Chapter 5

Linear Second Order Equations

IN THIS CHAPTER we study a particularly important class of second order equations. Because
of their many applications in science and engineering, second order differential equations have
historically been the most thoroughly studied class of differential equations. Research on the
theory of second order differential equations continues to the present day. This chapter is devoted
to second order equations that can be written in the form

Po(x)y” + P1(x)y" + P2(x)y = F ().
Such equations are said to be linear. As in the case of first order linear equations, (A) is said to
be homogeneous if F = 0, or nonhomogeneous if F # 0.
SECTION 5.1 is devoted to the theory of homogeneous linear equations.
SECTION 5.2 deals with homogeneous equations of the special form

ay” + by +cy =0,

where a, b, and c are constant (a # 0). When you've completed this section you’ll know
everything there is to know about solving such equations.

SECTION 5.3 presents the theory of nonhomogeneous linear equations.

SECTIONS 5.4 AND 5.5 present the method of undetermined coefficients, which can be used
to solve nonhomogeneous equations of the form

ay” + by +cy = F(x),

where a, b, and c are constants and F has a special form that is still sufficiently general to
occur in many applications. In this section we make extensive use of the idea of variation of
parameters introduced in Chapter 2.

SECTION 5.6 deals with reduction of order, a technique based on the idea of variation of
parameters, which enables us to find the general solution of a nonhomogeneous linear second
order equation provided that we know one nontrivial (not identically zero) solution of the
associated homogeneous equation.

SECTION 5.7 deals with the method traditionally called variation of parameters, which enables
us to find the general solution of a nonhomogeneous linear second order equation provided
that we know two nontrivial solutions (with nonconstant ratio) of the associated homogeneous
equation.
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5.1 Homogeneous Linear Equations

A second order differential equation is said to be linear if it can be written as

Y+ p(x)y +q(x)y = f(x). (5.1.1)

We call the function f on the right a forcing function, since in physical applications it’s often
related to a force acting on some system modeled by the differential equation. We say that
(5.1.1) is homogeneous if f = 0 or nonhomogeneous if f # 0. Since these definitions are like
the corresponding definitions in Section 2.1 for the linear first order equation

Y +px)y = f(x), (5.1.2)

it’s natural to expect similarities between methods of solving (5.1.1) and (5.1.2). However,
solving (5.1.1) is more difficult than solving (5.1.2). For example, while Theorem 2.1.1 gives
a formula for the general solution of (5.1.2) in the case where f = 0 and Theorem 2.1.2 gives
a formula for the case where f # 0, there are no formulas for the general solution of (5.1.1)
in either case. Therefore we must be content to solve linear second order equations of special
forms.

In Section 2.1 we considered the homogeneous equation y’ + p(x)y = O first, and then used a
nontrivial solution of this equation to find the general solution of the nonhomogeneous equation
Y + p(x)y = f(x). Although the progression from the homogeneous to the nonhomogeneous
case isn’t that simple for the linear second order equation, it’s still necessary to solve the
homogeneous equation

Y+ p(x)y +q(x)y=0 (5.1.3)
in order to solve the nonhomogeneous equation (5.1.1). This section is devoted to (5.1.3).

The next theorem gives sufficient conditions for existence and uniqueness of solutions of initial
value problems for (5.1.3). We omit the proof.

Theorem 5.1.1 Suppose p and q are continuous on an open interval (a, b), let xo be any point
in (a,b), and let ko and k| be arbitrary real numbers. Then the initial value problem

Y+ p(x)y +q(x)y =0, y(xo) = ko, ¥'(xo) = ki
has a unique solution on (a, b).

Since y = 0 is obviously a solution of (5.1.3) we call it the frivial solution. Any other solution
1s nontrivial. Under the assumptions of Theorem 5.1.1, the only solution of the initial value
problem

Y+ p(x)y +q(x)y =0, y(xo) =0, y'(xo) =0
on (a, b) is the trivial solution (Exercise 24).

The next three examples illustrate concepts that we’ll develop later in this section. You
shouldn’t be concerned with how to find the given solutions of the equations in these examples.
This will be explained in later sections.

Example 5.1.1 The coefficients of y’ and y in
y'-y=0 (5.1.4)

are the constant functions p = 0 and ¢ = —1, which are continuous on (—o0, c0). Therefore
Theorem 5.1.1 implies that every initial value problem for (5.1.4) has a unique solution on
(—OO, OO)
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(a) Verify that y; = ¢* and y, = e are solutions of (5.1.4) on (—o0, c0).

(b) Verify that if ¢ and c; are arbitrary constants, y = c1e* + cpe™ is a solution of (5.1.4)
on (—oo, 00).

(¢) Solve the initial value problem

y'—y=0, y0)=1, y(0)=23. (5.1.5)

Solution (a) If y; = e" then y] = e* and y] = e* = y1, 50 ] —y; = 0. If yo = 7, then
yy=—e“and y) =e™ =yy,s0y] -y =0.

Solution (b) If

y=cie’ +ce (5.1.6)
then

y =ciet —cre™ (5.1.7)
and

y' =cie’ +cre”,
SO

” (c1e* + cre™) — (c1e* + cre™)

ci(e"—e)+cale™—e™) =0

<
I
<
Il

for all x. Therefore y = cje* + cpe™ is a solution of (5.1.4) on (—o0, c0).

Solution (¢) We can solve (5.1.5) by choosing ¢ and ¢, in (5.1.6) so that y(0) = 1 and y'(0) = 3.
Setting x = 0 in (5.1.6) and (5.1.7) shows that this is equivalent to

cr+cy =

cl1—Cy = 3.

Solving these equations yields ¢; = 2 and ¢, = —1. Therefore y = 2¢* — ¢™ is the unique
solution of (5.1.5) on (—o0, 00).

Example 5.1.2 Let w be a positive constant. The coefficients of y’ and y in
V' +wly =0 (5.1.8)

are the constant functions p = 0 and ¢ = w?, which are continuous on (—co, 00). Therefore
Theorem 5.1.1 implies that every initial value problem for (5.1.8) has a unique solution on
(_OO’ OO)

(a) Verify that y; = cos wx and y, = sin wx are solutions of (5.1.8) on (—oo, 00).

(b) Verify that if ¢ and ¢, are arbitrary constants then y = ¢ cos wx + ¢ sin wx is a solution
of (5.1.8) on (—o0, 00).

(c) Solve the initial value problem

Y +wy=0, y0)=1, y(0)=3. (5.1.9)
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2

Solution (a) If y; = cos wx then y| = —~w sin wx and y| = —w* cos wx = —w?y1, 0 y’1’+a)2y1 =

0. If y» = sinwx then, y), = wcoswx and y; = —w?sinwx = —w?y,, so yy + w?ys = 0.

Solution (b) If

Y = €] COS WX + ¢ Sin wx (5.1.10)
then
y' = w(—cq sin wx + ¢ oS wx) (5.1.11)
and
y" = —w?*(c1 cos wx + ¢ sin wx),
SO
V' +w’y = —w’(c)coswx + casinwx) + w? (¢ cos wx + ¢ sin wx)

= c1w?(—coswx + cos wx) + crw’ (- sinwx + sinwx) = 0
for all x. Therefore y = ¢j cos wx + ¢, sin wx is a solution of (5.1.8) on (—oo, 00).

Solution (¢) To solve (5.1.9), we must choose c¢; and c¢; in (5.1.10) so that y(0) = 1 and
y'(0) = 3. Setting x = 01in (5.1.10) and (5.1.11) shows that ¢; = 1 and ¢, = 3/w. Therefore

Y = COS WX + — Sin wx
w
is the unique solution of (5.1.9) on (—oo, 00). [ |
Theorem 5.1.1 implies that if ko and k; are arbitrary real numbers then the initial value
problem
Po(x)y” + P1(x)y" + P2(x)y =0, y(x0) = ko, ¥'(x0) = ki (5.1.12)

has a unique solution on an interval (a, b) that contains x(, provided that Py, P, and P, are
continuous and Py has no zeros on (a, b). To see this, we rewrite the differential equation in
(5.1.12) as

” Pl(x) ’ PZ(X) _
GO

and apply Theorem 5.1.1 with p = P;/Py and g = P,/Py.

Example 5.1.3 The equation
Xy +xy -4y =0 (5.1.13)

has the form of the differential equation in (5.1.12), with Po(x) = x2, P;(x) = x, and P> (x) = —4,
which are all continuous on (—o0, 00). However, since Py(0) = 0 we must consider solutions of
(5.1.13) on (—o00,0) and (0, o). Since Py has no zeros on these intervals, Theorem 5.1.1 implies
that the initial value problem

Xy +xy =4y =0, y(xo) =ko, ¥ (x0) =k
has a unique solution on (0, c0) if x9 > 0, or on (—o0, 0) if x¢g < 0.

(a) Verify that y; = x? is a solution of (5.1.13) on (—c0, 00) and y, = 1/x? is a solution of

(5.1.13) on (=00, 0) and (0, c0).

(b) Verify that if ¢; and ¢, are any constants then y = cixX+ ¢y /x2 is a solution of (5.1.13)
on (—o0,0) and (0, ).
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(c) Solve the initial value problem

Py xy =4y =0, y(1)=2, y(1)=0. (5.1.14)

(d) Solve the initial value problem

Xy +xy' —4y=0, y(-1)=2, y(-1)=0. (5.1.15)

Solution (a) If y; = x* then y| = 2x and "’ = 2, s0
xzy’l’ +xy] —4y1 = x2(2) +x(2x) —4x* =0
for x in (—oo, 00). If y, = 1/x2, then V= —2/x3 and yy = 6/x*, so
6 2 4
2.m ’ .2 _
X°ys +xy, =4y, = x (F)—x(;)—; =0

for x in (=00, 0) or (0, 00).

Solution (b) If

y=eoxt+ 2 (5.1.16)
X
then 5
Y =2cx - 22 (5.1.17)
X
and 6
v’ =2cy + 2,
X
SO

x2y” +xy’ — 4y

6 2
x2(261 + %) +x(2c1x - %) - 4((:1x2 + c_z)
X X

6
c1(2x* +2x% — 4x?) + CZ(_z _Z _)
X X

c1-0+c¢-0=0
for x in (—o0,0) or (0, o).

Solution (¢) To solve (5.1.14), we choose ¢ and c; in (5.1.16) so that y(1) = 2 and y’(1) = 0.
Setting x = 1 in (5.1.16) and (5.1.17) shows that this is equivalent to

c1+ ¢ = 2
2c1—2¢, = 0.

Solving these equations yields ¢; = 1 and ¢» = 1. Therefore y = x> + 1/x? is the unique solution
of (5.1.14) on (0, ).

Solution (d) We can solve (5.1.15) by choosing ¢ and ¢ in (5.1.16) so that y(—1) = 2 and
y'(—=1) = 0. Setting x = —1in (5.1.16) and (5.1.17) shows that this is equivalent to

ci+ ¢ = 2
—2C1+26‘2 = 0.
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Solving these equations yields ¢; = 1 and ¢» = 1. Therefore y = x> + 1/x? is the unique solution
of (5.1.15) on (—o0, 0). [

Although the formulas for the solutions of (5.1.14) and (5.1.15) are both y = x* + 1/x2, you
should not conclude that these two initial value problems have the same solution. Remember
that a solution of an initial value problem is defined on an interval that contains the initial point;
therefore, the solution of (5.1.14) is y = x? + 1/x? on the interval (0, ), which contains the
initial point xo = 1, while the solution of (5.1.15) is y = x* + 1/x? on the interval (-0, 0),
which contains the initial point xg = —1.

The General Solution of a Homogeneous Linear Second Order Equation
If y; and y; are defined on an interval (a, b) and ¢ and c; are constants, then

y=ciyrt+cy?
is a linear combination of y| and y,. For example, y = 2 cosx + 7 sinx is a linear combination

of y; = cosx and y, = sinx, withcy =2and ¢, = 7.
The next theorem states a fact that we’ve already verified in Examples 5.1.1, 5.1.2, and 5.1.3.

Theorem 5.1.2 If y| and y, are solutions of the homogeneous equation
Y+ p(x)y +q(x)y =0 (5.1.18)
on (a, b), then any linear combination

y=ciyr1t+cy? (5.1.19)

of y1 and y» is also a solution of (5.1.18) on (a, b).

Proof If
y=ciyr+cy2
then
Y =ciy)+cyy, and Y’ =ciy] +cayj.
Therefore

Y+ p(x)y +qx)y (c1y] + c2y5) + p(x)(c1y| + c2¥5) + q(x)(c1y1 + c2y2)

c1 (] + p()y) + q(x)y1) + 2 (¥5 + p(x)yy + g(x)y2)

= 61-0+62'O:0,

since y; and y, are solutions of (5.1.18). [

We say that {y, y»} is a fundamental set of solutions of (5.1.18) on (a, b) if every solution
of (5.1.18) on (a, b) can be written as a linear combination of y; and y, as in (5.1.19). In this
case we say that (5.1.19) is general solution of (5.1.18) on (a, b).
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Linear Independence

We need a way to determine whether a given set {y, y>} of solutions of (5.1.18) is a fundamental
set. The next definition will enable us to state necessary and sufficient conditions for this.

We say that two functions y; and y, defined on an interval (a, b) are linearly independent
on (a, b) if neither is a constant multiple of the other on (a, b). (In particular, this means that
neither can be the trivial solution of (5.1.18), since, for example, if y; = 0 we could write
yv1 = 0y;.) We’ll also say that the set {y, y2} is linearly independent on (a, b).

Theorem 5.1.3 Suppose p and q are continuous on (a, b). Then a set {y1, y2} of solutions of
Y+ p(x)y +q(x)y=0 (5.1.20)
on (a, b) is a fundamental set if and only if {y1, y2} is linearly independent on (a, b).

We’ll present the proof of Theorem 5.1.3 in steps worth regarding as theorems in their own
right. However, let’s first interpret Theorem 5.1.3 in terms of Examples 5.1.1, 5.1.2, and 5.1.3.

Example 5.1.4

(a) Since e*/e™ = e is nonconstant, Theorem 5.1.3 implies that y = cje* + cpe™ is the
general solution of y” —y = 0 on (—o00, 00).

(b) Since cos wx/sin wx = cot wx is nonconstant, Theorem 5.1.3 implies that y = ¢| cos wx +
¢ sin wx is the general solution of y” + w?y = 0 on (oo, o).

4

(¢) Since x?/x~2 = x* is nonconstant, Theorem 5.1.3 implies that y = c1x? + c2/x? is the
2.,/

general solution of x“y” + xy” — 4y = 0 on (—o0,0) and (0, c0).

The Wronskian and Abel’s Formula

To motivate a result that we need in order to prove Theorem 5.1.3, let’s see what is required to
prove that {y{, y>} is a fundamental set of solutions of (5.1.20) on (a, b). Let xo be an arbitrary
point in (a, b), and suppose y is an arbitrary solution of (5.1.20) on (a, b). Then y is the unique
solution of the initial value problem

Y +p(x)y +q(x)y =0, y(xo) =ko, ¥'(x0)=ky; (5.1.21)

that is, ko and k; are the numbers obtained by evaluating y and y” at xo. Moreover, k¢ and k;
can be any real numbers, since Theorem 5.1.1 implies that (5.1.21) has a solution no matter how
ko and k; are chosen. Therefore {yi, y»} is a fundamental set of solutions of (5.1.20) on (a, b)
if and only if it’s possible to write the solution of an arbitrary initial value problem (5.1.21) as
y = c1y1 + c2y2. This is equivalent to requiring that the system

c1y1(xo) + c2y2(x0) = ko (5.1.22)
1y’ (xo) + c2y5 (xo0) ki h

has a solution (¢, ¢) for every choice of (kg, k7). Let’s try to solve (5.1.22).
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Multiplying the first equation in (5.1.22) by ¥/ (xo) and the second by y»(xo) yields

c1y1(x0)y5(x0) + c2y2(x0)y5(x0) = ¥5(x0)ko
c1y)(x0)y2(x0) + c2y5(x0)y2(x0) = ya(xo)ki,

and subtracting the second equation here from the first yields

(v1(x0) 5 (x0) — ¥} (x0)y2(x0)) c1 = ¥5(x0) ko — y2(x0)ki. (5.1.23)

Multiplying the first equation in (5.1.22) by y] (xo) and the second by y;(xo) yields

¥ (x0)ko
yi(xo)ki,

c1y1(x0)y] (x0) + c2y2(x0)¥] (x0)
c1y} (x0)y1(x0) + c2y5(x0)y1(x0)

and subtracting the first equation here from the second yields

(v1(x0) 5 (x0) = ¥} (x0)y2(x0)) c2 = yi(x0) k1 — ¥’ (x0)ko. (5.1.24)

If
y1(x0)y5(x0) = ¥} (x0)y2(x0) = 0,

it’s impossible to satisfy (5.1.23) and (5.1.24) (and therefore (5.1.22)) unless kg and k; happen
to satisfy

yi(xo)ki =y (x0)ko = 0
v5(x0)ko — y2(x0)k1 = 0.
On the other hand, if
y1(x0)y5(x0) = ¥} (x0)y2(x0) # O (5.1.25)

we can divide (5.1.23) and (5.1.24) through by the quantity on the left to obtain

vy (x0) ko — y2(x0) k1
y1(x0)y5(x0) = ¥ (x0)y2(x0)

y1(xo)k1 — ¥ (x0)ko
y1(x0)y5(x0) = ¥} (x0)y2(x0)’

C1

(5.1.26)

Ccy =

no matter how kg and k| are chosen. This motivates us to consider conditions on y; and y, that
imply (5.1.25).

Theorem 5.1.4 Suppose p and q are continuous on (a, b), let y| and y, be solutions of

Y '+ p(x)y +qx)y=0 (5.1.27)
on (a, b), and define
W = y1y; = yiy2. (5.1.28)
Let x( be any point in (a, b). Then
W(x) = Wixo)e bo?0" 4 <x<b. (5.1.29)

Therefore either W has no zeros in (a,b) or W = 0 on (a, b).
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Proof Differentiating (5.1.28) yields
W= Y1y + y1yy = yys = ¥z = yiys — ¥y (5.1.30)
Since y; and y; both satisfy (5.1.27),
Y =-pyi—qy1 and yj=-py;—qy.
Substituting these into (5.1.30) yields

Wl

—vi(py5y + qy2) + y2(pyy + qy1)
= —p(iys —y2yy) —a(yiy2 — yay1)
= —p(niys —y2y)) = -pW.

Therefore W’ + p(x)W = 0; that is, W is the solution of the initial value problem

Y +p(x)y=0, y(xo)=W(xo).

