2),
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with k = r; — rp, where k is a positive integer. Define aog(r) = 1 for all r. If r is a real
number such that po(n + r) is nonzero for all positive integers n, define

an(r) = s (nH)ij(nw Dan-j(r). n = 1,
and let -
yr=x"! Zan(rl)xn-
n=0
Define
1 n
a,(r) = - ij(n+r2—j)an_j(r2) ifn>1andn # k,

po(n +12) £

and let ay () be arbitrary.

(a) Conclude from Exercise 7.6..66 that

[e9)

L (y1 Inx + x"! Z a;l(rl)x”) = kaox"".

n=1

(b) Conclude from Exercise 7.5..57 that

L (xr2 i an(r)x"

n=0

P
= Ax'!,

where .
A= ij(rl — Jai-j(ra).
=

(¢) Show that y; and

(o]

A [oe)
yy = x" Z an(r)x" — kTozo (y1 Inx + x" Za;(rl)x")

n=0 n=1
form a fundamental set of Frobenius solutions of Ly = 0.

(d) Show that choosing the arbitrary quantity ay (7;) to be nonzero merely adds a multiple
of y; to y,. Conclude that we may as well take a; (r;) = 0.