We leave it to you to verify by separation of variables that this implies (5.1.29). If W(xg) # 0,

(5.1.29) implies that W has no zeros in (a, b), since an exponential is never zero. On the other

hand, if W(xg) = 0, (5.1.29) implies that W(x) = 0 for all x in (a, b). [ ]
The function W defined in (5.1.28) is the Wronskian of {y1, y»}. Formula (5.1.29)is Abel’s formula.
The Wronskian of {yy, y»} is usually written as the determinant

yi 2
Vi Y,

W =

The expressions in (5.1.26) for ¢; and c; can be written in terms of determinants as

vi(xo) ko
yi(xo) ki

ko y2(xo)
ki y5(xo)

1
Ccl1 =
" W(xo)

3 1
~ W(xo)

2

If you’ve taken linear algebra you may recognize this as Cramer’s rule.

Example 5.1.5 Verify Abel’s formula for the following differential equations and the corre-
sponding solutions, from Examples 5.1.1, 5.1.2, and 5.1.3:

X

(@ y'-y=0; yy=¢€, yy=e"
(b) y" + w?y = 0; Y1 = COSwX, Yy = sinwx

(€) X*y" +xy =4y =0; y; =x% yr=1/x?

Solution (a) Since p = 0, we can verify Abel’s formula by showing that W is constant, which

is true, since
X e—x
W(x) = 1= e(—e™) —e‘e™ =2

e —e

for all x.


https://mathshistory.st-andrews.ac.uk/Biographies/Wronski/
https://mathshistory.st-andrews.ac.uk/Biographies/Abel/
https://mathshistory.st-andrews.ac.uk/Biographies/Cramer/
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Solution (b) Again, since p = 0, we can verify Abel’s formula by showing that W is constant,
which is true, since

COS WX sin wx
W(x)

—w SIN WX W COS WX

= cos wx(w cos wx) — (—w sin wx) sin wx

= w(cos® wx + sin wx) = w
for all x.

Solution (¢) Computing the Wronskian of y; = x% and y, = 1/x? directly yields
2 1 4
=x* (——) —2x(—2) =——. (5.1.31)
X

To verify Abel’s formula we rewrite the differential equation as

x2 1/x?

W =
2x —2/x3

1 4
y//+_/__2y:0
X X

to see that p(x) = 1/x. If xg and x are either both in (—co, 0) or both in (0, o) then

X X dl.
/ p(t)dt = —=1In (i),
X0 X0 t X()

so Abel’s formula becomes

W(x) = Wix)e ™70 = W (xg) =
X
4
= —(—) (@) from (5.1.31)
Xo) \x
4
= -2,
which is consistent with (5.1.31). [

The next theorem will enable us to complete the proof of Theorem 5.1.3.

Theorem 5.1.5 Suppose p and q are continuous on an open interval (a, b), let y; and y, be
solutions of

V'+p@)y +q(x)y=0 (5.1.32)

on (a,b), and let W = y1y}, — ¥\ y2. Then y\ and y, are linearly independent on (a, b) if and
only if W has no zeros on (a, b).

Proof We first show that if W(xg) = O for some xg in (a, b), then y; and y, are linearly
dependent on (a, b). Let I be a subinterval of (a, b) on which y; has no zeros. (If there’s no
such subinterval, y; = 0 on (a, b), so y; and y, are linearly dependent, and we’re finished with
this part of the proof.) Then y;,/y; is defined on /, and

(y_z) _ ylyz_ylyZ _ w (5133)

Vi i 7
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However, if W(xg) = 0, Theorem 5.1.4 implies that W = 0 on (a, b). Therefore (5.1.33) implies
that (y2/y1)’ =0, so y2/y1 = ¢ (constant) on /. This shows that y,(x) = cy;(x) for all x in /.
However, we want to show that y, = cy;(x) for all x in (a,b). LetY = y, —cy;. ThenY is a
solution of (5.1.32) on (a, b) such that Y = 0 on [, and therefore Y’ = 0 on I. Consequently, if
Xo 1s chosen arbitrarily in / then Y is a solution of the initial value problem

Y +px)y +q(x)y=0, y(xo) =0, y(x0)=0,

which implies that ¥ = 0 on (a, b), by the paragraph following Theorem 5.1.1. (See also
Exercise 24). Hence, y, — cy; = 0 on (a, b), which implies that y; and y; are not linearly
independent on (a, b).

Now suppose W has no zeros on (a, b). Then y; can’t be identically zero on (a, b) (why not?),
and therefore there is a subinterval / of (a, b) on which y; has no zeros. Since (5.1.33) implies
that y,/y; is nonconstant on /, y; isn’t a constant multiple of y; on (a, ). A similar argument
shows that y; isn’t a constant multiple of y; on (a, b), since

(ﬂ)' _J2Toy W
y2 Y3 Y3
on any subinterval of (a, b) where y, has no zeros. [

We can now complete the proof of Theorem 5.1.3. From Theorem 5.1.5, two solutions y
and y; of (5.1.32) are linearly independent on (a, b) if and only if W has no zeros on (a, b).
From Theorem 5.1.4 and the motivating comments preceding it, {y{, y» } is a fundamental set of
solutions of (5.1.32) if and only if W has no zeros on (a, b). Therefore {y, y»} is a fundamental
set for (5.1.32) on (a, b) if and only if {y, y»} is linearly independent on (a, b). [ ]

The next theorem summarizes the relationships among the concepts discussed in this section.

Theorem 5.1.6 Suppose p and g are continuous on an open interval (a, b) and let y; and y,
be solutions of

Y+ px)y +q(x)y =0 (5.1.34)
on (a,b). Then the following statements are equivalent; that is, they are either all true or all
Jalse.

(a) The general solution of (5.1.34) on (a,b) is y = c1y| + ca2y2.
(b) {y1,y2} is a fundamental set of solutions of (5.1.34) on (a, b).
(¢) {y1,y2} is linearly independent on (a, b).
(d) The Wronskian of {y1, y2} is nonzero at some point in (a, b).
(e) The Wronskian of {y1, y2} is nonzero at all points in (a, b).
We can apply this theorem to an equation written as
Po(x)y” + P1(x)y" + P2(x)y =0
on an interval (a, b) where Py, P}, and P, are continuous and P\ has no zeros.

Theorem 5.1.7 Suppose c is in (a, b) and a and B are real numbers, not both zero. Under the
assumptions of Theorem 5.1.6, suppose y| and y, are solutions of (5.1.34) such that

ayi(c) +Byi(c) =0 and ay)(c) + By,(c) = 0. (5.1.35)
Then {y1, y>} isn’t linearly independent on (a, b).
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Proof Since a and g are not both zero, (5.1.35) implies that

yi(e) ya(c)
yi(e) yi(c)

‘yl(C) ¥ ()
y2(c) y5(c)

=0, so ‘

and Theorem 5.1.6 implies the stated conclusion.

Exercises

1. (a) Verify that y; = e* and Vo = e>* are solutions of
y' =7y +10y =0 (A)

on (—oo, 00).

(b) Verify that if ¢; and ¢, are arbitrary constants then y = c1e® + cre™ is a solution
of (A) on (—o0, 00).

(¢) Solve the initial value problem
y”—7y,+ 10y:0, y(O) =-1, yl(()) =1.
(d) Solve the initial value problem

y' =7y +10y =0, y(0)=ko, y'(0)=k;.

2. (a) Verify that y; = e* cosx and y; = e” sinx are solutions of
Y/ =2y +2y=0 (A)

on (—oo, 00).

(b) Verify that if ¢; and c; are arbitrary constants then y = cje* cosx + cre* sinx is a
solution of (A) on (—o0, 00).

(¢) Solve the initial value problem
y'=2y"+2y=0, y(0)=3, y(0)=-2.
(d) Solve the initial value problem

y'=2y"+2y =0, y(0)=ko, Y(0)=kj.

3. (a) Verify that y; = ¢* and y, = xe" are solutions of
Y =2y +y=0 (A)

on (—o0, ).

(b) Verify that if ¢| and c; are arbitrary constants then y = e*(c| + ¢,x) is a solution of
(A) on (-0, ).

(¢) Solve the initial value problem

y'=2y'+y=0, y(0)=7, »(0)=4.
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(d) Solve the initial value problem
Y'=2y"+y=0, y(0)=ko, y(0)=ki.
4. (a) Verify thaty; =1/(x —1) and y, = 1/(x + 1) are solutions of
(x> =1)y" +4xy +2y =0 (A)

on (—oo0,—1), (-1,1), and (1, c0). What is the general solution of (A) on each of
these intervals?

(b) Solve the initial value problem
(x> =1)y" +4xy +2y =0, y(0)=-5, y'(0)=1.

What is the interval of validity of the solution?
(c) Graph the solution of the initial value problem.
(d) Verify Abel’s formula for y; and y;, with xo = 0.

S. Compute the Wronskians of the given sets of functions.

(a) {1, e} (b) {e*, e* sinx}

(©) {x+1,x>+2} (d) {xl/z,x_1/3}

©) {W “’”} (© {x1n |z, 2% In x|}
X X

(g) {e* cos /x, e sin /x}

6. Find the Wronskian of a given set {y, y2} of solutions of
Y +3(x%+ 1)y =2y =0,

given that W(r) = 0.

7. Find the Wronskian of a given set {y;, y»} of solutions of

(1-x»)y" =2xy +a(a+ 1)y =0,

given that W(0) = 1. (This is Legendre’s equation.)

8. Find the Wronskian of a given set {y, y2} of solutions of

X2y +xy + (x> =v?)y =0,

given that W(1) = 1. (This is Bessel’s equation.)

9. (This exercise shows that if you know one nontrivial solution of y” + p(x)y" + g(x)y = 0,
you can use Abel’s formula to find another.)

Suppose p and g are continuous and y; is a solution of

Y '+ p(x)y +qx)y =0 (A)

that has no zeros on (a, b). Let P(x) = f p(x) dx be any antiderivative of p on (a, b).


https://mathshistory.st-andrews.ac.uk/Biographies/Legendre/
https://mathshistory.st-andrews.ac.uk/Biographies/Bessel/
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(a) Show that if K is an arbitrary nonzero constant and y, satisfies
Y1y = ¥iya = Ke "W (B)

on (a, b), then y; also satisfies (A) on (a, b), and {y{, y>} is a fundamental set of
solutions of (A) on (a, b).
—P(x)

(b) Conclude from (a) that if y, = uy; where u’ = K then {yy, y»} is a funda-

yix)’
mental set of solutions of (A) on (a, b).

In Exercises 10-23 use the method suggested by Exercise 9 to find a second solution y, that isn’t
a constant multiple of the solution y|. Choose K conveniently to simplify y,.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.

22,

23.
24.

25.

y// _ 2y/ _ 3y =0; yi = e3x

Yy =6y +9y=0; 1y =e*

y” —2ay’ +a’y =0 (a = constant); y; = e%*

X2y +xy —y=0;, y =x

X2y —xy' +y=0; y=x

x%y” — (2a — 1)xy’ + a*>y = 0 (a = nonzero constant); x > 0; y; = x*
4x2y"” —dxy' + (3 - 16x2)y =0; y; =x!/2e>
(x=1)y"=xy"+y=0; y =e

ny// —2xy’ + (XZ +2)y=0; y;=xcosx

4x2(sinx)y” — 4x(x cosx + sinx)y’ + (2xcosx + 3sinx)y =0; y; = x'/?
(Bx—1)y" = (Bx+2)y = (6x -8)y =0; y; =e*
1
(x2—4)y" +4xy +2y=0; y = —
x—=2

1
(2x + Dxy” —=2(2x* = 1)y —4(x + 1)y =0; y; = .

(x2 - 2x)y" + (2 —xz)y’ +(2x-=2)y=0;, y;=¢*

Suppose p and g are continuous on an open interval (a, b) and let x¢ be in (a, b). Use
Theorem 5.1.1 to show that the only solution of the initial value problem

Y+ p(x)y +q(x)y =0, y(xo) =0, »(x0)=0
on (a, b) is the trivial solution y = 0.

Suppose Py, P, and P; are continuous on (a, b) and let xg be in (a,b). Show that if
either of the following statements is true then Py(x) = O for some x in (a, b).
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(a) The initial value problem

Po(x)y” + P1(x)y" + P2(x)y =0, y(xo) = ko, Y'(x0) = ki

has more than one solution on (a, b).

(b) The initial value problem

Po(x)y" + P1(x)y" + P2(x)y =0, y(x0) =0, y(x0) =0
has a nontrivial solution on (a, b).

26. Suppose p and g are continuous on (a, b) and y; and y, are solutions of

Y +px)y +qx)y=0 (A)
on (a, b). Let
Z1=ayr +By> and 2 =yy; +0dy2,
where a, 3, v, and ¢ are constants. Show that if {z;, z»} is a fundamental set of solutions

of (A) on (a, b) then so is {yy, y2}.

27. Suppose p and g are continuous on (a, b) and {y;, y»} is a fundamental set of solutions
of

Y+ p)y +q(x)y=0 (A)
on (a, b). Let
zi=ay; +Bys and zp =yy| +6y2,
where @, 3, ¥, and ¢ are constants. Show that {z;, z»} is a fundamental set of solutions of
(A) on (a, b) if and only if @d — By # 0.

28. Suppose y; is differentiable on an interval (a, b) and y, = ky;, where k is a constant.
Show that the Wronskian of {y;, y»} is identically zero on (a, b).

29. Let

X3, x>0,

_ 43 _
yr=4 and yz_{—x3, x <0.

(a) Show that the Wronskian of {y, y»} is defined and identically zero on (—co, c0).
(b) Suppose a < 0 < b. Show that {y;, y,} is linearly independent on (a, b).

(¢) Use Exercise 25(b) to show that these results don’t contradict Theorem 5.1.5, because
neither y; nor y, can be a solution of an equation

Y+ p)y +4q(x)y=0
on (a, b) if p and ¢ are continuous on (a, b).
30. Suppose p and g are continuous on (a, b) and {y, y2} is a set of solutions of
Y+ p()y +q(x)y =0

on (a, b) such that either y;(xo) = y2(xo) = 0 or y](xo) = y;(xo) = 0 for some x¢ in
(a,b). Show that {y;, y,} is linearly dependent on (a, b).
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31.

32.

33.

34.

3s.

36.

Suppose p and g are continuous on (a, b) and {y, y»} is a fundamental set of solutions
of

Y +p(x)y +qx)y=0

on (a,b). Show that if yi(x;) = yi(x2) = 0, where a < x; < x < b, then y(x) =0
for some x in (x1, xp). Hint: Show that if y, has no zeros in (x1, x3), then y1/y» is either
strictly increasing or strictly decreasing on (x1, x), and deduce a contradiction.

Suppose p and g are continuous on (a, b) and every solution of

Y '+ p(x)y +qx)y=0 (A)

on (a,b) can be written as a linear combination of the twice differentiable functions
{y1,y2}. Use Theorem 5.1.1 to show that y; and y;, are themselves solutions of (A) on
(a,b).

Suppose p1, p2, q1, and g, are continuous on (a, b) and the equations

Y 4+ pi(x)Y +qi(x)y=0 and y” + pa(x)y" +g2(x)y =0

have the same solutions on (a, ). Show that p; = p; and g; = ¢, on (a, b). Hint: Use
Abel’s formula.

(For this exercise you have to know about 3 X 3 determinants.) Show that if y; and y; are
twice continuously differentiable on (a, b) and the Wronskian W of {y1, y,} has no zeros
in (a, b) then the equation

. y Y1 »
wly Yoy =0
ooyl oy,
can be written as
Y+ p(x)y +q(x)y =0, (A)

where p and g are continuous on (a, b) and {yi, y»} is a fundamental set of solutions of
(A) on (a, b). Hint: Expand the determinant by cofactors of its first column.

Use the method suggested by Exercise 34 to find a linear homogeneous equation for which
the given functions form a fundamental set of solutions on some interval.

(a) e*cos2x, e*sin2x (b)x, ¥
(¢)x, xInx (d) cos(Inx), sin(Inx)
(e) coshx, sinhx O x2-1, x*+1

Suppose p and g are continuous on (a, b) and {y{, y»} is a fundamental set of solutions
of

Y+ p(x)y +q(x)y =0 (A)
on (a, b). Show that if y is a solution of (A) on (a, b), there’s exactly one way to choose
c1and ¢y sothat y = ¢1y; + cay2 on (a, b).
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37.

38.

39.

40.

Suppose p and g are continuous on (a, b) and xq isin (a, b). Let y; and y; be the solutions
of

V' +px)y +q(x)y=0 (A)
such that
yi(xo) =1, yj(x0) =0 and ya(xp) =0, y;(xo) = 1.

(Theorem 5.1.1 implies that each of these initial value problems has a unique solution on

(a,b).)
(a) Show that {yi, y,} is linearly independent on (a, b).

(b) Show that an arbitrary solution y of (A) on (a, b) can be written as y = y(xo)y; +
Y’ (x0)y2-
(c) Express the solution of the initial value problem

Y+ p@)y +q(x)y =0, y(xo) =ko, ¥(x0)=ki
as a linear combination of y; and y;.
Find solutions y; and y, of the equation y” = 0 that satisfy the initial conditions
yi(xo) =1, ¥i(x0) =0 and ys(x0) =0, y(x0)=1.
Then use Exercise 37 (¢) to write the solution of the initial value problem
' =0, y(xo)=ko, y'(x0)=ki
as a linear combination of y; and y;.

Let xo be an arbitrary real number. Given (Example 5.1.1) that e* and e™ are solutions
of y” —y =0, find solutions y; and y, of y” — y = 0 such that

yi(xo) =1, yi(x0) =0 and y2(xp) =0, y5(x0) = 1.
Then use Exercise 37 (¢) to write the solution of the initial value problem
Y'=y=0, y(xo)=ko, ¥ (x0)=ki
as a linear combination of y; and y;.

Let xo be an arbitrary real number. Given (Example 5.1.2) that cos wx and sin wx are
solutions of y” + w?y = 0, find solutions of y” + w?y = 0 such that

yi(xo) =1, ¥i(x0) =0 and yz(xp) =0, y,(x0) = 1.
Then use Exercise 37 (¢) to write the solution of the initial value problem
Y +wly =0, yxo) = ko, (x0)=ki
as a linear combination of y; and y,. Use the identities

cos(A+B) = cosAcosB—sinAsinB
sin(A+B) = sinAcosB + cosAsinB

to simplify your expressions for yj, y», and y.
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41. Recall from Exercise 4 that 1/(x — 1) and 1/(x + 1) are solutions of
(x> =1)y" +4xy' +2y =0 (A)
on (—1, 1). Find solutions of (A) such that
y1(0) =1, y1(0)=0 and y2(0) =0, y5(0) = 1.
Then use Exercise 37 (¢) to write the solution of initial value problem
(22 = 1)y" +4xy' +2y =0, y(0) =ko, ¥'(0) =k
as a linear combination of y; and y,.
42. (a) Verify that y; = x2 and Vo = x3 satisfy
x2y" —4xy +6y =0 (A)

on (—oo, o) and that {yy, y»} is a fundamental set of solutions of (A) on (—o0,0)
and (0, o).

(b) Let ay, as, by, and b, be constants. Show that

B aix? + ax3, x>0,
y= bix% + byx3, x<0

is a solution of (A) on (—oo,o0) if and only if a; = b;. From this, justify the

statement that y is a solution of (A) on (—oo, 00) if and only if

3

_ clx2+czx3, x >0,
Y= ci1x? +c3x3, x <0,

where c1, ¢2, and c3 are arbitrary constants.

(c) For what values of k¢ and k; does the initial value problem
Xy’ —4xy +6y =0, y(0)=ko, ¥(0)=k

have a solution? What are the solutions?

(d) Show that if xo # 0 and ko, k| are arbitrary constants, the initial value problem
X2y —4xy' +6y =0, y(xo) =ko, ¥ (xo)=ki (B)

has infinitely many solutions on (—oo, 00). On what interval does (B) have a unique
solution?

43. (a) Verify that y; = x and y, = x? satisfy
X2y = 2xy 42y =0 (A)

on (—oo, o) and that {yy, y»} is a fundamental set of solutions of (A) on (—o0,0)
and (0, o0).
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44.

(b) Let ay, a, by, and b, be constants. Show that

B a1x+a2x2, x>0,
Y= bix +byx?, x<0

is a solution of (A) on (—oo, 00) if and only if @; = by and a; = b;,. From this, justify
the statement that the general solution of (A) on (—co, ) is y = c1x + ¢x?, where
c1 and ¢, are arbitrary constants.

(¢) For what values of ko and k| does the initial value problem
X2y =2xy" 42y =0, y(0)=ko, y(0)=k

have a solution? What are the solutions?

(d) Show that if xg # 0 and ko, k| are arbitrary constants then the initial value problem
%y =2xy +2y =0, y(xo) = ko, V'(x0) = ki
has a unique solution on (—oco, c0).
(a) Verify that y; = x? and y, = x* satisfy
x2y” —6xy +12y =0 (A)

on (—o0, 00), and that {y{, y»} is a fundamental set of solutions of (A) on (—o0,0)
and (0, o).

(b) Show that y is a solution of (A) on (—o0, o) if and only if

B a1x’ + ax*, x>0,
T b+ bx*, x <0,

where ay, ay, b1, and b, are arbitrary constants.

(¢) For what values of ko and k; does the initial value problem
X2y —6xy' +12y =0, y(0) =ko, y(0) =k,

have a solution? What are the solutions?

(d) Show that if xo # 0 and ko, k| are arbitrary constants then the initial value problem
X2y —6xy + 12y =0, y(x0) = ko, ¥ (x0) = ki (B)

has infinitely many solutions on (—o0, c0). On what interval does (B) have a unique
solution?

5.2 Constant Coefficient Homogeneous Equations

If a, b, and ¢ are real constants and a # 0, then

ay” + by +cy = F(x)

is said to be a constant coefficient equation. In this section we consider the homogeneous
constant coefficient equation

ay” +by +cy=0. (5.2.1)
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As we’ll see, all solutions of (5.2.1) are defined on (—o0, c0). This being the case, we’ll omit
references to the interval on which solutions are defined, or on which a given set of solutions is
a fundamental set, etc., since the interval will always be (—o0, 00).

The key to solving (5.2.1) is that if y = ¢’* where r is a constant then the left side of (5.2.1)
is a multiple of ¢’*; thus, if y = ¢"* then y’ = re’* and y” = r2e’*, so

2 rx

ay” + by +cy = ar*e’™ + bre’™ + ce’™ = (ar’® + br + ¢)e’”. (5.2.2)
The quadratic polynomial
p(r)=ar*+br+c

is the characteristic polynomial of (5.2.1), and p(r) = 0 is the characteristic equation. From
(5.2.2) we can see that y = ¢"* is a solution of (5.2.1) if and only if p(r) = 0.
The roots of the characteristic equation are given by the quadratic formula

-b + Vb2 - 4ac
2a '

r =

(5.2.3)

We consider three cases:
Cask 1. b% —4ac > 0, so the characteristic equation has two distinct real roots.
Cask 2. b> — 4ac = 0, so the characteristic equation has a repeated real root.
Cask 3. b? — 4ac < 0, so the characteristic equation has complex roots.

In each case we’ll start with an example.

Case 1: Distinct Real Roots

Example 5.2.1

(a) Find the general solution of
y' +6y +5y=0. 5.2.4)

(b) Solve the initial value problem

y'+6y +5y=0, y(0)=3, y'(0)=-1. (5.2.5)

Solution (a) The characteristic polynomial of (5.2.4) is

p(r):r2+6r+5:(r+1)(r+5).

—5x 4x

Since p(—1) = p(=5) =0, y; = ¢™* and y, = ¢ are solutions of (5.2.4). Since y,/y; = e~
is nonconstant, 5.1.6 implies that the general solution of (5.2.4) is

y=cire ™ +cre . (5.2.6)

Solution (b) We must determine c; and c; in (5.2.6) so that y satisfies the initial conditions in
(5.2.5). Differentiating (5.2.6) yields

X

Y = —cre™ = Scpe”%. (5.2.7)
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\
>

1 —5x

7
Figure 5.2.1 y = Ee_x - —e

Imposing the initial conditions y(0) = 3, y'(0) = —1 in (5.2.6) and (5.2.7) yields

ci1+ ¢ = 3
—C1 — 502 = -1.
The solution of this system is ¢; = 7/2, ¢, = —1/2. Therefore the solution of (5.2.5) is
7 1 —5x

y= Ee_x—ie

Figure 5.2.1 is a graph of this solution.

If the characteristic equation has arbitrary distinct real roots r; and r,, then y; = e"* and
y» = €"* are solutions of ay” + by’ + cy = 0. Since y»/y; = e™71)* is nonconstant,
Theorem 5.1.6 implies that {y;, y»} is a fundamental set of solutions of ay” + by’ + cy = 0.

Case 2: A Repeated Real Root

Example 5.2.2

(a) Find the general solution of
¥y’ +6y" +9y =0. (5.2.8)

(b) Solve the initial value problem

y'+6y +9y =0, y(0)=3, y(0)=-1. (5.2.9)

Solution (a) The characteristic polynomial of (5.2.8) is

p(r):r2+6r+9:(r+3)2,
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so the characteristic equation has the repeated real root r; = —3. Therefore y; = e is a
solution of (5.2.8). Since the characteristic equation has no other roots, (5.2.8) has no other
solutions of the form e’*. We look for solutions of the form y = uy; = ue™>*, where u is

a function that we’ll now determine. (This should remind you of the method of variation of
parameters used in Section 2.1 to solve the nonhomogeneous equation y’ + p(x)y = f(x), given
a solution y; of the complementary equation y’ + p(x)y = 0. It’s also a special case of a method
called reduction of order that we’ll study in Section 5.6. For other ways to obtain a second
solution of (5.2.8) that’s not a multiple of e~3*_ see Exercises 5.1.9, 5.1.12, and 33.

Ify= ue=3* then

y/ — u/e—3x _ 3ue—3x and y// — u//e—3x _ 6u/e—3x + 9ue—3x’

SO

Y/ 46y +9y = e [(u” —6u’ +9u) + 6(u’ — 3u) + 9u]
= eI = (6-6)u’ + (9 — 18+ 9)u] = u"e™,

Therefore y = ue™* is a solution of (5.2.8) if and only if #” = 0, which is equivalent to
u = c1 + cpx, where c| and c; are constants. Therefore any function of the form

y = e (c1 + cax) (5.2.10)

is a solution of (5.2.8). Letting ¢; = 1 and ¢, = 0 yields the solution y; = e~3* that we already
knew. Letting ¢; = 0 and ¢, = 1 yields the second solution y, = xe 3*. Since ya2/y1 = x is
nonconstant, 5.1.6 implies that {y, y»} is fundamental set of solutions of (5.2.8), and (5.2.10)
is the general solution.

Solution (b) Differentiating (5.2.10) yields

Y = =3¢ (c| + cax) + cre . (5.2.11)

Imposing the initial conditions y(0) = 3, y’(0) = —1 in (5.2.10) and (5.2.11) yields ¢; = 3 and
=3¢y + ¢3 = —1, 50 ¢3 = 8. Therefore the solution of (5.2.9) is

y = e (3 + 8x).

Figure 5.2.2 is a graph of this solution.
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\ |
1 2 3

\j
>

Figure 5.2.2 y = ¢ ¥ (3 + 8x)

If the characteristic equation of ay” + by’ + cy = 0 has an arbitrary repeated root ry, the
characteristic polynomial must be

p(r) =a(r—r)* =a(r® =2rir +r7).

Therefore
ar? + br + ¢ = ar’> — 2ar))r + ar%,

which implies that » = —2ar| and ¢ = arlz. Therefore ay” + by’ + cy = 0 can be written as
a(y” =2riy + rfy) = 0. Since a # 0 this equation has the same solutions as

y' =2r1y +ry =0, (5.2.12)

Since p(ry) = 0, y; = € is a solution of ay” + by’ + cy = 0, and therefore of (5.2.12).
Proceeding as in Example 5.2.2, we look for other solutions of (5.2.12) of the form y = ue"*;
then

rix 1" _rix

+rue™ and y' =u"e" +2riu’e"*

r_ 2 rix
y =ue + rjue’”,

SO
”_9 ’ 2 _ rix ”4+0 ’ 2 2 ’ 2
y' =2ry'+rjy = e [(u +2ru’ +riju) = 2ri(u +r1u)+r1u]
= " u+ (2ry = 2r)u’ + (ri—2rf + r%)u] =u"e"”.

Therefore y = ue™” is a solution of (5.2.12) if and only if #” = 0, which is equivalent to
u = c1 + cpx, where c¢; and c; are constants. Hence, any function of the form

y=e""(c1 +c2x) (5.2.13)

is a solution of (5.2.12). Letting ¢; = 1 and ¢, = 0 here yields the solution y; = ¢"'* that we
already knew. Letting ¢; = 0 and ¢, = 1 yields the second solution y, = xe’'*. Since y>/y; = x
is nonconstant, 5.1.6 implies that {y;, y»} is a fundamental set of solutions of (5.2.12), and
(5.2.13) is the general solution.
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Case 3: Complex Conjugate Roots
Example 5.2.3

(a) Find the general solution of
Y’ +4y" + 13y = 0. (5.2.14)

(b) Solve the initial value problem

y'+4y +13y =0, y(0)=2, y'(0) =-3. (5.2.15)

Solution (a) The characteristic polynomial of (5.2.14) is
p(r)=rt+dr+ 13=r +4r+4+9=(r+2)%+9.

The roots of the characteristic equation are r{ = =2 + 3i and r, = —2 — 3i. By analogy with
Case 1, it’s reasonable to expect that (=230 and ¢(-2730 gre solutions of (5.2.14). This is true
(see Exercise 34); however, there are difficulties here, since you are probably not familiar with
exponential functions with complex arguments, and even if you are, it’s inconvenient to work
with them, since they are complex—valued. We’ll take a simpler approach, which we motivate
as follows: the exponential notation suggests that

e(—2+3l)x — e—2xe31x e(—2—3l)x — e—2xe—31x’

and

so even though we haven’t defined e>* and ™", it’s reasonable to expect that every linear

combination of e(=2+3)% and ¢(~273)* can be written as y = ue™>*, where u depends upon x. To
determine u, we note that if y = ue 2 then

Y =ue ™ -2ue™™ and Yy =u"e X —du'e ™ + due >,
SO

Y +4y +13y = e [(u” —4u’ +4u) + 4’ - 2u) + 13u]
= e X —(4-du' +(4-8+13)u] = e > u” +9u).

—2x

Therefore y = ue™* is a solution of (5.2.14) if and only if

u” +9u =0.
From Example 5.1.2, the general solution of this equation is
U = c1 €08 3x + ¢y sin 3x.
Therefore any function of the form
y = e (¢ cos 3x + ¢ sin 3x) (5.2.16)

is a solution of (5.2.14). Letting ¢; = 1 and ¢, = 0 yields the solution y; = e > cos3x.

Letting ¢; = 0 and ¢, = 1 yields the second solution y, = e X sin3x. Since ya2/y1 = tan3x
is nonconstant, 5.1.6 implies that {y;, y»} is a fundamental set of solutions of (5.2.14), and
(5.2.16) is the general solution.
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1
Figure 5.2.3 y = ¢ (2 cos 3x + 3 sin 3x)

Solution (b) Imposing the condition y(0) = 2 in (5.2.16) shows that ¢; = 2. Differentiating
(5.2.16) yields

’

y' = —=2¢ (¢} cos 3x + ¢ sin 3x) + 3¢~ > (—c; sin 3x + ¢3 cos 3x),

and imposing the initial condition y’(0) = —3 here yields =3 = —2¢; + 3¢y = —4 + 3¢5, s0
¢> = 1/3. Therefore the solution of (5.2.15) is

1
y =e ¥(2cos3x + 3 sin 3x).
Figure 5.2.3 is a graph of this function. ]

Now suppose the characteristic equation of ay” + by’ + cy = 0 has arbitrary complex roots;
thus, b% — 4ac < 0 and, from (5.2.3), the roots are

—b +iVdac — b? —-b —iVdac — b?
ry = , = ,
2a 2a

which we rewrite, possibly after interchanging r and r», as

ri=A+iw, rn=71-iw, (5.2.17)
with
b 4ac — b?
= —, w=—————
2a 2lal

Don’t memorize these formulas. Just remember that »; and r; are of the form (5.2.17), where
A is an arbitrary real number and w is positive; A and w are the real and imaginary parts,
respectively, of r;. Similarly, A and —w are the real and imaginary parts of r,. We say that r; and
ro are complex conjugates, which means that they have the same real part and their imaginary
parts have the same absolute values, but opposite signs.
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As in Example 5.2.3, it’s reasonable to expect that the solutions of ay” + by’ + cy = 0 are
linear combinations of ¢1*)* and ¢(A~7)*  Again, the exponential notation suggests that

e(/l+lw)x — e/lxelwx e(/l—lw)x — e/lx —iwx

and e ,

so even though we haven’t defined e/“* and e™'“~, it’s reasonable to expect that every linear
combination of e“*@)* and ¢1~@)* can be written as y = ue®™, where u depends upon x.
To determine u we first observe that since r{ = A + iw and r» = A — iw are the roots of the
characteristic equation, p must be of the form

p(r) = a(r—r)(r—ra)
= a(r-A1-iw)(r —A+iw)
= a [(r—/l)2+w2]
= a(r* = 21r + > + W?).

Therefore ay” + by’ + ¢y = 0 can be written as
aly” -2y + (2% + wz)y] =0.
Since a # 0 this equation has the same solutions as
V' =22y + (22 + w?)y = 0. (5.2.18)
To determine u we note that if y = ue®* then
yV =u'e™ + we™ and  y” = u"e™ + 2’ e + Vue.
Substituting these expressions into (5.2.18) and dropping the common factor e yields
(" + 22 + 2u) =22’ + ) + (A2 + wHu =0,

which simplifies to
u” + wu = 0.

From Example 5.1.2, the general solution of this equation is
U = C1COSwx + ¢y SIn wx.
Therefore any function of the form
y = e™ (¢} cos wx + ¢ sin wx) (5.2.19)

is a solution of (5.2.18). Letting ¢; = 1 and ¢, = 0 here yields the solution y; = e cos wx.

Letting ¢; = 0 and ¢, = 1 yields a second solution y; = e™ sin wx. Since ya/y1 = tanwx is
nonconstant, Theorem 5.1.6 implies that {y;, y,} is a fundamental set of solutions of (5.2.18),
and (5.2.19) is the general solution.

Summary

The next theorem summarizes the results of this section.
Theorem 5.2.1 Let a # 0 and let p(r) = ar? + br + ¢ be the characteristic polynomial of
ay” + by +cy=0. (5.2.20)

Then:
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(a) If p(r) = 0 has distinct real roots ry and ry, then the general solution of (5.2.20) is

rix

y=cie + cre.

(b) If p(r) = 0 has a repeated root ry, then the general solution of (5.2.20) is
y =e"(c1 + cox).

(c) If p(r) = 0 has complex conjugate roots ri = A +iw and ry = A —iw (Where w > 0), then
the general solution of (5.2.20) is

y = e™ (¢} cos wx + ¢ sin wx).

Exercises

In Exercises 1-12 find the general solution.

1.y +5y —6y=0

3.y"+8y'+7y=0

5.y"+2y+10y =0

2. y/—4y"+5y=0

4. y' -4y +4y =0

6. y+6y +10y =0

7. y" =8y +16y =0 8. y"+y =0
9. y"=2y"+3y=0 10. y”+6y"+13y =0
11 4y” +4y +10y =0 12. 10y” =3y -y =0

In Exercises 13—17 solve the initial value problem.
13. y" + 14y’ +50y =0, y(0)=2, y'(0)=-17
14. 6y" -y —y =0, y(0)=10, »'(0)=0

15. 6" +y' —y=0, y(0)=-1, »y(0)=3

13, 23
16. 4y" -4y’ =3y =0, y(0) =15, Y(0) =7

17. 4y” =12y’ +9y =0, y(0) =3, y'(0)= ;

In Exercises 18-21 solve the initial value problem and graph the solution.
18. V' +7y +12y =0, y(0)=-1, y(0)=0
19. Y =6y +9y =0, y(0)=0, y(0)=2
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|

20. 36y =12y +y =0, y(0)=3, (0)=

21. V' +4y +10y =0, y(0)=3, y(0)=-2
22. (a) Suppose y is a solution of the constant coeflicient homogeneous equation
ay” + by +cy=0. (A)
Let z(x) = y(x — xg), where xq is an arbitrary real number. Show that

a7’ + b7 +cz=0.

(b) Let z1(x) = y1(x —x¢) and z2(x) = y2(x — x0), where {y1, y»} is a fundamental set
of solutions of (A). Show that {z1, z»} is also a fundamental set of solutions of (A).

(¢) The statement of Theorem 5.2.1 is convenient for solving an initial value problem
ay” +by +cy=0, y(0)=ko, y(0)=ky,

where the initial conditions are imposed at xo = 0. However, if the initial value
problem is

ay” +by +cy =0, y(xo)=ko y(x0)=ki, (B)
where xo # 0, then determining the constants in

rix

y=cre™ + e, y=e"(c) +cax), ory = e (¢} cos wx + ¢ sinwx)

(whichever is applicable) is more complicated. Use (b) to restate Theorem 5.2.1 in
a form more convenient for solving (B).

In Exercises 2328 use a method suggested by Exercise 22 to solve the initial value problem.

23. y"+3y"+2y =0, y(l)=-1, y(1)=4

|
24. v -6y =Ty =0, y(2)= -3 y'(2) =-5
25. y" = 14y"+49y =0, y(1)=2, y'(1)=11

14
26. 9y +6y'+y=0, y(2)=2, y(2)= 3

27. 9" +4y =0, y(x/4) =2, y(n/4)=-2
28. v +3y=0, y(r/3)=2, y(x/3)=-1
29. Prove: If the characteristic equation of
ay” +by +cy=0 (A)

has a repeated negative root or two roots with negative real parts, then every solution of
(A) approaches zero as x — oo.

30. Suppose the characteristic polynomial of ay” + by’ + cy = 0 has distinct real roots r; and
r>. Use a method suggested by Exercise 22 to find a formula for the solution of

ay” + by +cy =0, y(xo) =ko, y'(x0)=ki.
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31.

32.

33.

34.

Suppose the characteristic polynomial of ay” + by’ + cy = 0 has a repeated real root r;.
Use a method suggested by Exercise 22 to find a formula for the solution of

ay” +by +cy =0, y(xo)=ko, y(x0)=ki.

Suppose the characteristic polynomial of ay” + by’ + cy = 0 has complex conjugate roots
A +iw. Use a method suggested by Exercise 22 to find a formula for the solution of

ay” +by +cy =0, y(xo) =ko, Y(xo0)=ki.
Suppose the characteristic equation of
ay” +by +cy=0 (A)

has a repeated real root ;. Temporarily, think of ¢’* as a function of two real variables x
and r.

(a) Show that

2
(e'm)+baa (") + ce’™ —a(r—r])2 ™~ (B)
(b) Differentiate (B) with respect to r to obtain
0 ( )+ 52 (L) 4 ewe) = 24 (= ri)atr - e, (©
01’ Ox

(c) Reverse the orders of the partial differentiations in the first two terms on the left side
of (C) to obtain

2 0
rx
aa 2()ce )+b(9

(d) Setr =ryin(B) and (D) to see that y; = ¢"'* and y, = xe"'* are solutions of (A)

(xe™) +c(xe™) =2+ (r—r))x]a(r —ry)e’™. (D)

In calculus you learned that e“, cos u, and sin u can be represented by the infinite series
o u" L u? u" A
e_;)ﬂ_ +ﬁ+5+§+~-+m+~- (A)
©0 2n 2 4 2n
u u- u u
= -1)" =l-—=+—+---+(-D)" + - B
cost ;)( ) 217 4 T ’ (B)
and
b 2n+1 3 5 2n+1
. _ _1\7 u — _u_ M_ —_1\" ..
sinu = ) (=1) T TR IR S T Pone v iad ©

for all real values of u. Even though you have previously considered (A) only for real
values of u, we can set u = i6, where 0 is real, to obtain

o0 — i @0)" (D)

Given the proper background in the theory of infinite series with complex terms, it can be
shown that the series in (D) converges for all real 6.
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(a) Recalling thati> = —1, write enough terms of the sequence {i"} to convince yourself
that the sequence is repetitive:

,i,-1,-i,1,i,-1,-i,1,i,-1,—-i, 1,i,—1,—i,--- .

Use this to group the terms in (D) as

0 92 94 ' 03 95
e’ = 1—§+E+--- +il0—=+—+"-

3175
© 9211 & 92n+1
NG A N Y
;( ) ’;( a1

By comparing this result with (B) and (C), conclude that
"% = cosf +isiné. (E)

This is Euler’s identity.

(b) Starting from o
€91¢1%2 = (cos @) +isin6;)(cos O, + i sin 6,),

collect the real part (the terms not multiplied by 7) and the imaginary part (the terms
multiplied by i) on the right, and use the trigonometric identities

cos(61 + 6,)
sin(61 + 6;)

cos 01 cos 6, — sin 01 sin 6,

sin 81 cos 8, + cos 61 sin 6,

to verify that
ei(91+92) — ei916i92’
as you would expect from the use of the exponential notation e’

(¢) If @ and g are real numbers, define
eV = %P = ¢%(cos B +isin ). (F)
Show that if z; = @; +if; and 7, = @, + i3, then

2 — plpR2

e e .

(d) Let a, b, and c¢ be real numbers, with a # 0. Let z = u + iv where u and v are
real-valued functions of x. Then we say that z is a solution of

ay” +by +cy=0 (G)

if u and v are both solutions of (G). Use Theorem 5.2.1(c) to verify that if the
characteristic equation of (G) has complex conjugate roots A + iw then z; = e+
and z, = 171X are both solutions of (G).


https://mathshistory.st-andrews.ac.uk/Biographies/Euler/
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5.3 Nonhomogeneous Linear Equations
We’ll now consider the nonhomogeneous linear second order equation

V' +px)y +q(x)y = f(x), (5.3.1)

where the forcing function f isn’t identically zero. The next theorem, an extension of Theo-
rem 5.1.1, gives sufficient conditions for existence and uniqueness of solutions of initial value
problems for (5.3.1). We omit the proof, which is beyond the scope of this book.

Theorem 5.3.1 Suppose p, q, and [ are continuous on an open interval (a, b), let xo be any
point in (a, b), and let ko and k| be arbitrary real numbers. Then the initial value problem

Y +p@)y +q(x)y = f(x), y(xo) =ko, Y'(x0)=ki
has a unique solution on (a, b).

To find the general solution of (5.3.1) on an interval (a, b) where p, ¢, and f are continuous,
it’s necessary to find the general solution of the associated homogeneous equation

Y+ px)y +q(x)y=0 (5.3.2)

on (a, b). We call (5.3.2) the complementary equation for (5.3.1).

The next theorem shows how to find the general solution of (5.3.1) if we know one solution
yp of (5.3.1) and a fundamental set of solutions of (5.3.2). We call y, a particular solution of
(5.3.1); it can be any solution that we can find, one way or another.

Theorem 5.3.2 Suppose p, q, and f are continuous on (a, b). Let 'y, be a particular solution

of
Y+ p(x)y' +qx)y = f(x) (5.3.3)
on (a,b), and let {y1, y2} be a fundamental set of solutions of the complementary equation
Y+ p(x)y' +q(x)y =0 (5.3.4)

on (a,b). Then y is a solution of (5.3.3) on (a, b) if and only if
y=Yyptciyr +cayo, (5.3.5)
where c1 and ¢, are constants.

Proof We first show that y in (5.3.5) is a solution of (5.3.3) for any choice of the constants ¢
and c;. Differentiating (5.3.5) twice yields

’

Y =y, +c1yp ey, and y' =y +c1y] +cayy,

SO

(¥ +c1y] +c2yy) + p(x) (¥}, + c1¥] + c2y3)
+q(x)(yp +c1y1 + c2y2)

(v +p(x)y, + q(x)yp) + c1 (Y] + p()y| + g(x)y1)
+ca(yy + p(X)yy + q(x)y2)

f+Cl '0+C2'0=f,

v+ px)y +qx)y
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since y), satisfies (5.3.3) and y; and y; satisfy (5.3.4).

Now we’ll show that every solution of (5.3.3) has the form (5.3.5) for some choice of the
constants ¢y and c¢,. Suppose y is a solution of (5.3.3). We’ll show that y — y,, is a solution of
(5.3.4), and therefore of the form y —y, = c1y + c2y>, which implies (5.3.5). To see this, we
compute

V' =y +px) =y),)
+q(x)(y = yp)
= (" +p()y +q(x)y)
—(y, +p(x)y, +q(x)yp)
= f(x) - f(x) =0,
since y and y, both satisfy (5.3.3). ]
We say that (5.3.5) is the general solution of (5.3.3) on (a, b).

If Py, Py, P, and F are continuous and P has no zeros on (a, b), then Theorem 5.3.2 implies
that the general solution of

V=yp)" +p@)=yp) +qx)(y—yp)

Po(x)y” + P1(x)y" + P2(x)y = F(x) (5.3.6)

on (a,b) isy =y, + c1y1 + c2y2, where y, is a particular solution of (5.3.6) on (a, b) and
{y1, y2} is a fundamental set of solutions of

Po(x)y” + P1(x)y + P2(x)y =0

on (a, b). To see this, we rewrite (5.3.6) as

Pl(x)y, Pz(x)y: F(x)
Po(x)”  Po(x)”  Po(x)

and apply Theorem 5.3.2 with p = P{/Py, q = P2/Py, and f = F/Py.

To avoid awkward wording in examples and exercises, we won’t specify the interval (a, b) when
we ask for the general solution of a specific linear second order equation, or for a fundamental
set of solutions of a homogeneous linear second order equation. Let’s agree that this always
means that we want the general solution (or a fundamental set of solutions, as the case may be)
on every open interval on which p, ¢, and f are continuous if the equation is of the form (5.3.3),
or on which Py, Py, P, and F are continuous and P has no zeros, if the equation is of the form
(5.3.6). We leave it to you to identify these intervals in specific examples and exercises.

For completeness, we point out that if Py, Py, P>, and F are all continuous on an open interval
(a, b), but Py does have a zero in (a, b), then (5.3.6) may fail to have a general solution on (a, b)
in the sense just defined. Exercises 42—44 illustrate this point for a homogeneous equation.

In this section we limit ourselves to applications of Theorem 5.3.2 where we can guess at the
form of the particular solution.

77

Example 5.3.1

(a) Find the general solution of
y +y=1. (5.3.7
(b) Solve the initial value problem

7”7

y'+y=1, y0)=2, y(0)=7. (5.3.8)
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Figure 5.3.1 y =1+ cosx + 7sinx

Solution (a) We can apply Theorem 5.3.2 with (a, b) = (—o0, 00), since the functions p = 0,
g =1,and f = 1in (5.3.7) are continuous on (—c0, c0). By inspection we see that y, = 1
is a particular solution of (5.3.7). Since y; = cosx and y, = sinx form a fundamental set of
solutions of the complementary equation y” + y = 0, the general solution of (5.3.7) is

y=14+cjcosx + cpsinx. (5.3.9
Solution (b) Imposing the initial condition y(0) = 2 in (5.3.9) yields 2 = 1 + ¢y, so ¢; = 1.

Differentiating (5.3.9) yields
y' = —cysinx + ¢ cos x.

Imposing the initial condition y’(0) = 7 here yields ¢, = 7, so the solution of (5.3.8) is
y=1+cosx+ 7sinx.
Figure 5.3.1 is a graph of this function.

Example 5.3.2

(a) Find the general solution of

' =2y +y=-3-x+x’. (5.3.10)

(b) Solve the initial value problem

y' =2y +y=-3-x+x>, y(0)=-2, y(0)=1. (5.3.11)

Solution (a) The characteristic polynomial of the complementary equation

' =2y +y=0
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isr?=2r+1=(r-1)% s0y; = e and y, = xe* form a fundamental set of solutions of the
complementary equation. To guess a form for a particular solution of (5.3.10), we note that
substituting a second degree polynomial y, = A + Bx + Cx? into the left side of (5.3.10) will
produce another second degree polynomial with coefficients that depend upon A, B, and C. The
trick is to choose A, B, and C so the polynomials on the two sides of (5.3.10) have the same
coefficients; thus, if

yp=A+Bx+Cx* then y,=B+2Cx and y}=2C,
SO
2C —2(B +2Cx) + (A + Bx + Cx?)
(2C —2B+ A) + (-4C + B)x + Cx* = =3 — x + x%.

Yo =2y, +Yp

Equating coefficients of like powers of x on the two sides of the last equality yields

cC = 1
B-4C = -1
A-2B+2C = -3,

soC=1,B=-1+4C =3,and A = -3 -2C + 2B = 1. Therefore y, = 1+3x+x%isa
particular solution of (5.3.10) and Theorem 5.3.2 implies that

y=143x+x>+e"(c] + cox) (5.3.12)

is the general solution of (5.3.10).

Solution (b) Imposing the initial condition y(0) = —2in (5.3.12) yields -2 = 1+c¢j,s0¢; = —3.
Differentiating (5.3.12) yields

Y =3+2x+e"(c) + cx) + cre”,

and imposing the initial condition y’(0) = 1 here yields 1 = 3 + ¢ + ¢, so ¢ = 1. Therefore
the solution of (5.3.11) is

y=1+3x+x>-¢e"(3-x).
Figure 5.3.2 is a graph of this solution.

Example 5.3.3 Find the general solution of

X2y +xy — 4y = 2 (5.3.13)

on (—co,0) and (0, o).

Solution In Example 5.1.3, we verified that y; = x? and y, = 1/x? form a fundamental set of
solutions of the complementary equation

X2y +xy =4y =0

on (—oo,0) and (0, o). To find a particular solution of (5.3.13), we note thatif y, = Ax*, where
A is a constant then both sides of (5.3.13) will be constant multiples of x* and we may be able
to choose A so the two sides are equal. This is true in this example, since if y, = Ax* then

Xy +xy, = dyp = 17 (124x%) +x(4Ax°) — 4Ax* = 12Ax* = 2

if A = 1/6; therefore, y, = x*/6 is a particular solution of (5.3.13) on (—co, ). Theorem 5.3.2
implies that the general solution of (5.3.13) on (—c0, 0) and (0, o0) is

x4

y=" pe?+ &
= — 1 —_
6 x2
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Figure 532y = 1 +3x + x> — e*(3 — x)

The Principle of Superposition

The next theorem enables us to break a nonhomogeneous equation into simpler parts, find a
particular solution for each part, and then combine their solutions to obtain a particular solution
of the original problem.

Theorem 5.3.3 [The Principle of Superposition] Suppose y, is a particular solution of
Y+ p)y +q(x)y = fi(x)
on (a,b) andy,, is a particular solution of
Y+ p)y +q(x)y = fo(x)
on (a,b). Then
Yp =Ypi T Vp
is a particular solution of
Y+ p(x)y' +q(x)y = fi(x) + f2(x)
on (a,b).
Proof Ify, =y, +y,, then
Yo+ p()y, +q(X)yp = (p +p)" + P(X)Yp, +3py)" +q(X)(Yp, + ¥p,)
= (y}il +p(X)y,, + q(X)ypl) + (y}iz +p(x)y),, + Q(x)ypz)
Si(xX) + f2(x). =

It’s easy to generalize Theorem 5.3.3 to the equation

Y+ px)y +q(x)y = f(x) (5.3.14)
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where
f=A+hHh+ -+ fu

thus, if y,,, is a particular solution of
Y+ p)y +q(x)y = fi(x)
on (a,b) fori =1, 2, ..., k, then y,, +y,, +---+y,, is a particular solution of (5.3.14)
on (a,b). Moreover, by a proof similar to the proof of Theorem 5.3.3 we can formulate the
principle of superposition in terms of a linear equation written in the form
Po(x)y” + Pi(x)y" + P2(x)y = F(x)
(Exercise 39); that is, if y,,, is a particular solution of
Po(x)y" + Pi(x)y" + P2(x)y = F1(x)
on (a, b) and y,, is a particular solution of
Po(x)y” + Pi(x)y" + P2(x)y = F>(x)
on (a,b), then y,, +y,, is a solution of
Po(x)y” + P1(x)y" + P2(x)y = Fi(x) + F2(x)
on (a,b).
Example 5.3.4 The function y,, = x*/15 is a particular solution of
X2y +4xy +2y = 2x* (5.3.15)
on (—oo,00) and y,, = x2/3 is a particular solution of
X2y + dxy’ + 2y = 4x? (5.3.16)
on (—oo, o). Use the principle of superposition to find a particular solution of
X2y +4xy’ + 2y = 2x* + 4x? (5.3.17)

on (—o0, ).

Solution The right side F(x) = 2x* + 4x? in (5.3.17) is the sum of the right sides
Fi(x)=2x* and F(x) = 4x?

in (5.3.15) and (5.3.16). Therefore the principle of superposition implies that

X2

yP:ypl"'ypz:E'F?

is a particular solution of (5.3.17).
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Exercises

In Exercises 1-6 find a particular solution by the method used in Example 5.3.2. Then find the
general solution and, where indicated, solve the initial value problem and graph the solution.

1.

2
3.
4
5

S

V"’ 45y — 6y =22+ 18x — 18x2

Y =4y +5y=1+5x

V" + 8y +7y = -8 — x + 24x? + 7x°

.Y =4y +4y =2 + 8x — 4x?
. V' +2y + 10y =4 +26x + 6x2 + 10x3, y(0)=2, y(0)=9

Y +6y +10y =22+20x, y(0) =2, y'(0) =-2
Show that the method used in Example 5.3.2 won’t yield a particular solution of
Yy +y =1+2x+x% (A)

that is, (A) doesn’t have a particular solution of the form y, = A + Bx + Cx?%, where A, B,
and C are constants.

In Exercises 813 find a particular solution by the method used in Example 5.3.3.

5, ) 6 9. x2y"” —Txy’ + 7Ty = 13x!/?
8. x°y" +7xy +8y =—
X
2.0 ! — 7,3 1
10. x7y" —xy" +y =2x 11. x2y” + 5xy + 4y = 5
12. x2y” +xy’ +y = 10x!/3 13. x%y” —3xy’ + 13y = 2x*
14. Show that the method suggested for finding a particular solution in Exercises 8-13 won’t
yield a particular solution of
1
x2y” +3xy -3y = = (A)
X

15.

that is, (A) doesn’t have a particular solution of the form y, = A /x3.
Prove: If a, b, ¢, @, and M are constants and M # 0, thenonx > 0
ax?y” + bxy’ + cy = Mx®

has a particular solution y, = Ax® (A = constant) if and only if aa(a — 1) + ba + ¢ # 0.

If a, b, ¢, and «a are constants, then

a(e™)” + b(e™) +ce™ = (acx2 + ba + c)e™ .

Use this in Exercises 16-21 to find a particular solution . Then find the general solution and,
where indicated, solve the initial value problem and graph the solution.

16.

7 ’ _ 3x
y +5y—6y—6e 17. y//_4y/+5y:er
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18
19

20.
22,

23.

.

Y’ +8y + 7y =10e7%, y(0) = -2, y'(0) = 10
Y -4y +4y=e, y(0)=2, y(0)=0

V" 42y + 10y = /2 21. y” + 6y + 10y = e~

Show that the method suggested for finding a particular solution in Exercises 16-21 won’t
yield a particular solution of

Y =Ty + 12y = 5¢%; (A)
that is, (A) doesn’t have a particular solution of the form y, = Ae®.

Prove: If a, b, ¢, @, and M are constants, a # 0, and M # 0, then the constant coefficient
equation

ay” + by +cy = Me™
has a particular solution y,, = Ae®" (A = constant) if and only if ¢** isn’t a solution of the
complementary equation.

If w is a constant, differentiating a linear combination of cos wx and sin wx with respect to x
vields another linear combination of cos wx and sin wx. In Exercises 24-29 use this to find a
particular solution of the equation. Then find the general solution and, where indicated, solve
the initial value problem and graph the solution.

24

25.
26.
27.
28.
29.
30.

31.

32.

y” =8y’ + 16y =23 cosx — 7 sinx
v’ +y = —8cos2x + 6sin2x
y” =2y + 3y = —6.c0s 3x + 6sin 3x
v’ +6y + 13y = 18cosx + 6sinx
V' +7y + 12y = =2cos2x + 36sin2x, y(0) = =3, ' (0) =3
¥’ — 6y’ +9y = 18cos 3x + 18sin3x, y(0) =2, '(0) =2
Find the general solution of
Y’ + wky = M cos wx + N sinwx,
where M and N are constants and w and wy are distinct positive numbers.

Show that the method suggested for finding a particular solution in Exercises 24-29 won’t
yield a particular solution of

y" +y =cosx + sinx; (A)

that is, (A) does not have a particular solution of the form y, = Acosx + Bsinx.
Prove: If M, N are constants (not both zero) and w > 0, the constant coefficient equation
ay” + by" + cy = M cos wx + N sin wx (A)

has a particular solution that’s a linear combination of cos wx and sin wx if and only if the
left side of (A) is not of the form a(y” + w?y). In the excluded case, cos wx and sin wx
are solutions of the complementary equation.
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In Exercises 33-38 refer to the cited exercises and use the principle of superposition to find a
particular solution. Then find the general solution.

33. y” + 5y — 6y = 22 + 18x — 18x? + 6> (See Exercises 1 and 16.)

34. y”" — 4y + 5y = 1 + 5x + ¢* (See Exercises 2 and 17.)

35. v+ 8y + 7y = =8 —x + 24x? + 7x> + 10e™>* (See Exercises 3 and 18.)
36. y” — 4y +4y =2 + 8x — 4x? + ¢* (See Exercises 4 and 19.)

37. v +2y + 10y = 4 + 26x + 6x2 + 10x> + ¢*/% (See Exercises 5 and 20.)
38. y” + 6y + 10y = 22 + 20x + ¢~>* (See Exercises 6 and 21.)

39. Prove: If y,, is a particular solution of
Po(x)y” + P1(x)y" + P2(x)y = Fi(x)
on (a, b) and y,, is a particular solution of
Po(x)y” + P1(x)y" + P2(x)y = Fa(x)
on (a, b), then y, =y, + yp, is a solution of
Po(x)y” + P1(x)y" + P2(x)y = Fi(x) + F2(x)
on (a,b).

40. Suppose p, g, and f are continuous on (a, b). Let yq, y2, and y, be twice differentiable
on (a, b), such that y = c1y1 + c2y2 + yp is a solution of

Y+ px)y +qx)y=f

on (a, b) for every choice of the constants ¢y, c¢;. Show that y; and y; are solutions of the
complementary equation on (a, b).

5.4 The Method of Undetermined Coefficients I

In this section we consider the constant coefficient equation
ay” + by +cy = e™G(x), (5.4.1)

where « is a constant and G is a polynomial.

From Theorem 5.3.2, the general solution of (5.4.1) is y = y, + c1y1 + c2y2, where y,, is a
particular solution of (5.4.1) and {y1, y»} is a fundamental set of solutions of the complementary
equation

ay” + by +cy=0.

In Section 5.2 we showed how to find {y1, y»}. In this section we’ll show how to find y,. The
procedure that we’ll use is called the method of undetermined coefficients.
Our first example is similar to Exercises 16-21.
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Example 5.4.1 Find a particular solution of
Y =Ty + 12y = 4e*. (5.4.2)

Then find the general solution.

Solution Substituting y, = Ae? for y in (5.4.2) will produce a constant multiple of Ae®* on the
left side of (5.4.2), so it may be possible to choose A so that y,, is a solution of (5.4.2). Let’s try
it; if y, = Ae* then

Yy =Ty, + 12y, = 4Ae™ — 14Ae™ + 12Ae™ = 2Ae™ = 4e™

if A = 2. Therefore y, = 2¢%* is a particular solution of (5.4.2). To find the general solution,
we note that the characteristic polynomial of the complementary equation

Y'=Ty' +12y =0 (5.4.3)
isp(r) =r2=Tr+12 = (r =3)(r —4), so {€**, e*} is a fundamental set of solutions of (5.4.3).

Therefore the general solution of (5.4.2) is

y =2e> + c1e>* + cpe™.

Example 5.4.2 Find a particular solution of
Y =Ty + 12y = 5e*. (5.4.4)

Then find the general solution.

Solution Fresh from our success in finding a particular solution of (5.4.2) — where we chose
Yp = Ae? because the right side of (5.4.2) is a constant multiple of e>* — it may seem reasonable
to try y, = Ae* as a particular solution of (5.4.4). However, this won’t work, since we saw
in Example 5.4.1 that ¢** is a solution of the complementary equation (5.4.3), so substituting
Yp = Ae™ into the left side of (5.4.4) produces zero on the left, no matter how we chooseA. To
discover a suitable form for y,, we use the same approach that we used in Section 5.2 to find a
second solution of
ay” +by +cy=0

in the case where the characteristic equation has a repeated real root: we look for solutions of
(5.4.4) in the form y = ue™, where u is a function to be determined. Substituting

y=ue*, y =u'e*™ +4ue™, and vy =u"e™ + 8u'e™ + 16ue™ (5.4.5)
into (5.4.4) and canceling the common factor ¢** yields
(" +8u’" +16u) —7(u' +4u) + 12u = 5,

or
u’ +u’ =5.

By inspection we see that u, = 5x is a particular solution of this equation, so y, = Sxe* is a

particular solution of (5.4.4). Therefore

y = 5xe¥ + c1e* + cre™

is the general solution.
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Example 5.4.3 Find a particular solution of

v’ — 8y + 16y = 2¢™. (5.4.6)

Solution Since the characteristic polynomial of the complementary equation
y' =8y +16y =0 (5.4.7)

isp(r) =r*—8r+16 = (r—4)2, both y; = ¢* and y, = xe* are solutions of (5.4.7). Therefore
(5.4.6) does not have a solution of the form y, = Ae* or y, = Axe**. As in Example 5.4.2,
we look for solutions of (5.4.6) in the form y = ue*, where u is a function to be determined.
Substituting from (5.4.5) into (5.4.6) and canceling the common factor e yields

(u” +8u’ + 16u) — 8(u’" + 4u) + 16u = 2,
or

u’ =2.

2

Integrating twice and taking the constants of integration to be zero shows that u, = x“ is a
2 ,4x ;

particular solution of this equation, so y, = x“e™ is a particular solution of (5.4.6). Therefore

y = e (x* +¢1 + cax)

is the general solution. ]
The preceding examples illustrate the following facts concerning the form of a particular
solution y,, of a constant coeflicient equation

ay” + by +cy = ke®™,

where k is a nonzero constant:

(a) If e** isn’t a solution of the complementary equation
ay” +by +cy =0, (5.4.8)
then y, = Ae®", where A is a constant. (See Example 5.4.1).

(b) If " is a solution of (5.4.8) but xe®" is not, then y, = Axe®™, where A is a constant. (See
Example 5.4.2.)

(c) If both e** and xe®* are solutions of (5.4.8), then y, = AxZe®, where A is a constant.
(See Example 5.4.3.)

See Exercise 30 for the proofs of these facts.
In all three cases you can just substitute the appropriate form for y, and its derivatives directly
into
ay, + by, +cy, = ke™,
and solve for the constant A, as we did in Example 5.4.1. (See Exercises 31-33.) However, if
the equation is
ay” + by +cy = e™G(x),
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where G is a polynomial of degree greater than zero, we recommend that you use the substitution
y = ue®™ as we did in Examples 5.4.2 and 5.4.3. The equation for # will turn out to be

au” + p'(a)u’ + p(@)u = G(x), (5.4.9)

where p(r) = ar? + br + ¢ is the characteristic polynomial of the complementary equation
and p’(r) = 2ar + b (Exercise 30); however, you shouldn’t memorize this since it’s easy to
derive the equation for u# in any particular case. Note, however, that if ¢** is a solution of the
complementary equation then p(a) = 0, so (5.4.9) reduces to

au” + p'(a)u’ = G(x),
while if both e®* and xe®* are solutions of the complementary equation then p(r) = a(r — a)?
and p’(r) = 2a(r — @), so p(a) = p’(a) = 0 and (5.4.9) reduces to

au” = G(x).

Example 5.4.4 Find a particular solution of

Y’ =3y 42y = e (~1 +2x + x2). (5.4.10)

Solution Substituting

7 3x

y =u'e> +3ue®, andy”’ =u"e*

3x + 6u' e +9ue™

y =ue
into (5.4.10) and canceling ¢** yields
(u” +6u’ +9u) —3(u’ +3u) +2u = —1 + 2x + x2,

or
u” +3u +2u =—1+2x +x°. (5.4.11)

As in Example 5.3.2, in order to guess a form for a particular solution of (5.4.11), we note that
substituting a second degree polynomial u, = A + Bx + Cx? for u in the left side of (5.4.11)
produces another second degree polynomial with coefficients that depend upon A, B, and C;
thus,

if u,=A+Bx+Cx* then u,=B+2Cx and uj=2C.

If u,, is to satisty (5.4.11), we must have
)y +3u), +2u, = 2C+3(B+2Cx)+2(A+ Bx + Cx?)
= (2C+3B+2A) + (6C +2B)x +2Cx* = -1 + 2x + x°.

Equating coefficients of like powers of x on the two sides of the last equality yields

2C = 1
2B+6C = 2
2A+3B+2C = -1.

Solving these equations for C, B, and A (in that order) yields C = 1/2, B = —-1/2, A = —1/4.
Therefore

1
Uy = —1(1 + 2x — 2x°)

is a particular solution of (5.4.11), and

_ 3x__£ _ 2
Yp =upet = 4(1+2x 2x7)

is a particular solution of (5.4.10).
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Example 5.4.5 Find a particular solution of

V' — 4y +3y = (6 + 8x + 12x?). (5.4.12)

Solution Substituting

y=ue¥, y =u'e +3ue®, andy’ =u"e> + 6u'e> + ue™

into (5.4.12) and canceling ¢>* yields
(u” + 6u’ +9u) — 4@’ +3u) + 3u = 6 + 8x + 12x2,

or
u’ +2u =6+ 8x + 12x2. (5.4.13)

There’s no u term in this equation, since e>* is a solution of the complementary equation for

(5.4.12). (See Exercise 30.) Therefore (5.4.13) does not have a particular solution of the form
up, = A+ Bx + Cx? that we used successfully in Example 5.4.4, since with this choice of u s

upy +2u;, = 2C +2(B + 2Cx)

can’t contain the last term (12x2) on the right side of (5.4.13). Instead, let’s try u,, = Ax + Bx? +
Cx? on the grounds that

u;) = A +2Bx +3Cx* and u; =2B + 6Cx

together contain all the powers of x that appear on the right side of (5.4.13).
Substituting these expressions in place of u” and u” in (5.4.13) yields

(2B + 6Cx) + 2(A + 2Bx + 3Cx?) = (2B + 2A) + (6C + 4B)x + 6Cx* = 6 + 8x + 12x°.

Comparing coeflicients of like powers of x on the two sides of the last equality shows that u,,
satisfies (5.4.13) if

6C = 12
4B+6C = 8
2A+2B = 6.

Solving these equations successively yields C = 2, B = -1, and A = 4. Therefore
up =x(4-x+ 2x2)
is a particular solution of (5.4.13), and
Vp = upe3x = xe>¥ (4 — x + 2x%)
is a particular solution of (5.4.12).
Example 5.4.6 Find a particular solution of

4y" +4y" +y = e*?(=8 + 48x + 144x?). (5.4.14)
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Solution Substituting

x/2

y = ue™?, y/ — u/e—x/Z x/2

1
—Eue_ , and Y’ =u"e? /2

1
7 ,—x[2
j— + —
ue ue

-x/2

into (5.4.14) and canceling e yields

4(u”—u’+%)+4(u’—%)+u:4u”=—8+48x+144x2,

or
u” = =2+ 12x + 36x2, (5.4.15)

which does not contain u or 1’ because e /% and xe /% are both solutions of the complementary

equation. (See Exercise 30.) To obtain a particular solution of (5.4.15) we integrate twice, taking
the constants of integration to be zero; thus,

wy==2x+6x>+ 12 and up,=—x"+2x7 +3x* = x> (=1 +2x + 3x%).

Therefore
Vp = ul,e_x/2 = x2e (=1 + 2x + 3x%)

is a particular solution of (5.4.14).

Summary

The preceding examples illustrate the following facts concerning particular solutions of a con-
stant coefficient equation of the form

ay” + by’ +cy = e G(x),
where G is a polynomial (see Exercise 30):

(a) If e** isn’t a solution of the complementary equation
ay” + by +cy =0, (5.4.16)
theny, = e**Q(x), where Q is a polynomial of the same degree as G. (See Example 5.4.4).

(b) If e® isasolution of (5.4.16) but xe®* is not, then y,, = xe®*Q(x), where Q is a polynomial
of the same degree as G. (See Example 5.4.5.)

(¢) If both e* and xe® are solutions of (5.4.16), then y, = xze‘”Q(x), where Q is a
polynomial of the same degree as G. (See Example 5.4.6.)

In all three cases, you can just substitute the appropriate form for y, and its derivatives directly
into
ay, + by, +cy, = e G(x),
and solve for the coefficients of the polynomial Q. However, if you try this you will see that
the computations are more tedious than those that you encounter by making the substitution

y = ue® and finding a particular solution of the resulting equation for u. (See Exercises 34-36.)
In Case (a) the equation for u will be of the form

au” + p'(a)u’ + p(a)u = G(x),
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with a particular solution of the form u, = Q(x), a polynomial of the same degree as G, whose
coefficients can be found by the method used in Example 5.4.4. In Case (b) the equation for u
will be of the form

au” + p'(a)u’ = G(x)

(no u term on the left), with a particular solution of the form u, = xQ(x), where Q is a
polynomial of the same degree as G whose coefficients can be found by the method used in
Example 5.4.5. In Case (c¢) the equation for u will be of the form

au” = G(x)

with a particular solution of the form u, = x2Q(x) that can be obtained by integrating G (x)/a
twice and taking the constants of integration to be zero, as in Example 5.4.6.

Using the Principle of Superposition

The next example shows how to combine the method of undetermined coeflicients and Theo-
rem 5.3.3, the principle of superposition.

Example 5.4.7 Find a particular solution of

V' =Ty + 12y = 4* + 5¢*. (5.4.17)

Solution In Example 5.4.1 we found that y,, = 2¢* is a particular solution of
Y =Ty + 12y = 4e*,
and in Example 5.4.2 we found that y,, = 5xe* is a particular solution of
V' =Ty + 12y = 5¢*.
Therefore the principle of superposition implies that y, = 2¢>* + 5xe™ is a particular solution

of (5.4.17).

Exercises

In Exercises 1-14 find a particular solution.

[u—y

CY =3y 2y =e¥(1+x) 2. 9" — 6y +5y = e 3%(35 — 8x)

3. " =2y =3y=€"(-8+3x) 4. y"+2y" +y=e>(=7-15x+9x?)
5. V" +4y=e(T—4x+5x?) 6.y —y —2y =e"(9+2x — 4x?)

7. y" -4y — 5y = —6xe™* 8.y =3y +2y=¢e"(3 -4x)

9. y" +y — 12y = e¥(=6 + 7x) 10. 2y” — 3y’ —2y = > (-6 + 10x)

11 Y+ 2y +y=e(2+3x) 12. y" -2y' +y =¢€*(1 - 6x)
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13.

14.

V" =4y +4y = (1 = 3x + 6x?)

9" + 6y +y =e 32 —4x + 4x?)

In Exercises 15-19 find the general solution.

15.

17.
19.

Y =3y +2y=e¥(1+x) 16, y" — 6y + 8y = ¢*(11 — 6x)

V' +6y +9y =e>(3-5x) 18. y"+2y" -3y =—-16xe"

Yy =2y +y=e"(2-12x)

In Exercises 20-23 solve the initial value problem and plot the solution.

20.

21.

22.

23.

(C/G| y" =4y =5y =9¢* (1 +x), y(0)=0, y'(0)=-10
C/G| y” +3y' -4y =e*(T+6x), y(0)=2, y'(0)=8
(CIG| y” +4y" +3y =—e*(2+8x), y(0)=1, y(0)=2

Yy =3y =10y =72, y(0)=1, y(0)=-17

In Exercises 24-29 use the principle of superposition to find a particular solution.

24.
25.
26.
27.
28.
29.
30.

Y +y +y=xe"+e (1 +2x)
Y =Ty +12y = —e*(17 — 42x) — &>*
y"” — 8y + 16y = 6xe™ + 2 + 16x + 16x2
y' =3y +2y = —ez"(3 +4x) — &*
V' =2y +2y =e* (1 +x) + e*(2 — 8x + 5x?)
V' 4y =e (2 —4x +2x2) + (8 — 12x — 10x?)
(a) Prove that y is a solution of the constant coefficient equation
ay” + by +cy = e G(x) (A)
if and only if y = ue®, where u satisfies
au” + p'(a)u’ + p(@)u = G(x) (B)

and p(r) = ar’? + br + c is the characteristic polynomial of the complementary
equation
ay” + by +cy=0.

For the rest of this exercise, let G be a polynomial. Give the requested proofs for the
case where
G(x) = go + g1x + g2x° + g31°.
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(b)

(c)

(d)

Prove that if e** isn’t a solution of the complementary equation then (B) has a
particular solution of the form u, = A(x), where A is a polynomial of the same
degree as G, as in Example 5.4.4. Conclude that (A) has a particular solution of the
formy, = e A(x).

Show that if e** is a solution of the complementary equation and xe®" isn’t , then
(B) has a particular solution of the form u,, = xA(x), where A is a polynomial of the
same degree as G, as in Example 5.4.5. Conclude that (A) has a particular solution
of the form y, = xe™A(x).

Show that if e** and xe®* are both solutions of the complementary equation then
(B) has a particular solution of the form u, = x2A(x), where A is a polynomial of
the same degree as G, and x?>A(x) can be obtained by integrating G /a twice, taking
the constants of integration to be zero, as in Example 5.4.6. Conclude that (A) has a

particular solution of the form y, = x2e™A(x).

Exercises 31-36 treat the equations considered in Examples 5.4.1-5.4.6. Substitute the suggested
form of y, into the equation and equate the resulting coefficients of like functions on the two
sides of the resulting equation to derive a set of simultaneous equations for the coefficients in
Yp- Then solve for the coefficients to obtain y,. Compare the work you've done with the work

required to obtain the same results in Examples 5.4.1-5.4.6.

31. Compare with Example 5.4.1:

V' =Ty + 12y = 4e*; Yp = Ae*

32. Compare with Example 5.4.2:

Y/ =Ty +12y = 5¢%;  y, = Axe™

33. Compare with Example 5.4.3.

y" =8y + 16y = 2¢*; Vp = Ax?e™

34. Compare with Example 5.4.4:

V' =3y +2y = e (—1 + 2x + x?), yp = ¢ (A + Bx + Cx?)

35. Compare with Example 5.4.5:

V" —4y" + 3y = (6 + 8x + 12x?), Vp = e (Ax + Bx? + Cx)

36. Compare with Example 5.4.6:

4y" + 4y +y = e7/2 (=8 + 48x + 144x?), Yp = e 2(Ax* + Bx® + Cx%)

37. Write y = ue® to find the general solution.

@y +2y +y= (b) y" + 6y +9y = e Inx

%%

2x

1+x

Q

1
)y’ —4y +4y= (d) 4y” +4y" +y = de™/? (}—C + x)
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38. Suppose a # 0and k is a positive integer. In most calculus books integrals like / xke® dx
are evaluated by integrating by parts k times. This exercise presents another method. Let

y:/e‘”‘P(x) dx

with
Px)=po+pix+--+ pkxk, (where p; # 0).

(a) Show that y = e™u, where
u' +au = P(x). (A)

(b) Show that (A) has a particular solution of the form
up = Ao+ A1x + -+ Agxk,

where Ay, Ax-1, ..., Apg can be computed successively by equating coefficients of

xk xk=1 .. 1 on both sides of the equation

w, +au, = P(x).
(¢) Conclude that

/ e™P(x)dx = (Ao +Ax+--+ Akxk) e™ +c,

where c is a constant of integration.

39. Use the method of Exercise 38 to evaluate the integral.
(@) [ e*(4+x)dx (b) [ e (=1 +x?)dx

(©) [xPe > dx (d) [ e*(1+x)*dx
(e) [e¥(-14+30x +27x%) dx () [ e (1 + 6x? — 14x> + 3x%) dx

40. Use the method suggested in Exercise 38 to evaluate f xKe® dx, where k is an arbitrary
positive integer and a # 0.

5.5 The Method of Undetermined Coefficients II

In this section we consider the constant coefficient equation
ay” + by’ +cy = e™ (P(x) cos wx + Q(x) sin wx) (5.5.1)

where A and w are real numbers, w # 0, and P and Q are polynomials. We want to find a
particular solution of (5.5.1). As in Section 5.4, the procedure that we will use is called the
method of undetermined coefficients.
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Forcing Functions Without Exponential Factors

We begin with the case where 4 = 0 in (5.5.1); thus, we want to find a particular solution of
ay” + by + cy = P(x) coswx + Q(x) sin wx, (5.5.2)

where P and Q are polynomials.
Differentiating x” cos wx and x” sin wx yields

—x"coswx = —wx"sinwx +rx " cos wx
dx
and d o r r—1 _:
d—x sinwx = wx coswx +rx" sinwx.
x

This implies that if
yp = A(x) cos wx + B(x) sinwx

where A and B are polynomials, then
ayy + by, + cy, = F(x) cos wx + G(x) sin wx,

where F and G are polynomials with coefficients that can be expressed in terms of the coefficients
of A and B. This suggests that we try to choose A and B so that F = P and G = Q, respectively.
Then y, will be a particular solution of (5.5.2). The next theorem tells us how to choose the
proper form for y,. For the proof see Exercise 37.

Theorem 5.5.1 Suppose a + 0, w is a positive number, and P and Q are polynomials, at least
one nonzero. Let k be the larger of the degrees of P and Q. Then the equation

ay” + by + cy = P(x) cos wx + Q(x) sin wx

has a particular solution
yp = A(x) cos wx + B(x) sin wx, (5.5.3)

where
A(x) = Ao+ Apx +---+ Arx*  and  B(x) = Bo+ Byx + - -- + ByxF,

provided that cos wx and sin wx are not solutions of the complementary equation. The equation
a(y” + w?y) = P(x) cos wx + Q(x) sin wx

(for which cos wx and sin wx are solutions of the complementary equation) has a particular
solution of the form (5.5.3), where

A(x) = Agx + Ajx> + -+ Ax®*Y and  B(x) = Box + Bix* + - - - + Byx*t1,
For an analog of this theorem that’s applicable to (5.5.1), see Exercise 38.

Example 5.5.1 Find a particular solution of

y" =2y +y=>5cos2x + 10sin 2x. (5.5.4)
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Solution In (5.5.4) the coefficients of cos2x and sin2x are both zero degree polynomials
(constants). Therefore Theorem 5.5.1 implies that (5.5.4) has a particular solution

yp = Acos2x + Bsin2x.

Since
Y, = —2Asin2x +2Bcos2x and y, = —4(Acos2x + Bsin2x),
replacing y by y, in (5.5.4) yields
Yy =2y, +y, = —4(Acos2x + Bsin2x) — 4(-Asin2x + B cos 2x)
+(A cos 2x + B sin 2x)
(=3A —4B)cos2x + (4A — 3B) sin 2x.

Equating the coefficients of cos2x and sin 2x here with the corresponding coefficients on the
right side of (5.5.4) shows that y), is a solution of (5.5.4) if

-3A-4B = 5
4A-3B = 10.
Solving these equations yields A = 1, B = —2. Therefore
Yp = €08 2x —2sin2x
is a particular solution of (5.5.4).
Example 5.5.2 Find a particular solution of

y” +4y = 8cos2x + 12 sin 2x. (5.5.5)

Solution The procedure used in Example 5.5.1 doesn’t work here; substituting y, = A cos 2x +
B sin2x for y in (5.5.5) yields

Yy +4yp = —4(Acos 2x + Bsin 2x) + 4(A cos 2x + Bsin2x) = 0

for any choice of A and B, since cos2x and sin2x are both solutions of the complementary
equation for (5.5.5). We’re dealing with the second case mentioned in Theorem 5.5.1, and
should therefore try a particular solution of the form

yp = x(Acos2x + Bsin2x). (5.5.6)
Then
Y, = Acos2x + Bsin2x + 2x(—Asin2x + B cos 2x)
and Vi = —4Asin2x + 4B cos 2x — 4x(A cos 2x + Bsin 2x)
= —4Asin2x + 4B cos2x — 4y, (see (5.5.6)),
SO

Yy +4y, = —4A sin 2x + 4B cos 2x.
Therefore y, is a solution of (5.5.5) if

—4Asin2x + 4B cos2x = 8cos 2x + 12 sin 2x,
which holds if A = —3 and B = 2. Therefore
yp = —x(3 cos 2x — 2sin 2x)

is a particular solution of (5.5.5).
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Example 5.5.3 Find a particular solution of

Y +3y" +2y = (16 + 20x) cos x + 10 sinx. (5.5.7)

Solution The coefficients of cosx and sinx in (5.5.7) are polynomials of degree one and zero,
respectively. Therefore Theorem 5.5.1 tells us to look for a particular solution of (5.5.7) of the
form

yp = (Ag + A1x) cosx + (Bg + Bix) sinx. (5.5.8)
Then
y;) = (A; + By + Bix)cosx + (By — Ag — Ajx) sinx (5.5.9)
and
y; = (2B — Ap— Ajx)cosx — (2A| + By + Byx) sinx, (5.5.10)
SO

y;; + 3y}, +2y, = [Ao+3A1+3By+2B;+ (A1 +3B1)x]cosx
+ [BO + 3B — 3A0 —2A1 + (B] - 3A1)x] sinx.
Comparing the coefficients of x cosx, xsinx, cosx, and sinx here with the corresponding
coefficients in (5.5.7) shows that y), is a solution of (5.5.7) if

(5.5.11)

A1 +3B; = 20

-3A1+ B, = 0
Ag+3By+3A;+2B; = 16
—3A0+ By- 2A1 +3B) = 10.

Solving the first two equations yields A; = 2, By = 6. Substituting these into the last two
equations yields
A()+3B() = 16—3A1 —231 =-2
—3A0 + By = 10+2A - 3B = —4.
Solving these equations yields Ag = 1, Bp = —1. Substituting Ag = 1,A; =2,Byp=—-1,B; =6

into (5.5.8) shows that
yp = (1+2x)cosx — (1 -06x)sinx

is a particular solution of (5.5.7).

A Useful Observation

In (6.5.9), (6.5.10), and (5.5.11) the polynomials multiplying sin x can be obtained by replacing
Ao, A1, Bo, and By by By, By, —Ag, and —A1, respectively, in the polynomials multiplying cos x.
An analogous result applies in general, as follows (Exercise 36).

Theorem 5.5.2 If
yp = A(x) cos wx + B(x) sin wx,
where A(x) and B(x) are polynomials with coefficients Aq ..., Ar and By, ..., By, then the
polynomials multiplying sin wx in
Yoo Yy, @y, +by,+cy, and y;+ w?y,

can be obtained by replacing Ao, ..., Ar by By, ..., By and By, ..., By by —Ao, ..., —Ay in
the corresponding polynomials multiplying cos wx.
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We won’t use this theorem in our examples, but we recommend that you use it to check your
manipulations when you work the exercises.

Example 5.5.4 Find a particular solution of

Y’ +y=(8—4x)cosx — (8 + 8x) sinx. (5.5.12)

Solution According to Theorem 5.5.1, we should look for a particular solution of the form

yp = (Apx + A1x?) cos x + (Box + B1x?) sinx, (5.5.13)
since cos x and sin x are solutions of the complementary equation. However, let’s try

Vp = (Ap + A1x) cosx + (B + Byx) sinx (5.5.14)
first, so you can see why it doesn’t work. From (5.5.10),
Yy = (2B1 — Ag — A1x) cosx — (2A1 + By + Byx) sinxx,
which together with (5.5.14) implies that
Y, +¥p =2Bjcosx —2A; sinx.

Since the right side of this equation does not contain x cosx or x sinx, (5.5.14) can’t satisfy
(5.5.12) no matter how we choose Ag, A1, By, and Bj.
Now let y, be as in (5.5.13). Then

Yy = [AO + (2A1 + Bo)x + lez] CoS X
+ [BO + (2B1 — Ag)x — A1x2] sinx
and y; = [ZAI + 2By — (Ao —4B1)x — Alxz] COS X

+ [231 —2Ap — (Bo + 4A1)x - BIXZ] sinx,
SO
y;; +yp = (2A1 + 2By + 4Bx) cosx + (2B; —2A¢ — 4Ax) sinx.

Comparing the coeflicients of cos x and sin x here with the corresponding coefficients in (5.5.12)
shows that y), is a solution of (5.5.12) if

4B, = -4
—44; = -8
2By +2A, = 8
-2A0+ 2B = -8.

The solution of this system is A} = 2, B; = —1, Ag = 3, By = 2. Therefore
yp =x[(3+2x)cosx + (2 —x)sinx]

is a particular solution of (5.5.12).
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To find a particular solution of

ay” + by’ +cy = e™ (P(x) cos wx + Q(x) sin wx) (5.5.15)

when A # 0, we recall from Section 5.4 that substituting y = ue into (5.5.15) will produce a
constant coefficient equation for # with the forcing function P(x) cos wx + Q(x) sin wx. We can
find a particular solution u,, of this equation by the procedure that we used in Examples 5.5.1—
5.5.4. Theny, = upelx is a particular solution of (5.5.15).

Example 5.5.5 Find a particular solution of

y" =3y +2y = e > [2cos 3x — (34 — 150x) sin 3x] . (5.5.16)

Solution Let y = ue~>*. Then

V' =3y +2y = e X [(u" —4u' +4u) -3 - 2u) + 2u]
= e W =T + 12u)
e > [2cos 3x — (34 — 150x) sin 3x]
if
u” —Tu" + 12u = 2 cos 3x — (34 — 150x) sin 3x. (5.5.17)

Since cos 3x and sin 3x aren’t solutions of the complementary equation
u —T7u +12u =0,

Theorem 5.5.1 tells us to look for a particular solution of (5.5.17) of the form

up = (Ag + A1x) cos 3x + (Bo + Bix) sin 3x. (5.5.18)
Then
u;, = (A1 +3By+3Bix)cos3x + (B; —3Ag — 3A1x) sin 3x
and Wl = (=9Ag+6B) — 9A1x) cos 3x — (9B + 6A; + 9B,x) sin 3x,
SO

u; - 7u}, + 12up = [3A() - 2130 —T7A| + 6B + (3A1 - 2131))6] cos 3x
+ [21A0 + 3By — 6A1 —7TB; + (21A1 + 3Bl)x] sin 3x.

Comparing the coefficients of x cos 3x, x sin 3x, cos 3x, and sin 3x here with the corresponding
coefficients on the right side of (5.5.17) shows that u,, is a solution of (5.5.17) if

3A1-21B; = 0

21A1+ 3B, 150
3A0—21Bg—T7A1 + 6Bl 2
21A0+ 3By — 6A1 - 7B; = -=-34.

(5.5.19)
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Solving the first two equations yields A; = 7, B; = 1. Substituting these values into the last two
equations of (5.5.19) yields

3A0—21By = 2+ 7A —6Bl =45
21A0 + 3BO = =34+ 6A1 + 7B = 15.

Solving this system yields Ag = 1, By = —2. Substituting Ag =1, A1 =7, Bp=-2,and B] = 1
into (5.5.18) shows that
up = (1+7x)cos3x — (2 —x)sin3x

is a particular solution of (5.5.17). Therefore

yp = e 2 [(1 + 7x) cos 3x — (2 — x) sin 3x]
is a particular solution of (5.5.16).
Example 5.5.6 Find a particular solution of

y' +2y +5y = [(6 - 16x) cos 2x — (8 + 8x) sin 2x] . (5.5.20)

Solution Let y = ue™. Then

Y +2y +5y = e [(u” —2u" +u)+2(u’ —u)+ Su]
= e *(u” +4u)
= e [(6—-16x)cos2x — (8 + 8x) sin 2x]
if
u” +4u = (6 — 16x) cos 2x — (8 + 8x) sin 2x. (5.5.21)

Since cos 2x and sin 2x are solutions of the complementary equation
u” +4u =0,
Theorem 5.5.1 tells us to look for a particular solution of (5.5.21) of the form

up, = (Aox + A1x?) cos 2x + (Box + Bix?) sin 2x.

Then
w, = [Ao+ (2A; +2Bo)x +2B1x"] cos 2x
+[Bo + (2B) = 24¢)x — 2A;x*] sin 2x
and Wl = [2A1+4Bo - (440 — 8B)x — 4A1x%] cos 2x
+[2B1 — 4Ag — (4Bo + 8A;)x — 4B1x?| sin 2x,
SO

u;; + 4Z/tp = (2A1 + 430 + SBIX) cos2x + (231 - 4A0 - 8A1x) sin 2x.

Equating the coeflicients of x cos 2x, x sin 2x, cos 2x, and sin 2x here with the corresponding
coefficients on the right side of (5.5.21) shows that u,, is a solution of (5.5.21) if

8B = -16
-84 = -8
4By +2A; = 6 (5.5.22)

—4Ap+ 2B = -8.
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The solution of this systemis A; = 1, B; = =2, By = 1, Ag = 1. Therefore
up =x[(1+x)cos2x + (1 —2x)sin2x]
is a particular solution of (5.5.21), and
yp =xe " [(1+x)cos2x + (1 = 2x)sin2x]

is a particular solution of (5.5.20). [ |
You can also find a particular solution of (5.5.20) by substituting

yp =xe " [(Ag+ A1x) cos2x + (Bg + Byx) sin 2x]

for y in (5.5.20) and equating the coefficients of xe™ cos2x, xe ™ sin2x, e~ cos2x, and
e~ sin 2x in the resulting expression for

Yy + 2y, +5yp

with the corresponding coeflicients on the right side of (5.5.20). (See Exercise 38). This leads to
the same system (5.5.22) of equations for Ag, A1, Bg, and B that we obtained in Example 5.5.6.
However, if you try this approach you’ll see that deriving (5.5.22) this way is much more tedious
than the way we did it in Example 5.5.6.

Exercises

In Exercises 1-17 find a particular solution.

[
.

y” + 3y +2y =7cosx —sinx

vy +3y +y=(2-6x)cosx —9sinx

Y +2y +y=e*(6cosx + 17sinx)

y'+3y =2y = —ezx(S cos 2x + 9 sin 2x)

y' =y +y=e"(2+x)sinx

V7 +3y =2y = e 2 [(4 + 20x) cos 3x + (26 — 32x) sin 3x]
v’ +4y = —12cos2x — 4sin2x

Y’ +y=(—4+8x)cosx + (8 —4x)sinx

e ®° NS b kWD

4y” +y = —4cosx/2 — 8xsinx/2

[
i

v +2y +2y =e*(8cosx — 6sinx)

[y
[

V' =2y +5y =" [(6 + 8x) cos2x + (6 — 8x) sin 2x]

Ju—y
[ %)

.y +2y +y=8x>cosx — 4xsinx

[a—y
w

.y +3y +2y = (12 +20x + 10x?) cos x + 8x sinx

[
=

. Y +3yY +2y = (1 —x —4x?) cos 2x — (1 + 7x + 2x?) sin 2x
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15. y" =5y + 6y = —¢* [(4 +6x — x?) cosx — (2 — 4x + 3x?) sinx]

16. y" =2y +y = —¢€" [(3 +4x — x%) cosx + (3 — 4x —x?) sinx]

17. y” —2y" +2y = e* [(2 — 2x — 6x%) cosx + (2 — 10x + 6x?) sinx]|
In Exercises 18-21 find a particular solution and graph it.

18. v/ +2y +y=e"[(5-2x)cosx — (3 + 3x)sinx]

19. y” 4+ 9y = —6cos 3x — 12sin 3x

20. v +3y +2y = (1 —x —4x%) cos 2x — (1 + 7x + 2x?) sin 2x

21. v/ +4y +3y =" [(2 +x +x2) cosx + (5 + 4x + 2x?) sinx]
In Exercises 22-26 solve the initial value problem.

22, y" =T7y"+ 6y = —e*(17cosx — 7sinx), y(0) =4, y'(0) =2

23. y" =2y +2y = —e*(6cosx +4sinx), y(0)=1, y'(0)=4

24. y" + 6y’ + 10y = —40e*sinx, y(0) =2, y'(0)=-3

25. y" -6y + 10y = —e3*(6cosx + 4sinx), y(0) =2, y(0)=7

26. y” =3y +2y = e [21cosx — (11 + 10x) sinx], y(0) =0, y(0)=6

In Exercises 27-32 use the principle of superposition to find a particular solution. Where
indicated, solve the initial value problem.

27. y" =2y =3y = 4e>* + ¢*(cosx — 2sinx)
28. v +y=4cosx —2sinx +xe* +e "
29. y” =3y +2y = xe* +2¢* +sinx
30. y” -2y +2y =4xe*cosx + xe ™  + 1 +x?
31. y" -4y +4y = (1 +x) + e (cosx —sinx) + 3> + 1 +x
32. y" -4y +4y = 6> +25sinx, y(0) =5, y'(0) =3
In Exercises 33-35 solve the initial value problem and graph the solution.
33. V' +4y = —e 2 [(4=Tx) cosx + (2 — 4x) sinx], y(0) =3, ' (0)=1
34. V' +4y +4y =2cos2x +3sin2x + e,  y(0) = -1, y'(0) =2
35. v’ +4y =e*(11 + 15x) + 8cos2x — 12sin2x, y(0) =3, y'(0) =5

36. (a) Verify that if
yp = A(x) cos wx + B(x) sin wx

where A and B are twice differentiable, then

(A" + wB) cos wx + (B — wA) sin wx and

(A” + 2wB’ — w*A) cos wx + (B” — 2wA’ — w?B) sin wx.

Yp
Yp
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(b) Use the results of (a) to verify that
ay, +by, +cy, = [(c - aw?)A + bwB + 2awB’ + bA’ + aA”| cos wx +
[-bwA + (c - aw®)B = 2awA’ + bB’ + aB”| sinwx.
(c) Use the results of (a) to verify that
Yo+ wzyp = (A" + 2wB’) coswx + (B” — 2wA’) sin wx.
(d) Prove Theorem 5.5.2.

37. Leta, b, ¢, and w be constants, with ¢ # 0 and w > 0, and let

P(x) = po+pix+---+pxt and  Q(x) = go+qix + - + qrxF,

where at least one of the coefficients py, g 1s nonzero, so k is the larger of the degrees of
P and Q.

(a) Show that if cos wx and sin wx are not solutions of the complementary equation
ay” +by +cy =0,
then there are polynomials
Ax) = Ao+ Ax+ -+ Apx® and  B(x) = Bo+ Bix + - - + BpxF (A)

such that
(¢ —aw?)A + bwB + 2awB’ + bA’ + aA” = P

~bwA + (¢ — aw?)B - 2awA’ + bB' +aB” = Q,

where (A, By), (Ax-1, Bk-1), - - - ,(Ag, Bp) can be computed successively by solving
the systems

(c —aw?)Ar + bwB; = py
—bwAg + (c—aw)By = g,
and,if 1 <r <k,
(c —aw?)Ay_, +bwBi, = pry+---
—bwAi_ + (c —aw?)Biy = qir+---,
where the terms indicated by “: - - ” depend upon the previously computed coefficients

with subscripts greater than k — r. Conclude from this and Exercise 36(b) that
yp = A(x) cos wx + B(x) sin wx (B)
is a particular solution of

ay” + by + cy = P(x) coswx + Q(x) sin wx.
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(b) Conclude from Exercise 36(c) that the equation
a(y” + w?y) = P(x) cos wx + Q(x) sin wx (O)

does not have a solution of the form (B) with A and B as in (A). Then show that
there are polynomials

A(x) = Agx + Ajx> + -+ Ax®™*! and  B(x) = Box + Bix> + - - - + Bpx*t!

such that
a(A” +2wB’) = P
a(B" - 2wA") = 0,
where the pairs (A, Bi), (Ax-1, Bi-1), . .., (Ao, Bog) can be computed successively
as follows:
qk
A 4k
g 2aw(k + 1)
Pk
By =
k 2aw(k + 1)
and, if £k > 1,
1 qk-j .
Apei = —|————— (k=] +2)By_;
k—j 2w [a(k—j+1) ( J ) k ]+1]
1 Pk—j .
Bi.i = —|——— (k- DAj_;
k—j 2a)[a(k—]+l) ( J+ ) kj+l]

for 1 < j < k. Conclude that (B) with this choice of the polynomials A and B is a
particular solution of (C).

38. Show that Theorem 5.5.1 implies the next theorem: Suppose a # 0, w is a positive number,
and P and Q are polynomials, at least one nonzero. Let k be the larger of the degrees of
P and Q. Then the equation

ay” + by +cy = e™ (P(x) cos wx + Q(x) sin wx)
has a particular solution
Yp = e™ (A(x) cos wx + B(x) sin wx), (A)
where
A(x) = Ao+ Aix+ -+ Ax*  and B(x) = Bo + Bix + - - - + Byx*,

provided that e™ cos wx and e™ sin wx are not solutions of the complementary equation.
The equation

aly” =2y + (2> + w?)y| = ™ (P(x) cos wx + Q(x) sin wx)

(for which e cos wx and e™ sin wx are solutions of the complementary equation) has a
particular solution of the form (A), where

A(x) = Agx + Aix> + -+ Ax®*! and  B(x) = Box + Bix* + - - - + Byx*t1,
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39. This exercise presents a method for evaluating the integral

y = / e™ (P(x) cos wx + Q(x) sinwx) dx
where w # 0 and
P(x) = po+pix+--+px’, Q) =qo+qix+--+qix".
(a) Show thaty = e™u, where
u' + Au = P(x) cos wx + Q(x) sin wx. (A)
(b) Show that (A) has a particular solution of the form
up, = A(x) cos wx + B(x) sin wx,
where
Ax) = Ao+ Ax + -+ Apx*, B(x) = Bo+ Bix + -+ + Byxt,

and the pairs of coefficients (Ag, Bx), (Ax—1, Bk-1), - - . ,(Ag, Bp) can be computed
successively as the solutions of pairs of equations obtained by equating the coeffi-
cients of x" coswx and x" sinwx forr = k, k-1, ...,0.

(¢) Conclude that
/ e™ (P(x) cos wx + Q(x) sinwx) dx = e™ (A(x) cos wx + B(x) sinwx) + ¢,

where c is a constant of integration.

40. Use the method of Exercise 39 to evaluate the integral.

(a) / x2 cosx dx (b) / x2e* cosx dx
(©) f xe ™ sin 2x dx (d) f x2e™ sinx dx
(e) [ x*e* sinx dx (f)

/ex [xcosx — (1 + 3x)sinx] dx

(g f e™ [(1+x?)cosx + (1 —x?)sinx]| dx

5.6 Reduction of Order

In this section we give a method for finding the general solution of
Po(x)y” + P1(x)y" + P2(x)y = F(x) (5.6.1)

if we know a nontrivial solution y; of the complementary equation
Po(x)y” + P1(x)y" + P2(x)y = 0. (5.6.2)

The method is called reduction of order because it reduces the task of solving (5.6.1) to solving
a first order equation. Unlike the method of undetermined coefficients, it does not require Py,
Py, and P; to be constants, or F to be of any special form.
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By now you shouldn’t be surprised that we look for solutions of (5.6.1) in the form
Yy =uy (5.6.3)

where u is to be determined so that y satisfies (5.6.1). Substituting (5.6.3) and

yoo= uwyr+uy)
" u”’yi +2u’y’l +uy’1’

into (5.6.1) yields
Po(x)(u”y1 + 20’y + uy() + Pr(x)(u'y1 + uy}) + P2(x)uyr = F(x).
Collecting the coefficients of u, u’, and u” yields
(Poypu” + (2Poy' + P1yp)u’ + (Poy] + P1y| + Payu = F. (5.6.4)
However, the coeflicient of u is zero, since y; satisfies (5.6.2). Therefore (5.6.4) reduces to
Qo(x)u” + Q1 (x)u" = F, (5.6.5)

with
Qo =Poyr and Qi =2Pgy] + P1y1.

(It isn’t worthwhile to memorize the formulas for Qg and Q!) Since (5.6.5) is a linear first order
equation in u’, we can solve it for u” by variation of parameters as in Section 2.1, integrate the
solution to obtain u, and then obtain y from (5.6.3).

Example 5.6.1

(a) Find the general solution of
xy" = 2x+ 1)y + (x + 1)y = x>, (5.6.6)
given that y; = " is a solution of the complementary equation

xy" = (2x+ 1)y +(x+1)y=0. (5.6.7)

(b) As abyproduct of (a), find a fundamental set of solutions of (5.6.7).

Solution (a) If y = ue*, then y’ = u’e* + ue* and y” = u”e* + 2u’e* + ue*, so

xy" = 2x+ D)y +(x+ 1)y = x(u”e* +2u’e" +ue*)
—(2x+ 1)(u'e* +ue*) + (x + Nue*

= (xu” —u')e.

Therefore y = ue* is a solution of (5.6.6) if and only if

2

"—u")e* = x7,

(xu
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which is a first order equation in u’. We rewrite it as

u/

U’ — — =xe™. (5.6.8)
x

To focus on how we apply variation of parameters to this equation, we temporarily write z = u’,
so that (5.6.8) becomes
r 2 x
7 ——==xe .
X
We leave it to you to show (by separation of variables) that z; = x is a solution of the comple-

mentary equation

(5.6.9)

z
7-==0
X

for (5.6.9). By applying variation of parameters as in Section 2.1, we can now see that every
solution of (5.6.9) is of the form

z=vx where Vx=xe™, so VvV =e* and v=-eF+C.

Since u’ = z = vx, u is a solution of (5.6.8) if and only if

u =vx =-xe ™+ Cix.

Integrating this yields
C
u=(x+1e"+ 71x2 + Cs.

Therefore the general solution of (5.6.6) is

C
y=ue*=x+1+ Elxzex + Cae. (5.6.10)

Solution (b) By letting C; = C; = 0in (5.6.10), we see that y,, = x + 1 is a solution of (5.6.6).
By letting C; =2 and C; = 0, we see that y,, =x + 1 + x2e* is also a solution of (5.6.6). Since
the difference of two solutions of (5.6.6) is a solution of (5.6.7), y2 = yp, = yp, = x%e* is a
solution of (5.6.7). Since y,/y; is nonconstant and we already know that y; = e” is a solution
of (5.6.7), Theorem 5.1.6 implies that {e*, xzex} is a fundamental set of solutions of (5.6.7). m

Although (5.6.10) is a correct form for the general solution of (5.6.6), it’s silly to leave the
arbitrary coefficient of x2e* as Cy /2 where C is an arbitrary constant. Moreover, it’s sensible to
make the subscripts of the coefficients of y; = ¢* and y, = x?¢* consistent with the subscripts

of the functions themselves. Therefore we rewrite (5.6.10) as
y=x+1+cie’ +cox’e?

by simply renaming the arbitrary constants. We’ll also do this in the next two examples, and in
the answers to the exercises.

Example 5.6.2

(a) Find the general solution of
X2y +xy —y=x*+1,
given that y; = x is a solution of the complementary equation
X2y +xy —y=0. (5.6.11)

As a byproduct of this result, find a fundamental set of solutions of (5.6.11).
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(b) Solve the initial value problem

x2y// txy —y= 241, y(1) =2, y'(1) = =3. (5.6.12)

Solution (a) If y = ux, then y’ = u’x + u and y” = u”x + 2u’, so

x5y +xy =y = xX*’x+2) +x(u'x + u) — ux

u” + 33

Therefore y = ux is a solution of (5.6.12) if and only if
Cu” + 3% = X2+ 1,
which is a first order equation in u’. We rewrite it as
u’ +-u'= -+ —. (5.6.13)

To focus on how we apply variation of parameters to this equation, we temporarily write z = u’,

so that (5.6.13) becomes
3 1 1

+ —.
X x  x3

(5.6.14)

We leave it to you to show by separation of variables that z; = 1/x* is a solution of the
complementary equation

for (5.6.14). By variation of parameters, every solution of (5.6.14) is of the form

’ 3

% % 1 1 X
z=-— where —=-+-—=, s0 vV=x*+1 and v="—+x+C.

X X X x 3

Since ' = z = v/x>, u is a solution of (5.6.13) if and only if

NEET3T RS
Integrating this yields
x 1 +C
U=-—-———— .
3 x a2 7

Therefore the general solution of (5.6.12) is

X2

C
Y= ux = ?—1—2—;+C2x. (5.6.15)

Reasoning as in the solution of Example 5.6.1(a), we conclude that y; = x and y, = 1/x form a

fundamental set of solutions for (5.6.11).
As we explained above, we rename the constants in (5.6.15) and rewrite it as

x2

Y=t —l4ox+ 2 (5.6.16)
3 X
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Solution (b) Differentiating (5.6.16) yields
y=—+c — - (5.6.17)

Settingx = 1in(5.6.16) and (5.6.17) and imposing the initial conditions y(1) = 2and y’(1) = -3
yields

cp+cy = §
3
11
ci-c =~
Solving these equations yields ¢; = —1/2, ¢, = 19/6. Therefore the solution of (5.6.12) is
3 2 6x

Using reduction of order to find the general solution of a homogeneous linear second order
equation leads to a homogeneous linear first order equation in ’ that can be solved by separation
of variables. The next example illustrates this.

Example 5.6.3 Find the general solution and a fundamental set of solutions of
x%y” = 3xy’ +3y =0, (5.6.18)

given that y; = x is a solution.

Solution If y = ux then y’ = u’x + u and y” = u”x + 2u’, so

x2(u’x +2u') = 3x(u'x + u) + 3ux

= u’ - X%

x2y" = 3xy’ + 3y

Therefore y = ux is a solution of (5.6.18) if and only if

Su’ - x% = 0.

Separating the variables u’ and x yields

u” 1
w o x
o)
In|u'| =In|x| + k, or, equivalently, u’ = Cx.
Therefore c
1 2
= —x"+ (3,
u 3 X 2
so the general solution of (5.6.18) is
C
y=ux = jlx3 + Chx,

which we rewrite as
y=cix+ C2x3.

Therefore {x, x?} is a fundamental set of solutions of (5.6.18).
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Exercises

In Exercises 1-17 find the general solution, given that y; satisfies the complementary equation.
As a byproduct, find a fundamental set of solutions of the complementary equation.

1L 2x+ 1)y’ =2y —=(2x+3)y=2x+1)* y =e*

4
2. xzy”+xy -y = 2; Vi =X

3. xzy”—xy’+y =X, Y1 =X

1
oo m=e

4. y" -3y +2y =

5.9 =2y +y=T7x%% y=¢
6. 4x%y" + (4x — 8x2)y" + (4x? —4x — 1)y = 4x'2e"(1 +4x);  y; = x1/2¢*
7. y" =2y"+2y =e*secx; y;=e'cosx
8. ¥/ +4xy + (4x2 +2)y = 8e¥0*D;  y = o
9. xzy” +xy —4y=-6x-4; y = x2
10. x2y” +2x(x = 1)y + (x> =2x +2)y = x%e*;  y; =xe™*
11. 22y —x(2x = Dy + (x> —x = 1)y = x%¢*; y; = xe*
12. (1 =2x)y" +2y + (2x =3)y = (1 —4x + 4x?)e*; y; =¢&*
13. x2y” = 3xy’ +4y = 4x*;  y; =x?
14. 2xy” + (4x + 1)y’ + 2x + 1)y = 3x'/2e™*;  y; =
15. xy/ = (2x+ 1)y + (x+ 1)y = —€*; y;=¢*
16. 4x%y” —4x(x + 1)y’ + (2x + 3)y = 4x7/2e>;  y; =x!/?
17. x>y” = 5xy’ + 8y = 4x%;  y; = x?
In Exercises 18-30 find a fundamental set of solutions, given that yi is a solution.
18. xy"+(2-2x)y+(x=2)y=0; y;=e¢"
19. x?y” —4xy' +6y =0; y; =x>
20. x%(In|x])?y” = xIn|x|)y" + 2 +In|x))y =0; y; =In|x|
21, 4xy” +2y' +y=0; y; =sinyx
22, xy" = (2x+2)y+(x+2)y=0; y; =¢*
23. x*y" = (2a - Dxy’ +a’y =0; y; = x*

24. x?y" = 2xy' + (x2 +2)y =0; y; = xsinx
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25. xy” —(dx+ 1)y’ + (4x +2)y =0; y; =e*

26. 4x2(sinx)y” — 4x(xcosx +sinx)y + (2xcosx + 3sinx)y =0; y; = x!/2
27. 4x%y" —4xy’ + (3 - 16x2)y = 0;  y; = x'/2e>

28. (2x+ Dxy” =2(2x* = 1)y’ —4(x+1)y=0; y;=1/x

29. (x> -2x)y"+ (2-x2)y +(2x=2)y=0; y; =¢

30. xy” —(dx+ 1)y + (4x+2)y=0; y; =e*

In Exercises 31-33 solve the initial value problem, given that y; satisfies the complementary
equation.

31. x2y” = 3xy’ +4y =4x*, y(-1)=7, y(-1)=-8; y;=x>

32. Bx—1)y" - (Bx+2)y —(6x-8)y=0, y(0)=2,y(0)=3; y =e*

33, (x+ D2y —2(x+ D)y —(x*+2x - Dy=(x+ 1), y0)=1, y(0)= —I;
yi = (x+1)e

In Exercises 34 and 35 solve the initial value problem and graph the solution, given that y
satisfies the complementary equation.

3

5
34. x2)’” +2xy' =2y = xz, y(1) = 2’ y(1) = 5; yi=x

1 1
35. [C/G] (2 -4y +dxy' +2y =x 42, y(O)=-3, Y(O)=-1; y1=—
x_

36. Suppose p; and p, are continuous on (a, b). Let y; be a solution of
Y+ p1(x)y + pa(x)y =0 (A)

that has no zeros on (a, b), and let xo be in (a, b). Use reduction of order to show that y

and
y2(x) = y1(x) /XO y%l(t) exp (— /xo p1(s) ds) dt

form a fundamental set of solutions of (A) on (a, b). (Note: This exercise is related to
Exercise 9.)

37. The nonlinear first order equation

Y+ +p)y +q(x) =0 (A)
is a Riccati equation. (See Exercise 2.4.55.) Assume that p and g are continuous.

(a) Show that y is a solution of (A) if and only if y = z’/z on an interval where z # 0
and

7"+ px)7 +q(x)z=0. (B)


https://mathshistory.st-andrews.ac.uk/Biographies/Riccati/
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(b) Show that the general solution of (A) is

€1z + €22,

y=——2 (©)

c1z1 + 222’

where {z1, z2} is a fundamental set of solutions of (B) and c; and ¢, are arbitrary
constants.

(¢) Does the formula (C) imply that the first order equation (A) has a two—parameter
family of solutions? Explain your answer.

38. Use a method suggested by Exercise 37 to find all solutions of the equation.

@y +y>+k*=0 b))y +y>=3y+2=0
©y +y>+5y-6=0 dy +y>+8y+7=0
@y +y>+14y+50=0 6y +6y>—y—-1=0

(8) 36y +36y> - 12y +1=0

39. Use a method suggested by Exercise 37 and reduction of order to find all solutions of the
equation, given that y; is a solution.

@ x>(y+y?) —x(x+2)y+x+2=0; y; =1/x
b) ¥V +y>+4xy +4x2+2=0; y; =-2x

(© 2x+D(y +y)-2y—(2x+3)=0; y;=-1
d Bx-1DO"+y)-Bx+2)y-6x+8=0; y; =2

1 1
e x*(y +y) +xy+x*—-=0; y =—tanx — —
4 2x

® (' +y*) - Txy+7=0; y1=1/x
40. The nonlinear first order equation

Y +r(x)y* + p(x)y +q(x) =0 (A)

is the generalized Riccati equation. (See Exercise 2.4.55.) Assume that p and g are
continuous , r is differentiable, and r # O on the interval considered.

(a) Show that y is a solution of (A) if and only if y = z/(rz) on an interval where z # 0

and
r'(x)

r(x)
(b) Show that the general solution of (A) is

7"+ |px) - 7 +r(x)g(x)z=0. (B)

1z + €22,

"~ r(e1z1 + 222)’

where {z1, z2} is a fundamental set of solutions of (B) and c; and ¢, are arbitrary
constants.
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5.7 Variation of Parameters

In this section we give a method called variation of parameters for finding a particular solution
of
Po(x)y” + P1(x)y" + P2(x)y = F(x) (5.7.1)

if we know a fundamental set {y1, y»} of solutions of the complementary equation
Po(x)y” + P1(x)y" + P2(x)y = 0. (5.7.2)

Having found a particular solution y,, by this method, we can write the general solution of (5.7.1)
as

y=Yyptciyr+cays.

Since we need only one nontrivial solution of (5.7.2) to find the general solution of (5.7.1)
by reduction of order, it’s natural to ask why we’re interested in variation of parameters, which
requires two linearly independent solutions of (5.7.2) to achieve the same goal. Here’s the
answer:

* If we already know two linearly independent solutions of (5.7.2) then variation of param-
eters will probably be simpler than reduction of order.

* Variation of parameters generalizes naturally to a method for finding particular solutions of
higher order linear equations (Section 9.4) and linear systems of equations (Section 10.7),
while reduction of order doesn’t.

* Variation of parameters is a powerful theoretical tool used by researchers in differential
equations. Although a detailed discussion of this is beyond the scope of this book, you
can get an idea of what it means from Exercises 37-39.

We’ll now derive the method. As usual, we consider solutions of (5.7.1) and (5.7.2) on an
interval (a, b) where Py, Pi, P, and F are continuous and Py has no zeros. Suppose that
{y1, y2} is a fundamental set of solutions of the complementary equation (5.7.2). We look for a
particular solution of (5.7.1) in the form

Yp = u1y1r+uzys (5.7.3)

where u; and u; are functions to be determined so that y, satisfies (5.7.1). You may not think

this is a good idea, since there are now two unknown functions to be determined, rather than one.

However, since u; and u; have to satisfy only one condition (that y, is a solution of (5.7.1)), we

can impose a second condition that produces a convenient simplification, as follows.
Differentiating (5.7.3) yields

Yy = u1y| +uayy + ujy1 +upyo. (5.7.4)

As our second condition on #| and u, we require that

upy1 +uyys = 0. (5.7.5)
Then (5.7.4) becomes
Yy = U1y + uzys; (5.7.6)
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that is, (5.7.5) permits us to differentiate y,, (once!) as if u| and u; are constants. Differentiating
(5.7.6) yields

Yp =
(There are no terms involving u’l’ and u’z’ here, as there would be if we hadn’t required (5.7.5).)
Substituting (5.7.3), (5.7.6), and (5.7.7) into (5.7.1) and collecting the coefficients of u; and u;

yields

ury| +uayy + uly| + uyys. (5.7.7)

ui(Poyy + P1y| + Pay1) + ua(Poy5y + P1y, + Pays) + Po(u}y] + usy,) = F.

As in the derivation of the method of reduction of order, the coefficients of #; and u, here are
both zero because y; and y; satisfy the complementary equation. Hence, we can rewrite the last
equation as

Po(uyy] +uby,) = F. (5.7.8)

Therefore y, in (5.7.3) satisfies (5.7.1) if

uyyr+uyys = 0
7 ’ 7 4 _ F (5'7'9)
wyytuyy, = Py

where the first equation is the same as (5.7.5) and the second is from (5.7.8).

We’ll now show that you can always solve (5.7.9) for u’l and u’2 (The method that we use
here will always work, but simpler methods usually work when you’re dealing with specific
equations.) To obtain u/, multiply the first equation in (5.7.9) by y/, and the second equation by
v2. This yields

uiy1yy +upy2y; = 0
’r r FyZ
Uyiy2 tuyy,y2 = %
0
Subtracting the second equation from the first yields
’ ’ ’ Fy2
wy(y1y, = y1y2) = By (5.7.10)

Since {y, y»} is a fundamental set of solutions of (5.7.2) on (a, b), Theorem 5.1.6 implies that
the Wronskian y;y} — y}y2 has no zeros on (a, b). Therefore we can solve (5.7.10) for u}, to
obtain

F
W) = - 2 (5.7.11)
Po(y1Y5 = ¥(y2)
We leave it to you to start from (5.7.9) and show by a similar argument that
F
i = Y1 (5.7.12)

Po(y1y5 = ¥\y2)

We can now obtain u; and u, by integrating «} and u}. The constants of integration can be
taken to be zero, since any choice of u; and u; in (5.7.3) will suffice.

You should not memorize (5.7.11) and (5.7.12). On the other hand, you don’t want to rederive
the whole procedure for every specific problem. We recommend a compromise:

(a) Write
Yp =uiyr +uzys (5.7.13)

to remind yourself of what you’re doing.
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(b) Write the system
uiyr+uyy: = 0
, , ., _ F (5.7.14)
MYy, = pe
for the specific problem you’re trying to solve.
(¢) Solve (5.7.14) for u and u/, by any convenient method.
(d) Obtain u; and u; by integrating u} and u’,, taking the constants of integration to be zero.

(e) Substitute u; and u; into (5.7.13) to obtain y,.
Example 5.7.1 Find a particular solution y, of

x2y// _ 2xyl + 2y — x9/2, (5715)

given that y; = x and y, = x?

are solutions of the complementary equation
x2y” = 2xy’ +2y =0.
Then find the general solution of (5.7.15).

Solution We set
Yp = uix + u2x2,

where
/ r.2
WX+ upxt =
9/2
X
W+ 2uhx = — =x2
1 2 22

5/2

From the first equation, u| = —u/x. Substituting this into the second equation yields u)x = x>/,

’
1

sou, = x3/2 and therefore u’, = —upx = —x>/2. Integrating and taking the constants of integration
to be zero yields
2 7/ 2 5/
u = —5)6 and Uy = gx .
Therefore 5 5 4
Yp = uix + urx? = —§x7/2x + §x5/2x2 = gxg/z’
and the general solution of (5.7.15) is
4
y= gxg/z +C1X + cox?
Example 5.7.2 Find a particular solution y, of
x=1Dy" —xy +y=(x=-1)2 (5.7.16)

given that y; = x and y, = e* are solutions of the complementary equation
(x=1)y"—xy"+y=0.

Then find the general solution of (5.7.16).
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Solution We set
Yp = uix + uze’,

where
wix +uset = 0
(x=1)7°
T otuyet = =x-1.
uy, +use 1 X
Subtracting the first equation from the second yields —u/ (x — 1) = x — 1, so u| = —1. From this

and the first equation, u}, = —xe™"u} = xe™. Integrating and taking the constants of integration
to be zero yields

uy =—x and wup=—-(x+1)e™.

Therefore

2

yp=uix +uze’ = (=x)x + (=(x + 1)e™)e’ = —x"—x -1,

so the general solution of (5.7.16) is
y=yp+cix+coe = X2 —x—l4cix+cef =—x*—1+ (c1 = Dx+cpe*. (5.7.17)

However, since ¢ is an arbitrary constant, so is ¢; — 1; therefore, we improve the appearance of
this result by renaming the constant and writing the general solution as

y=—x>—l+cix+cre’. m (5.7.18)

There’s nothing wrong with leaving the general solution of (5.7.16) in the form (5.7.17);
however, we think you’ll agree that (5.7.18) is preferable. We can also view the transition from
(5.7.17) to (5.7.18) differently. In this example the particular solution y,, = —x2—x—1 contained
the term —x, which satisfies the complementary equation. We can drop this term and redefine
Yp = —x?—1, since —x? —x — 1 is a solution of (5.7.16) and x is a solution of the complementary
equation; hence, —x> — 1 = (=x> —x — 1) + x is also a solution of (5.7.16). In general, it’s
always legitimate to drop linear combinations of {y;, y,} from particular solutions obtained by
variation of parameters. (See Exercise 36 for a general discussion of this question.) We’ll do
this in the following examples and in the answers to exercises that ask for a particular solution.
Therefore, don’t be concerned if your answer to such an exercise differs from ours only by a
solution of the complementary equation.

Example 5.7.3 Find a particular solution of

"+3y +2y= : 5.7.19
Y3y +2y =1 ( )
Then find the general solution.
Solution
The characteristic polynomial of the complementary equation
Y 43y +2y=0 (5.7.20)

isp(r) =r’+3r+2=(r+1)(r+2),s50y; =e*and y, = e > form a fundamental set of
solutions of (5.7.20). We look for a particular solution of (5.7.19) in the form

yp=uje " + ure >,
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where
"o 4 r =2x 0
ue use =
- _ 1
—uje™ —2uje LA T o
e
Adding these two equations yields
~ 1 er
—uye 2 — , SO Uy =-— .
1 +e* 1 +e*
From the first equation,
X
_ e
uy) = —use ™ = :
! 2 1+e*

Integrating by means of the substitution v = e and taking the constants of integration to be zero

yields
e* dv .
uj :/ 1+exdx:/m:ln(l+v):ln(l+e)
and
2x
e v 1
= — = — = —1
12 /1+exdx /1+vdv / 1+v ]dv
= In(1+v)—v=In(l+¢")-¢".
Therefore
yp = ue™ + ure >
= [In(1+e%)]e™ + [In(1 + &*) — ] 7>,
SO

yp = (e_x + e_zx) In(1 +¢*) —e™.
Since the last term on the right satisfies the complementary equation, we drop it and redefine
Vp = (e_x + e_zx) In(1 + ¢%).
The general solution of (5.7.19) is
2x

y=yp+cie + cre” > = (e_x + e_zx) In(1 +e*) +cre™ + cre”

Example 5.7.4 Solve the initial value problem

2
(x> =1)y" +4xy +2y = — y(0) = -1, y'(0) = -5, (5.7.21)
X
given that
1 4 1
= an =
Y1 x—1 2 x+1

are solutions of the complementary equation

(x> = 1)y” +4xy’ +2y = 0.
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Solution We first use variation of parameters to find a particular solution of

2
(x2 = 1)y” +4xy +2y = ——

x+1
on (—1, 1) in the form
ui + un
Yp X - x+1’
where
u iy
+ =0 (5.7.22)
x—-1 x+1
u’l ”/2 2

Tx-D2 x+D2 T x+DGE2-1)
Multiplying the first equation by 1/(x — 1) and adding the result to the second equation yields

, 2
= T ST) (5.7.23)

1 1
[xz—l_ (x +1)2
Since
1 1 Cx+D)-(x-1) 2
lx2—1 S x+ D2 x+DG2=1)  (x+DH(2-1)
(5.7.23) implies that u}, = 1. From (5.7.22),

x—1, x—1
Uy = — .
x+1 2 x+1

A
I/ll—

Integrating and taking the constants of integration to be zero yields

-1 _
_/x dx:—/x+1 2dx
x+1 x+1

upG =
2
:/ —1]dx:2ln(x+1)—x
x+1
and
u2:/ dx = x.
Therefore
ui us 1 1
= + =[2In(x+1) - +
Yp x—1 x+1 [21n(x ) x]x—l xx+1
2In(x + 1) N 1 1 2In(x + 1) 2x
= - X — =

x—1 x+1 x-1 x—1  (x+Dx-1)

Howeyver, since
2x B 1 N 1
x+D(x-1) |x+1 x-1

is a solution of the complementary equation, we redefine

_2In(x + 1)

Yp = x—-1
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2In(x + 1) N 3x+1

Figure 5.7.1y = I 71
X — xs =

Therefore the general solution of the differential equation in (5.7.21) is

2In(x + 1
_ n(x )+ €, @

1 o1 el (5.7.24)
Differentiating this yields
, 2 2In(x + 1) cl c2
VIR G- -1 e D2
Setting x = 0 in the last two equations and imposing the initial conditions y(0) = —1 and

y'(0) = =5 yields the system

—c1+cp = -1
—2—6‘1—02 = -5.

The solution of this system is ¢; = 2, ¢a = 1. Substituting these into (5.7.24) yields

3 21n(x+1)+ 2 1
- x—1 x—1 x+1
2In(x+1) 3x+1
= +
x—1 x2 -1

as the solution of (5.7.21). Figure 5.7.1 is a graph of the solution.

Comparison of Methods

We’ve now considered three methods for solving nonhomogeneous linear equations: undeter-
mined coefficients, reduction of order, and variation of parameters. It’s natural to ask which
method is best for a given problem. The method of undetermined coefficients should be used
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for constant coefficient equations with forcing functions that are linear combinations of poly-
nomials multiplied by functions of the form e®*, e** cos wx, or e** sin wx. Although the other
two methods can be used to solve such problems, they will be more difficult except in the most
trivial cases, because of the integrations involved.

If the equation isn’t a constant coeflicient equation or the forcing function isn’t of the form just
specified, the method of undetermined coefficients does not apply and the choice is necessarily
between the other two methods. The case could be made that reduction of order is better because it
requires only one solution of the complementary equation while variation of parameters requires
two. However, variation of parameters will probably be easier if you already know a fundamental
set of solutions of the complementary equation.

Exercises

In Exercises 1-6 use variation of parameters to find a particular solution.

1. y”+9y = tan3x 2. y" + 4y = sin2x sec® 2x

4 4. y" =2y +2y = 3e*secx
3.y =3y +2y =
Y Y Y I +e
4e™™
7 ’ _ 3/2 x "oy —
5. y"=2y"+y=14x""“e 6. y y_l—e‘zx

In Exercises 7-29 use variation of parameters to find a particular solution, given the solutions
Y1, y2 of the complementary equation.

1
7. xzy”+xy’—y =2x% +2; yI=X, Yy2=-—
X
ex
8. 1) +(2-2X)y+(x=2)y=¢e*; yi=¢€", yr=—
X

9. 4x2y" + (4x — 8x%)y + (4x? —4x — 1)y = 4x'/%2e*, x> 0;
yi = xl/Zex’ Vo = x—l/Zex

2 2

10. v +4xy + (462 +2)y = 4e™*0*D; y =™,y =xe™*

2 2 3

11. xzy"—4xy'+6y:x5/ , x>0, yr=x% yy=x

12. x%y” = 3xy +3y = 2x*sinx; y;=x, y2=x>

13. 2x+1)y" =2y = (2x+3)y = (2x + 1)2€_x; yi=e™, yy=uxe*

14. 4xy” +2y' +y =sinx; y; =cosvx, y»=sinyx

15. xy”" — 2x+2)y' + (x +2)y = 6x3¢*;  yi =5, yr=x’e

16. x*y” — 2a — Dxy’ + a?>y =x*1; y1=x%  y, =x%Inx

17. x%y” = 2xy' + (x> +2)y = x> cosx; y; =XCOSX, yp=xsinx

x2

18. xy”" —y —4x3y =8x7; y = exz, yy=e€"
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19. (sinx)y” + (2sinx —cosx)y’ + (sinx —cosx)y =e™*; yj=e¥, y)=e"cosx

20. 4x%y” —4xy’ + (3 —16x%)y = 8x%/2;  y; = Vxe®, yy = Vxe X
21. 4x%y” —4xy + (442 +3)y =x7/%;  y; = \xsinx, yr = Vxcosx

X

22, X2y = 2xy’ — (x* =2)y =3x*;  y; =xe¥, yo =xe”

23, X2y = 2x(x + 1)y + (2 +2x +2)y = X3,y =xe¥, yp =x%e"

2. 3

24. xzy”—xy’—?)y = x3/2; yvi=1/x, y,=x

25. x2y" —x(x +4)y +2(x +3)y = x*¢*;  y =x%,  yp =x2%€"

26. X2y —2x(x +2)y" + (x> +4x + 6)y = 2xe*;  y; =x%e¥, y, =x’e”

27. X2y —4xy’ + (x> +6)y =x*;  y; =x’cosx, y,=x’sinx
28. (x—1)y" —xy +y=2(x—-132 yi=x, yr=e
29. 4x2y" —dx(x + 1)y + 2x +3)y =x2¢*;  yi =&, yy = xe*

In Exercises 30-32 use variation of parameters to solve the initial value problem, given yi, y;
are solutions of the complementary equation.

30. Bx-1)y"—(Bx+2)y —(6x—8)y = (3x—1)%e, y(0)=1, y'(0) =2;
yi=e™, yr=xe™*

3 (= D2 -2 - Dy +2y= (k= D% y(0) =3, y(0) = -6;
yi=x-1, y2:x2—1

2. x-D>' ==y +(x+1y=x-13%" y0)=4, y(0)=-6;
yvi=x—-1e*, yry=x-1

In Exercises 33-35 use variation of parameters to solve the initial value problem and graph the
solution, given that y, y> are solutions of the complementary equation.

33. (x2 -1y +4xy" +2y=2x, y(0)=0, y'(0)=-2; y; = — Vo = —

1
34. xzy" +2xy' =2y = —2x2, y() =1,y (1) =-1; yi=x, yo= "

3s. (x+ D (2x+3)y" +2(x+2)y =2y = 2x+3)2, y(0)=0, y(0)=0;
1
yi=x+2, y=

x+1

36. Suppose
yp =y +ayy +axy

is a particular solution of
Po(x)y” + P1(x)y" + Pa(x)y = F(x), (A)

where y; and y; are solutions of the complementary equation
Po(x)y” + P1(x)y" + P2(x)y = 0.

Show that y is also a solution of (A).
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37. Suppose p, g, and f are continuous on (a, b) and let xo be in (a, b). Let y; and y, be the
solutions of

Y+ p(x)y +q(x)y =0
such that
yi(xo) =1, ¥i(x0) =0, ya(xo) =0, y5(x0) =1.
Use variation of parameters to show that the solution of the initial value problem
Y+ p(x)y +q(x)y = f(x),  y(xo) = ko, ¥'(x0) = ki,
1S
y(x) = koyi(x) + kiya(x)
X t
+/ (y1(0)y2(x) = y1(x)y2(2)) f (1) exp (/ p(s) dS) dt.
X0 X0

Hint: Use Abel’s formula for the Wronskian of {y1, y2}, and integrate u'; and v, from xo
to x. Show also that

Y(x) = koyj(x) + k1y,(x)
+/ (1(0)y5(x) = ¥} (x)y2(2)) f(2) exp (/ p(s) ds) dr.

X0

38. Suppose f is continuous on an open interval that contains xo = 0. Use variation of
parameters to find a formula for the solution of the initial value problem

yi=y=f(x), y(0)=ko y(0)=ki.
39. Suppose f is continuous on (a, o), where a < 0, so xo = 0 is in (a, ).

(a) Use variation of parameters to find a formula for the solution of the initial value
problem

Yi+y=fx), y0)=ko y(0)=k.
Hint: You will need the addition formulas for the sine and cosine:

sin(A+B) = sinAcosB +cosAsinB

cos(A + B) cos A cos B — sin A sin B.

For the rest of this exercise assume that the improper integral fooo f(t) dt is absolutely
convergent.

(b) Show that if y is a solution of

Yty =fx) (A)
on (a, ), then
lim (y(x) — Apcosx — Ajsinx) =0 (B)
and
lim (y'(x) + Agsinx — Ay cosx) =0, (©)
where

Aozko—/ f(t)sintdt and Alzk1+/ f(t)costdt.
0 0

Hint: Recall from calculus that if fooo f(t) dt converges absolutely, thenlim, _,q, fx “1f ()] dt = 0.
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(c) Show that if Ag and A; are arbitrary constants, then there’s a unique solution of
y” +y = f(x) on (a, o) that satisfies (B) and (C).



